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Preface 


This monograph developed out of the Abendseminar of 1958-1959 
at the University of Zurich. It was originally a joint enterprise of the 
first author and H. H. Keller, who planned a brief treatise on connections 
in smooth fibre bundles. Then, in 1960, the first author took a position 
in the United States and geographic considerations forced the cancella- 
tion of this arrangement. 

The collaboration between the first and third authors began with 
the former’s move to Toronto in 1962; they were joined by the second 
author in 1965. During this time the purpose and scope of the book 
grew to its present form: a three-volume study, ab initio, of the de Rham 
cohomology of smooth bundles. In particular, the material in volume [| 
has been used at the University of Toronto as the syllabus for an 
introductory graduate course on differentiable manifolds. 

During the long history of this book we have had numerous valuable 
suggestions from many mathematicians. We are especially grateful to 
the faculty and graduate students of the institutions below. Our exposi- 
tion of Poincaré duality is based on the master’s thesis of C. Auderset, 
while particular thanks are due to D. Toledo for his frequent and 
helpful contributions. Our thanks also go to E. Stamm and the Academic 
Press reviewer for their criticisms of the manuscript, to which we paid 
serious attention. A. E. Fekete, who prepared the subject index, has 
our special gratitude. 

We are indebted to the institutions whose facilities were used by one 
or more of us during the writing. These include the Departments 
of Mathematics of Cornell University, Flinders University, the 
University of Fribourg, and the University of Toronto, as well as the 
Institut fiir theoretische Kernphysik at Bonn and the Forschungs- 
institut fiir Mathematik der Eidgendssischen Technischen Hochschule, 
Ziirich. 

The entire manuscript was typed with unstinting devotion by Frances 
Mitchell, to whom we express our deep gratitude. 

A first class job of typesetting was done by the compositors. 
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A. E. Fekete and D. Johnson assisted us with the proof reading; 
however, any mistakes in the text are entirely our own responsibility. 

Finally, we would like to thank the production and editorial staff at 
Academic Press for their unfailing helpfulness and cooperation. Their 
universal patience, while we rewrote the manuscript (ad infinitum), 
oscillated amongst titles, and ruined production schedules, was in 
large measure, responsible for the completion of this work. 


Werner Greub 


Stephen Halperin 
Ray Vanstone 


Toronto, Canada 


Introduction 


The purpose of this monograph is to develop the theory of differential 
forms and de Rham cohomology for smooth manifolds and fibre bundles. 
The present volume deals with Lie groups and with fibre bundles 
whose structure group is a Lie group. In particular, the last half of the 
book is devoted to a detailed exposition of the Chern—Weil theory of 
characteristic classes. 

The characteristic classes of a bundle are the cohomology classes in 
the image of a canonical homomorphism (the Weil homomorphism), 


h : (VE*), > H(B), 


where B is the base manifold and (VE*), is the algebra of invariant 
symmetric multilinear functions in the Lie algebra, E, of the structure 
group. In Chern—Weil theory (for the case of principal bundles, where 
the structure group coincides with the fibre) they are constructed as 
follows: 


First, a principal connection is introduced in the bundle. This ts 
essentially the choice of a suitable “horizontal’’ subbundle of the 
tangent bundle of the total space, and should be regarded as an additional, 
geometric structure. 

Second, the curvature is obtained from the connection. The curvature 
is a 2-form with values in E; it measures the geometric “twist’’ of the 
bundle. 

Finally, if I” is an invariant symmetric function in E£ then a closed 
differential form in B representing the class, h(I"), is obtained by re- 
placing each of the arguments of I’ by the curvature form. 


The resulting homomorphism, 4, is independent of the choice of the 
connection and thus is a bundle invariant. It is essentially the only de 
Rham cohomology invariant of the bundle, in the sense that the cohom- 
ology algebra of the total space is completely determined by H(G), the 
differential algebra (A(B), 5), and the Weil homomorphism (as will be 


shown in volume III). 
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The material in this volume is organized as follows (a more detailed 
description appears below): The first three chapters contain the basic 
results (developed ab initio) on Lie groups and transformation groups. 
The reader may then proceed immediately to article | of Chapter V, in 
which principal bundles are defined, and then to the first six articles 
of Chapter VI, where the Weil homomorphism is constructed. The rest 
of Chapters V and VI is devoted to a wide variety of examples and 
special cases. 

Chapter IV deals with the cohomology of Lie groups. The following 
chapters do not depend on it (except for article 8, Chapter VI), so that 
it may be omitted without loss of continuity. 

Chapters VII to X describe the characteristic classes of vector bundles 
—an alternate approach to the Chern—Weil theory. Much of the material 
in these chapters is independent of the preceding work. It culminates in 
the Gauss—Bonnet—Chern theorem in Chapter X, which identifies the 
Euler class, as defined in volume I, with a characteristic class. 

This volume contains about 250 problems in which a great deal of 
additional material is developed. For instance, the last problem of 
Chapter II leads the reader to a simple, elementary proof that 7,(G) = 0 
(G, a compact Lie group), while the problems of Chapter VII constitute 
a classical course in differential geometry. However, as in volume I, the 
text is self-contained and does not rely on the problems. 

Although most of the material in this volume is either in the literature, 
or is well-established folklore, we have not attempted to associate with 
the theorems the names of their discoverers, except where this is already 
common usage. 

This monograph is intended for graduate students, especially those 
interested in global analysis or differential geometry. The present volume 
relies heavily on Chapters 0-V of volume I, and, to a much lesser extent, 
on the rest of that volume. Aside from these prerequisites, however, it 1s 
completely self-contained. 

This volume will be followed by volume III which deals with the 
cohomology of principal bundles and homogeneous spaces. 


Chapter 0. In this chapter the algebra, analysis, and topology 
prerequisites given in volume I are reproduced. In addition the chapter 
contains a summary of the definitions, notation, and principal results 
of that volume. 


Chapter I. Lie Groups. A Lie group, G, is a group which is 
also a smooth manifold and for which multiplication and inversion are 
smooth maps. The vector fields on G, invariant under left translation, 
form a Lie algebra, linearly isomorphic to the tangent space, E, at 
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the unit element, e. Thus F becomes a Lie algebra, the Lie algebra 
of G. 

This chapter contains the standard elementary material on Lie groups 
(exponential map, general representations, adjoint representation, 
classification of abelian Lie groups) in which the relations between a 
group and its Lie algebra are stressed. 

In the last article the invariant (Haar) integral of a smooth function 
on a compact Lie group is defined from the point of view of differential 
forms. 


Chapter II. Subgroups and Homogeneous Spaces. The first 
two main results of this chapter (Theorem I, sec. 2.1, and Theorem I], 
sec. 2.9) assert that if K is a closed subgroup of a Lie group, G, then (1) 
K, itself, is a Lie group and (2) the homogeneous space, G/K, of cosets 
has a natural manifold structure. Theorem I is applied in article 2 to 
obtain Lie group structures in various subgroups of GL(F), and to 
determine their Lie algebras. 

Finally, in article 5, these results are applied to compact connected 
Lie groups. It is shown (Theorem III, sec. 2.18) that every element of 
such a Lie group is in a maximal torus and that any two maximal tori 
are conjugate. The same machinery yields the Weyl integration formula 
(Theorem IV, sec. 2.19) which asserts that if fis a smooth function on a 
compact Lie group, G, such that f(xy) = f(yx), x, y € G, then 


[fede = | Wal | f(y) det & — Ad*y) ay, 


where T is a maximal torus. The results of article 5 are rarely quoted, 
except in Chapter IV. 


Chapter III. Transformation Groups. A smooth right action of 
a Lie group, G, on a manifold, M, is a smooth map, M x G— M, 
written (z, a)» 2: a, such that z- ab = (z-a)-6b and g-e = 2. Such 
actions are the subject of Chapter III. 

Article 1 contains definitions and elementary results. In article 2 we 
consider the subsets, z - G, of M as embedded homogeneous spaces and 
prove that a smooth map ao : N — M satisfying o(N) C 2 - G determines 
a smooth map into the corresponding homogeneous space (Theorem I, 
sec. 3.7). This theorem is quoted once, in article 1, Chapter VIII. 

An action of G on M determines a Lie algebra homomorphism: 
E — &(M) (E, the Lie algebra of G). In this way E acts on the algebra 
of differential forms on M via the substitution operator and the Lie 
derivative. This material is developed in articles 3 and 4 and is chiefly 
applied in Chapters IV and VI. 
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Chapter IV. Invariant Cohomology. If a Lie group, G, acts on a 
manifold, M, then the subalgebra, A,(M), of differential forms on M, 
invariant under the action, is stable under 6. The main result of article ] 
(Theorem I, sec. 4.3) asserts that if G is compact and connected then 
the natural homomorphism, H(A,(M)) > H(M), is an isomorphism. 

In article 2 we consider the case where G acts on itself by left multi- 
plication. Then the algebra of invariant differential forms on G is 
isomorphic to AE* (£, the Lie algebra of G) and so 6 induces an operator, 
d- , in AE* (this operator is carefully studied in volume III). The results 
of article I are applied in Theorem III, sec. 4.10, to obtain isomorphisms, 


H(G) ~ A(AE*, 5) (AE*),, 


if G is compact and connected. 

Article 4 is devoted to a theorem of Hopf (Theorem IV, sec. 4.12) 
which states that the cohomology algebra of a compact connected Lie 
group is an exterior algebra over a graded space whose dimension 
coincides with the dimension of a maximal torus. 

Finally, in article 5 we consider a homogeneous space, G/K, and 
discuss the algebra of differential forms on G/K, invariant under the left 
action of G. This algebra is identified with a subalgebra of AE*. Thus 
(again by article 1), if G is compact and connected, H(G/K) coincides 
with the cohomology of an explicit, finite dimensional, graded differential 
algebra. 


Chapter V. Bundles with Structure Group. In article 1 principal 
bundles are defined. These are fibre bundles, 7 = (P, z, B, G), (G, a Lie 
group) together with an action of G on P such that the orbits, z-G 
(z € P) coincide with the fibres, G,, . 

Such a bundle, together with an action of G on a manifold, F, deter- 
mines (article 2) an associated bundle, € = (M, p, B, F). If F is a vector 
space and G acts by linear transformations then € is a vector bundle. 

In article 3 we consider bundles whose fibre or base 1s a homogeneous 
space, G/K, and (for example) describe the tangent bundle of G/K in 
terms of a certain representation of K. 

The rest of the chapter deals with the Grassmann manifolds (k-planes 
in a real, complex, or quaternionic m-space) and the Stiefel manifolds 
(k-frames in m-space) and various associated bundles. These manifolds 
are identified with homogeneous spaces, so that the results of article 3 
can be applied. The chapter closes with the computation of the cohom- 
ology algebra of the Stiefel manifolds (article 6). 


Chapter VI. Principal Connections and the Weil Homomorphism. 
The first six articles of this chapter are devoted to the construction 
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of the Weil homomorphism for a principal bundle, as outlined above. 
It is shown (Theorems I and II, sec. 6.19) that this homomorphism is a 
bundle invariant, natural with respect to bundle maps. 

Article 7 deals with three special cases: (1) abelian structure groups, 
(2) reduction of structure group, (3) connections invariant under a group 
action. For instance, the Euler class of a principal circle bundle is 
identified with a characteristic class. This permits the computation of the 
cohomology algebra of complex projective space. 

Finally, in article 8, the results of the chapter are applied to the 
principal bundle, (G, 7, G/K, K), (K, a closed subgroup of a Lie group, 
G). In particular, all the G-invariant principal connections are deter- 
mined. 


Chapter VII. Linear Connections. Let §=(M, 7, B, F) be a 
vector bundle. A p-form, ®, on B with values in € is a smoothly varying 
family of skew-symmetric p-linear maps, 


®,:T,(B) X -- x T,{B)>F,. 


Articles | and 2 establish the basic properties of bundle-valued forms 
and develop an “index and argument-free”’ notation for operations with 
these forms. 

In article 3 a linear connection in € is defined as an R-linear map, 
V : Sec € — A!(B; &), satisfying 


Vifco) = dfaao+fVo, fEeS(B), aeSec &. 


Every vector bundle, €, admits a linear connection, V, and a linear 
connection in € induces connections in the dual bundle, the associated 
tensor bundles, and any pullback of €. The curvature of a linear con- 
nection is a 2-form in B with values in L, and 1s defined in article 4. 

Fix a linear connection, V, in the vector bundle € = (MM, a, B, F) and 
let 4 be asmooth path in B. Then V determines a bundle map, R x Fé, 
which induces %:R— B and restricts to isomorphisms in the fibres 
(article 5). It follows (Theorem I, sec. 7.18) that the pullbacks of & 
under homotopic maps are strongly isomorphic. 

In article 6 it is shown that a linear connection in € = (M, a, B, F) 
determines a horizontal subbundle of the tangent bundle, 7,,, and 
those horizontal bundles which correspond to linear connections are 
characterized. 

Riemannian connections (article 7) in a Riemannian vector bundle, 
(€, g), are linear connections, V, which satisfy Vg = 0. Their curvatures 
take values in Sk, . Article 8 considers smooth maps ¢ : B — S” (B, an 
oriented compact m-manifold). The degree of % is represented as the 
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integral of an #-form constructed from the curvature of a Riemannian 
connection in the bundle *(75) (Hopf index formula). 


Chapter VIII. Characteristic Homomorphism for =-bundles. A 
+-bundle is a vector bundle, €, together with a finite ordered set, 
dig = (01 5. Gm), Of cross-sections in the associated tensor bundles, 
subject to the following condition: There is a coordinate representation, 
{(U,, %.)}, for € such that the o; correspond under y%, to constant 
functions, U,+>v,; (€ ®F* ® ®&F). The subgroup, GC GL(F), of 
isomorphisms leaving the v, fixed 1s called the structure group of the 
2-bundle. 

According to Theorem I, sec. 8.2, the condition above is equivalent 
to the following condition on (€, 2): For each pair of points, x, y, in the 
base there is an isomorphism, F,, > F,,, carrying o,(x) to o,(y) (¢ = 1, 
sasy M). 

A 2-connection in a 2-bundle is a linear connection, V, such that 
Vo, = 0 (« = 1,..., m) (article 2). With the aid of a 2-connection we 
construct, in articles 3 and 4, a characteristic homomorphism, 


h, : (VE*), > H(B), 


(B the base, E the Lie algebra of G). This is a bundle invariant and is 
natural with respect to homomorphisms of 2-bundles (Theorems III 
and IV, sec. 8.13). 

The analogy between the Weil and the characteristic homomorphism 
is made precise in article 7: To each 2-bundle corresponds an associated 
principal bundle with G as fibre. Moreover, there is a one-to-one 
correspondence between 2-connections and principal connections; 
and the characteristic homomorphism of a 2-connection coincides with 
the Weil homomorphism of the associated principal connection. 

Finally, a 2-bundle with compact carrier (article 6) is a 2-bundle, 
(€, 2',), together with an explicit trivialization, «, of € outside a compact 
subset of the base, such that under « the cross-sections o, become 
constant functions. Such a bundle determines a characteristic homo- 
morphism, 

h, :(V+tE*),; > H,(B), 


which is an invariant of the triple (€, 2, , «). 


Chapter IX. Pontrjagin, Pfaffian, and Chern Classes. For a real 
vector bundle, € = (M, a, B, F), the Lie algebra of the structure group 
is simply L, . Canonical elements, C; €(V? L,*);, (corresponding to 
the coefficients of the characteristic polynomial of a linear transformation 
of F’) are defined in Appendix A. These give rise, via the characteristic 
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homomorphism, to cohomology classes in H(B), called the Pontrjagin 
classes of €. Their properties are established in article 2. 

In article 3 we consider pseudo-Riemannian bundles, and use the 
Riemannian metric to obtain simplified representatives for the Pontrjagin 
classes (Proposition VIII, sec. 9.11). 

The Pfaffian of a skew transformation of an oriented pseudo-Euclidean 
space, F, (cf. Appendix A) determines an element of (VSk,*),. This 
yields a characteristic class, the Pfafhan class, for an oriented pseudo- 
Riemannian vector bundle. Its properties are established in secs. 9.12 
and 9.13. 

In articles 4 and 5 we consider complex vector bundles (i.e., vector 
bundles whose fibre is a complex space, F’). The characteristic coefficients 
of a complex linear transformation determine elements of (VL,*), and 
so we again obtain characteristic classes—the Chern classes of the 
complex vector bundle. If € is a real vector bundle, then the Pontrjagin 
classes of € coincide with the Chern classes of C @& &. 

According to Theorem I, sec. 9.21 (which ends the chapter), the 
Chern classes satisfy four basic axioms, and are uniquely determined 
by them. 


Chapter X. Gauss-Bonnet-Chern Theorem. ‘This chapter consists 
of an exposition of Chern’s proof of the Gauss—Bonnet theorem, which 
asserts that the Pfaffian class of an oriented Riemannian vector bundle 
(of even rank) coincides with the Euler class of the associated sphere 
bundle. 

This theorem, combined with the theorems in Chapters VIII and X, 
volume I, implies that the integral of the Pfafhan class of the tangent 
bundle of a compact oriented manifold of even dimension 1s equal to 
the Euler—Poincaré characteristic of the manifold. 
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Chapter 0 


Algebraic and Analytic Preliminaries 


§1. Linear algebra 


0.0. Notation. Throughout this book cy denotes the identity map 
of a set X. When it is clear which set we mean, we write simply c. If 
Uy. (2 = l,..., 7) are subsets of X, then eetinst, denotes their intersection. 
The empty set is denoted by ©. 

The symbols N, Z, Q, R, and C denote the natural numbers, integers, 


rationals, reals, and complexes. 


0.1. We shall assume the fundamentals of linear and multilinear 
algebra. We will consider only real vector spaces (except for the 
occasional complex space). 

A pair of dual vector spaces is denoted by E*, E and the scalar product 
between E* and E is denoted by ¢ , >. If FC E, then 


F+ — {y* e E* | <y*, F> — 0}. 


The dual of a linear map 9: E > F is denoted by ¢*. A direct sum of 
spaces E? is denoted 


YE® or Q,E?. 
Dp 


The determinant and the trace of a linear transformation gp: E — E 
are denoted respectively by det 9, tr 9. 

A determinant function in an n-dimensional vector space is a nonzero 
skew-symmetric n-linear function. Every nonzero determinant function 
A, in a real vector space defines an orientation. 

Given two vector spaces EF and F, we shall denote by L(E£; F) the 
space of linear maps E — F. L(E; E) will also be denoted by ZL, . Finally 
if E,,..,£,, and F are vector spaces, L(E,,..., E, ;F) denotes the 
space of p-linear maps E, x -- x E, >F. 

The group of linear automorphisms of a vector space F will be denoted 
by GL(E). 
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A Euclidean space is a finite-dimensional real space, together with a 
positive definite inner product (also denoted by < , >). A Hermitian space 
is a finite-dimensional complex space together with a positive definite 
Hermitian inner product (also denoted by < , 5). 

If F is a real vector space, make F© — C @ F into a complex space by 
setting 


B(a &) x) = Ba & x, B,aeEC, xeF. 


F® is called the complexification of F. 
If < , > is a positive definite inner product in F, then 


Ka ®) x, BO We = aBXx, y>, a, BEC, x, yeF 


defines a Hermitian metric in F°. 

An indefinite inner product in a finite-dimensional real vector space E 
is a non degenerate symmetric bilinear function < , >. If E, is a maximal 
subspace in which ¢, > is positive definite, then E = E, @ Ei. The 
integer 

dim FE, — dim E+ 


is independent of the choice of E, , and is called the signature of < , >. 
The symbol @ denotes tensor over R (unless otherwise stated); 
for other rings R we write &e. 


0.2. Quaternions and quaternionic vector spaces. Let H bean orient- 
ed four-dimensional Euclidean space. Choose a unit vector e € H, and 
let K = e+; it is a three-dimensional Euclidean space. Orient K so that, 
if €, , €,, €, 18 a positive basis of K, then e, e, , é, , ég iS a positive basis 
of H. 

Now define a bilinear map H x H — H by 


Pq=—<POe+pxq pqek 
pe = p = @, ped, 


where x denotes the cross product in the oriented Euclidean space K. 
In this way H becomes an associative division algebra with unit element 
e. It is called the algebra of quatermions and is denoted by H. The vectors 
of H are called quaternions and the vectors of K are called pure quater- 
nions. 

Every quaternion can be uniquely written in the form 


p=re+q=At+q AER, geKk. 
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A and q are called the real part and the pure quaternionic part of p. The 
conjugate p of a quaternion p = re + q is defined by p = Ae — q. The 
map p +> p defines an anti-automorphism of the algebra H called con- 
jugation. The product of p and p is given by pp = | p |? e = | p |?. 

Multiplication and the inner product in H are connected by the 
relation 


< pr, qr» ae <p, Q><T,; Yr, P, q,reH. 


In particular, 


lpr|= |plirl, pred. 


A unit quaternion is a quaternion of norm one. A pure unit quaternion 
q satisfies the relation q? = —e. If (e, , é) , és) 1s a positive orthonormal 
basis in K, then 


0.3. Algebras. An algebra A over R is a real vector space together 
with a real bilinear map A x A — A (called product). A system of gener- 
ators of an algebra A is a subset S C A such that every element of A can 
be written as a finite sum of products of the elements of S. 

A homomorphism between two algebras A and B is a linear map 
go: A — B such that 


P(xy) = (x) oy), =, YEA. 


A derivation in an algebra A is a linear map 6: A > A satisfying 


O(xy) = O(x)y + xO(y). 


A derivation which is zero on a system of generators is identically zero. 
If 6, and 9, are derivations in A, then so 1s 6, o #, — 6,0 8, . 

More generally, let p: A + B be a homomorphism of algebras. Then 
a p-derivation is a linear map 6: A —» B which satisfies 


Axy) = Ox) p(y) + (x) Oy). 
A graded algebra A over R is a graded vector space A = 5, A?, 
together with an algebra structure, such that 
AP» AVC Arta, 
If 
xy =(—I)" yx, xed’, ye AY, 
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then A 1s called anticommutative. If A has an identity, and dim A® = I, 
then A is called connected. 

If A and B are graded algebras, then A @ B can be made into a 
graded algebra in two ways: 


(1) (1 © yi)l(%2 © Ye) = 11%, WB Me 
(2) (%1 & Vi)(%2 B Yo) = (—1)MP? xyx%_ B ie 


where x, , %,€ A, y,, ¥. € B, deg y, = q, , deg x, = p,. The first algebra 
is called the canonical tensor product of A and B, while the second one 1s 
called the anticommutative or skew tensor product of A and B. If A and B 
are anticommutative, then so is the skew tensor product. 

An antiderivation in a graded algebra A is a linear map a: A > A, 
homogeneous of odd degree, such that 


a(xy) = a(x)y + (—1)? xa(y), xe A?P, yeA., 


If «, and a, are antiderivations, then a, oa, + a,°a, 1S a derivation. 
If « is an antiderivation and @ is a derivation, then ao 86 — 8a 1s an 
antiderivation. 

The direct product J], A, of algebras A, is the set of infinite sequences 
{(x,) | %, € A,}; multiplication and addition is defined component by 
component. The direct sum >, A, is the subalgebra of sequences with 
finitely many nonzero terms. 


0.4. Lie algebras. A Lie algebra E is a vector space (not necessarily 
of finite dimension) together with a bilinear map E x E — E, denoted 
by [ , ], subject to the conditions 


[x, x] =0 
and 


[[x, y], 2] + [[z, x], y] + [[y, 2], <] = 0, x, 7,268 (Jacobi identity). 


A homomorphism of Lie algebras is a linear map py: E — F such that 
(x, ¥]) = [P(*), AY], «ye k. 


0.5. Multilinear algebra. The tensor, exterior, and symmetric alge- 
bras over a vector space F are denoted by 


@E=Y @E, AE=¥ ANE VE=Y, VE. 


p>0 p>0 p20 


(If dim E =n, \E =Yp-0 A®E.) 
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If F is a second space, a nondegenerate pairing between E* @ F* 
and E ® F is given by 


Lay", xX Sy = et Cy" aD), x*ek*, y*eF*, xek, yeF. 


If E or F has finite dimension, this yields an isomorphism 
E* © F* ~ (E @F)*. In particular, in this case (@)?F)* ~ @?E*. 
Similarly, if dim EF < 00, we may write (A ?E)* = A PE*, (\V2E)* = 
VIE* by setting 
CEE PPR BPP iy Ae NS det( x", a>) 


and 


<y* Ve eM, re, yi VV» — perm(< y**, y;>), 


where “perm’’ denotes the permanent of a matrix. 
The algebras of multilinear (resp. skew multilinear, symmetric 
multilinear) functions in a space E are denoted by 


T(E) = ) TE), A(E) = ) AE) 
and : : 


S(E) = y S*(E). 


p> 
The multiplications are given respectively by 


(oP & P(x, yey Xpag) = P(x os; Xp) P(Xo41 » sary Rpg) 
I 

(® A P(x, y eves Nias) = pigt » €gP(Xo(1) y sey Xotp)) P(Xo(p+1) yey Xo(p+q)) 
°°) geESPta 


and 


] 
(® v P(x y sees Xp4q) = plat 2 P(%5(1) greey Xo(p)) Y(Xo(+1) g s8e5 Xo(p+q))s 


S? 


Here S? denotes the symmetric group on p objects, while «, = +1 
according as the permutation o is even or odd. 

If dim E < o, we identify the graded algebras T(£) and ®E* (resp. 
A(E) and A E*, S(E) and \ E*) by setting 


P(x), 0) Xp) = (DB, x, O° O X>D, Pe (X)PE* 
FF (X45 s08y, Ny) CE RN Oe A SD, Pe \?E* 
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and 
X (Hq, vey Xp) = CX, VV XQ), X € V?E*, 


A linear map g: E — F extends uniquely to homomorphisms 
Qe: QE> OF, Ap: AE>AF, Vo: VE VF. 


These are sometimes denoted by yg, », , and gy, . 
To each x € E we associate the substitution operator 1(x): A(E) — A(E), 
given by 


(i(x)®)(x, , ..., Xp_1) = B(x, x, ,.,%_4) PEARNE) p>, 
i(x)B = 0, ® ¢ AE), 
and the multiplication operator u(x): \E— AE given by 
pw(x)(a) = x A a, aé NE, 


1(x) is an antiderivation in A(E) and is dual to p(x). 


§2. Homological algebra 


0.6. Rings and modules. Let R be a commutative ring. If M, N are 
R-modules, then the tensor product M &, N is again an R-module (cf. 
[4, p. AII-56] or [5, §8, Chap. 3]). If QO is a third R-module and if 
g: M x N —-Q isa map satisfying the conditions 

(1) (x + y, 4) = 9(x, u) + Hy, 4) 

(2) (x, uw + v) = 9(x, u) + 9%, 2) 
and 

(3) p(Ax, u) = —(x, Au) 
for x, ye M, u,veN, AER, then there is a unique additive map 
wb: M ®r N —Q such that 


g(x, u) = P(x & nu), xeEM, ueN 


(cf. [4, Prop. I(b), p. AII-S1] or [5, §8, Chap. 3]). If (111) is replaced by 
the stronger 


p(Ax, u) = Ag(x, u) = —¢(x, Aun), xeM, ueN, AER, 


then # is R-linear. 
The R-module of R-linear maps M — N is denoted by Hom,(M; N). 
Hom ;(™M; R) is denoted by M*. A canonical R-linear map 


a: M* &®p N— Hom,(M; N) 
is given by 
a( f ®) u)(x) = f(x)u, xeM, ueN, feM*. 


A module ™ 1s called free if it has a basis; M is called projective if 
there exists another R-module N such that M @ N 1s free. If M is 
projective and finitely generated, then N can be chosen so that M @ N 
has a finite basis. 

If M is finitely generated and projective, then so is M*, and for all 
R-modules N, the homomorphism a given just above is an isomorphism. 
In particular, the isomorphism 


M* er M =.» Hom,(M; M) 
7 
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specifies a unique tensor t,,€ M* @ z M such that 
a(t) = tu ° 


It is called the unit tensor for M. 
A graded module is a module M in which submodules M?” have been 
distinguished such that 


The elements of M? are called homogeneous of degree p. If x « M?, then 
p is called the degree of x and we shall write deg x = p. 

If M and WN are graded modules, then a gradation in the module 
M ®r N 1s given by 


(M®r NJ = y M? ®r N%. 


p+q=r 


An R-linear map between graded modules, gy: M—N, is called 
homogeneous of degree k, if 


g(M)C NP, =p >0 


An R-linear map which is homogeneous of degree zero is called a 
homomorphism of graded modules. 

A bigraded module is a module which is the direct sum of submodules 
M?-%p > 0, q = 0). 


An exact sequence of modules is a sequence 
cree Le Fea, M, a, i417» 
where the @, are R-linear maps satisfying 
ker i = Im Pi-1- 
Suppose 


M, Pr M, P2 M,y P3 M, Ys M, 


iia ade GE le al 


is a commutative row-exact diagram of R-linear maps. Assume that the 
Maps a , %, &,, A, are isomorphisms. Then the five-lemma states that 
ag 18 also an isomorphism. 
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On the other hand, if 


r+ 4 


0 —> M,, —~ M,, —~> M,, ——~ 0 


fo 6) | 


0 —> M,, —-> M,, —~> M,;, —— 0 


; © | 


0 —~> M,, —> My —> M3, —~ 0 


, {| 


0 0 0 


is a commutative diagram of R-linear maps with exact columns, and if 
the middle and bottom rows are exact, then the mine-lemma states that 
the top row is exact. 

An algebra over R is an R-module A together with an R-linear map 
A ®r A — A. In particular if M is any R-module, the tensor, exterior, 
and symmetric algebras over M are written ®,z VM, Ag M and, Vp ™M. 
If M is finitely generated and projective, there are isomorphisms, 
(QB M)* ~ @P M*, (AZ M)* =~ AB M*, (VE M)* = VB M*, defined 
in exactly the same way as in sec. 0.5. 


0.7. Differential spaces. A differential space is a vector space X 
together with a linear map 6: X — X satisfying 5% = 0. 6 1s called the 
differential operator in X. The elements of the subspaces 


Z(X) = kerd and B(X) = Im 6, 


are called, respectively, cocycles and coboundaries. The space H(X) = 
Z(X)/B(X) is called the cohomology space of X. 

A homomorphism of differential spaces g: (X, 6y)—~(Y, dy) 18 a 
linear map for which 9 o dy = dy og. It restricts to maps between the 
cocycle and coboundary spaces, and so induces a linear map 


9. : H(X)—> H(Y). 


A homotopy operator for two such homomorphisms, g, ¥, ts a linear map 
h: X —» Y such that 


g—b=hoS+5ohk. 
If A exists then o, = J, . 
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Suppose 
eee, ae V7 =—20 


is an exact sequence of homomorphisms of differential spaces. Every 
cocycle z € Z has a preimage y € Y. In particular, 


g(3y) = 82 =0 


and so there is a cocycle x € X for which f(x) = dy. The class  € H(X) 
represented by x depends only on the class ¢ € H(Z) represented by 2. 
The correspondence {+> é defines a linear map 


@: H(Z) > H(X) 
called the connecting homomorphism for the exact sequence. The triangle 


H(X) fe 


is exact. 


If 


is a row-exact diagram of differential spaces, then 
0° Xu = Gao d 
(@, 0’ the connecting homomorphisms). 
0.8. Graded differential spaces and algebras. A _ graded space 
X = Yy>0 X” together with a differential operator 6 homogeneous of 


degree +1 is called a graded differential space. In such a case the cocycle, 
coboundary, and cohomology spaces are graded: 


Z?(X) = 2(X) 0 X?, B?(X) = B(X) A X? 
and 
H»(X) = Z>(X)/B(X). 


2. Homological algebra 1] 


A homomorphism of graded differential spaces is a homomorphism of 
differential spaces, homogeneous of degree zero. 

Now assume that X has finite dimension and let gy: X — X be a 
homomorphism of graded differential spaces. Let 


gp: XP + X? and (p.)?: HX) > A(X) 
be the restrictions of g and ¢, to X? and H®(X). The algebraic Lefschetz 
formula states that 


>, (—1)? tre? = Py (—1)? tr (px). 


p20 
In particular, if @ = +, we obtain the Euler-Poincaré formula 


y (—1)? dim X*? = Y (—1)? dim H*(X). 


p20 p>0 


A graded differential algebra A is a graded algebra together with an 
antiderivation, 5, homogeneous of degree one such that 6? = 0.‘In this 
case Z(A) is a graded subalgebra and A(A) is a graded ideal in Z(A). 
Thus H(A) becomes a graded algebra. It 1s called the cohomology algebra 
of A. If A is anticommutative, then so 1s H(A). 

A homomorphism of graded differential algebras p: A— B is a map 
which is a homomorphism of graded differential spaces and a homo- 
morphism of algebras. It induces a homomorphism between the cohomo- 
logy algebras, 


yg, : H(A) —> H(B). 


Next let A and B be graded differential algebras and consider the 
skew tensor product A ® B. Then the antiderivation in A @ B, given by 


d(x ® vy) = 6& ®y + (—1)? x & By, xe AP, yeB, 


satisfies 62 = 0. Thus A & B becomes a graded differential algebra. 
The tensor multiplication between A and B induces an isomorphism 


H(A) ® H(B) —> H(A © B) 


of graded algebras. It is called the Kiinneth isomorphism. 


§3. Analysis and topology 


0.9. Smooth maps. Let FE,F be real, finite dimensional vector spaces 
with the standard topology. Let UC E be an open subset. A map 
gp: U + F is called differentiable at a point ae U if for some %, € L(E; F) 

lim gla + th) — (a) _ ba(h) heE 

10 t a ? . 
In this case ys, is called the derivative of » at a and is denoted by q’'(a). 
We shall write 


pla;h)=g(ah= yh), hek. 


If » is differentiable at every point a € U, it is called a differentiable map 
and the map 
yg: U>L(E; F) 


given by a+» ¢(a) is called the derivative of p. Since L(E; F) is again a 
finite dimensional vector space, it makes sense for g’ to be differentiable. 
In this case the derivative of py’ is denoted by ¢”; it is a map 


op”: U > L(E; L(E; F)) = L(E, E; F). 
More generally, the kth derivative of o (if it exists) is denoted by op, 
op): U —» L(E, ..., E;F). 
k terms 


For each ae U, ¢'*)(a) is a symmetric k-linear map of E x -:- xX E 
into F. If all derivatives of @ exist, g is called infinitely differentiable, 
or smooth. 

A smooth map g: U-— V between open subsets UC EF and VCF 
is called a diffeomorphism if it has a smooth inverse. 

Assume now that g: U—F is a map with a continuous derivative 
such that for some point ae U 


'(a): E——>F 


is a linear isomorphism. Then the inverse function theorem states that 
there are neighbourhoods U of a and V of ¢(a) such that 9 restricts to a 
diffeomorphism U —> V. 


12 
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We shall also need the basic properties of the Riemannian integral of 
a compactly supported function in R®” (linearity, transformation of 
coordinates, differentiation with respect to a parameter). The theory 
extends to vector-valued functions (integrate component by component). 

Finally, we shall use the Picard existence and uniqueness theorem for 
ordinary differential equations as given in [6, p. 22]. 


0.10. The exponential map. Let E be an 2-dimensional real or com- 
plex vector space and let o: E — E be a linear transformation. It follows 
from the standard existence theorems of differential equations that there is 
a unique smooth map 7: R — L, satisfying the linear differential equation 


T= CoT 


and the initial condition 7(0) = +. The linear transformation 7(1) is 
called the exponential of o and is denoted by expo. 

In this way we obtain a (nonlinear) map exp:L,;—JL,. It has the 
following properties: 


(0) expO =. 

(1) Ifo,°c, =o,0°0,, then exp(o, + o,) = expo, expo,. 

(2) exp(ko) = (exp c)*, REZ. 

(3) det expo = exptro. 

(4) If a Euclidean (Hermitian) inner product is defined in the real 
(complex) vector space F and if o* denotes the adjoint linear transforma- 
tion, then 

exp o* = (exp a)*. 


(All these properties are easy consequences of the uniqueness theorem 
for solutions of differential equations.) 

Relations (0) and (1) imply that expo is an automorphism with 
(exp o)~! = exp(—c). In particular, if o is self-adjoint, then so is exp o 
and if o is skew (resp. Hermitian skew), then exp o 1s a proper rotation 
(resp. unitary transformation) of E£. 

In terms of an infinite series we can write 


0.11. General topology. We shall assume the basics of point set topo- 
logy: manipulation with open sets and closed sets, compactness, Haus- 
dorff spaces, locally compact spaces, second countable spaces, connected- 
ness, paracompact spaces, normality, open coverings, shrinking of an 
open covering, etc. 
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The closure of a subset A of a topological space X will be denoted by 
A. If A and B are any two subsets of X, we shall write 


A—B= {xe A|xé¢ B}. 


A neighbourhood of A in X will always mean an open subset U of X such 
that U D A. 

An open cover of X is a family © of open sets whose union is X. It is 
called locally finite if every point has a neighbourhood which meets only 
finitely many elements of 0. @ is called a refinement of an open cover Y 
if each O € ( is a subset of some Ue Y. X is called paracompact if every 
open cover of X has a locally finite refinement. 

A basis for the topology of X is a family 0 of open sets such that each 
open subset of X is the union of elements of 0. If @ is closed under finite 
intersections, it is called an z-basis. If X has a countable basis, it is called 
second countable. 


§4. Summary of volume I 


0.12. Manifolds and vector bundles. All manifolds are smooth (1.e., 
infinitely differentiable), second countable, Hausdorff, and finite dimen- 
sional. The set of smooth maps between manifolds M and N 1s written 
S(M; N). Ifo: M — N has a smooth inverse, it is called a diffeomorphism. 
S(M) denotes the algebra of smooth real-valued functions on M. 

If # and Y are /(M)-modules, then 4 ®,, “, Hom,,(4; ”), and 
Ay denote the obvious linear and multilinear constructions, taken over 
S(M). 

A vector bundle is a quadruple = (F, 7, B, F) where: (1) 7: EB is 
smooth; (2) F and each set F,, (= 77}(x)) is a finite-dimensional vector 
space; and (3) there is an open cover {U,} of B and a system of diffeo- 
morphisms y,: U, xX F—+71U, such that y, restricts to linear iso- 
morphisms ys, ,: F > F, (x € U,). E, B, and F are called the total space, 
base space, and typical fibre of &; 7 is called the projection. F., is called the 
fibre at x. The dimension of F is called the rank of €. The collection 
{(U. , J,)} is called a coordinate representation for £. lf E = B x Fanda 
is the obvious projection, € is called trivial. 

Let &' = (E’, z’, B’, F’) be a second vector bundle. A bundle map or 
homomorphism € —> €' 1s a smooth map g: E — E’ that restricts to linear 
maps 9,:F,—> F,,), «¢€ B. The correspondence x +> (x) defines a 
smooth map #: B > B’, 

If y = 1, then ¢ 1s called a strong bundle map. 

The Cartesian product of € and &’ is the vector bundle € x €' = 
(Ex E', 7x7’, Bx B, FOF’). lf F’ =0 (so that E' = B, 
m7’ = t), we write simply € x B’. 

A vector bundle € determines vector bundles €*, @?£, A&, V2, whose 
fibres at x are the spacesF?, ®? F,, A F,,and V? F,. If 7 is asecond vector 
bundle with the same base and with typical fibre H, then € Oy, € & n, 
and L(&; 7) denote the vector bundles with fibres F, @ H,, F, ®H, , and 
L(F,; H,). € @® 7 is called the Whitney sum of € and yn. The bundle 
L(é; €) is written L, . 

The cross-sections in € are the smooth maps o: B — E which satisfy 
moo =. The carrier of oc, carr o, is the closure of the set of x € B such 


that o(x) + 0. The operations 
(o + )(x) = ox) + 2(x), (Fox) = f(x) of) 
make the cross-sections into an /(B)-module; it is denoted by Sec €. 
15 
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A pseudo-Riemannian metric in € is a smooth assignment to the fibres F, 
of inner products g(x) (also written ¢<,>,, or simply <, >). Thus 
ge Sec V?E*. If each g(x) is positive definite, g is called a Riemannian 
metric. 

Suppose rank € = r. An orientation in € is an equivalence class of 
nowhere vanishing cross-sections in A’€* under the equivalence relation: 
4,~ 4, if 4,=/-4, for some fe A(B), with f(x) > 0, xe B. 
A cross-section in one of these classes is called a determinant function in 
which represents that ortentation. 


0.13. Tangent bundle and differential forms. Let M be an a-mani- 
fold. The tangent space, T,(M), at x € M is the space of linear maps 
E: S(M) — R, which satisfy &(f- vg) = &(f) : a(x) + f(x) - &(g). The 
tangent bundle of M, written r,, = (Ty, , 7, M, R”), is the vector bundle 
whose fibre at x is T,(M). The derivative of a smooth map g: M > Nis 
the bundle map dp: Ty, — Ty whose restriction to T,,(M) is given by 


If each (de), is surjective, p is called a submersion; if also ¢> is surjective, 
then AN is called a quotient manifold of M. If do is injective, (M, ¢) is 
called an embedded manifold; if in addition @ is a homeomorphism 
onto o(M), then M is called a submanifold of N. 

Let a(t) (tg < ¢ < t,) be a smooth path in M. Then a(t) € T,()(M) is 
defined by 


HN f) = Flatt) 


A vector field on M is a cross-section X in ty ; the module of vector 
fields is denoted by 2(M). An orbit of X is a smooth path a(#) such that 
a(t) = X(a(t)). The Picard theorem asserts that for each x € M there 
is a unique orbit of X through x. If Xe 2(M) and fe S(M), then 
X(f)e S(M) is defined by (X(f))\(x) = X(x)(f). The Lie product, 
[X, Y], of X, Y e 2(M) is the unique vector field satisfying 


[X, ¥]}(f) = X(Y(f)) — YCAX(F)). 


Vector fields X € 2(M), Y € 2(N) are called g-related with respect to a 
smooth map po: M — N if (dp),X(x) = Y(9(x)), x € M. In this case we 
write X -y Y. If pis a diffeomorphism, p,(X) denotes the unique vector 
field on N which is g-related to X. 

A differential form on M is a cross-section, ®, in Arz,. If each 
D(x) € APT,(M)*, then @ has degree p. The differential forms are a graded 
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algebra, A(M) = 3), A?(M), with multiplication given by (® a Y)(x) = 
B(x) a V(x). AP(M) can be regarded as the space of p-linear (over A(M)) 
skew-symmetric maps 7(M) x --- x 4(M)— S(M), via the equations 


(DX, , ..., Xp) (x) = G(x; X,(x), ..., X,(x)). 
Then 
(Pa P)(X,,«-, X p+) 
1 


7 pi! D €gP( X51) yoery X o(p)) P(X o(p41) eons X o(p+4)): 
seg?! 


A smooth map g: M-—+WN determines the homomorphism 
gp*: A(M) < A(N) defined by 


(p*P)(x; &,, --5 Ep) = Ply(x); (dp) 1, (dp) fn), =p SI 
(p*f (x) = f (p(s). 


The maps M, N— M x N given by xt> (x, b) and y t+ (a, y) are 
called the inclusions opposite b and a. Their derivatives define an 1so- 
morphism 7T.(M) @ T,(N) > Tiq.)(M x N); these isomorphisms in 
turn identify 7,4, X ty with ty. . In particular, X ¢ 4(M) determines 
the vector field, 7,,X, in 2(M x N) given by (x, y) +> (X(x), 0); it 1s 
also denoted by 7,.X . Moreover, the induced isomorphisms, 


AT(a»(M x N)* = > APTA(M)* © AST,(N)*, 
P,g 


define a bigradation in A(M x N): A(M x N) = &,,,4A?™M x N). 
If®@ « AX(M) and ¥ € AXN), then ® x We AY M x N) denotes 
the (p+ q)-form given by wiOaah¥ (7y: Mx N— M, 
ty: M x N- N are the obvious projections). Thus (® x ¥)(a, 6) = 
D(a) ® Vd). 

The substitution operator 1(X), the Lie derivative 0(.X), and the exterior 
derivative 5 are the operators in A(M), homogeneous of degrees —], 0, 
and |, defined, respectively, by 


(i(X)®)(X, , ..., X,) = G(X, X,,..., X,), 
(A(X)P)(X, , ..., X,) = X(P(X,, ..., X,)) — y OX, , ..., LX, X], ... X5), 


(6D)(X,,..., Xp) = 3 (—1))X,(O(X,, ..., Xj, + Xp) 


j=0 
+ yy CBU (Gee. Cl, eee, Saree, Gane, 
O<i<j<p 

BEAM), pl, 
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and 


UX)f=0, AX)f= Xf), (CfX) = AYP), fe S(M). 


They are respectively an antiderivation, a derivation, and an anti- 
derivation. 
These operators satisfy the relations 


u[X, Y]) = AX) oY) —1(¥)o (X), 
OLX, Y]) = O(X)o AY) — (Y) 0 A(X), 
Q(X) = i(X)o8 4 80i(X) 
and 
o? = 0. 


Moreover, if p: M — Nis smooth and X + Y, then 
(X)op* =g*ei(¥) and A(X) 0 p* = g*o AY). 


In any case p* o 6 = 60 o*. 

Let F be any finite-dimensional vector space. The cross-sections in 
the bundle L(Ar*%,; M x F) (respectively, L(A®7%, ; M x F)) are called 
differential forms with values in F (respectively, p-forms with values in F); 
these modules are denoted by A(M; F) and A?(M; F). If 2 € A?(M; FP), 
then §2(x) is a skew-symmetric, p-linear, F-valued function in 7,(M). 
An isomorphism A(M) @® F — A(M; F) is given by 


(D & a)(x; &,, -.., Ep) = O(x; &, ..., Ey) ° a. 


The operators 1(X) @ +, 0(X) ®t, and 6 @ cin A(M; F) are denoted 
simply by 7(.X), 6(X), and 6; they satisfy the relations given above in the 
case F = R. A smooth map ¢: M — N induces a map 


o* = (9* ©»): A(M; F) <— A(N; F). 


If a: F—H is linear, we define a,: A(M; H) > A(M; H) by 
(a,P)(x; £1 ,..., &)) = a(O(x; &,..., &)). w, commutes with the oper- 
ators 2(X), 0(X), 6, and o*. 

An orientation of M is an orientation of ry ; thus it is an equivalence 
class of nowhere vanishing n-forms. A smooth map gy: M— N (dim M = 
dim NV) 1s called ortentation preserving (respectively, orientation reversing) 
if p*A (respectively, —p*4) represents the orientation of M when 4 
represents that of N. 

The space A .(M) of differential forms with compact carrier is an ideal 
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in A(M). Assume M oriented and of dimension z. Then the integral is 
defined; it is a linear map {y: AQ(M)— R, natural with respect to 
orientation preserving diffeomorphisms, and satisfying 


[ f-4e= [fe dxi--dx", fe SAE), 


where 4, is the positive normed determinant function of an oriented 
Euclidean space E£. 

The integral extends to the linear map Jy = fu ®t: 4.(M; F) > F. 
If «: F — A is linear, then ao fy = yo ay. 

In particular, suppose dim EF = n + I, and S” 1s the unit sphere in E£. 
Then 7,(S") = xt, xe S", and the a-form, 2, on S” given by 
Q(x; hy ,..., hp) = A,(x, h,,...,4,) orients S”. Its integral is called the 
volume of S” and is given by 


Dm+l ) > | 
7, ra = m, mM =z 
{ Qo . 3 +++ (2m — 1) 
gn 7m, n=2m+1, m>0O. 


mM: 


0.14. De Rham cohomology. Let M be an z-manifold. Then 
(A(M), 5) is a graded differential algebra; its cohomology is denoted by 
H(M) = Yp-9 H?(M) and is called the de Rham cohomology algebra of M. 
The homomorphism y*: A(M) < A(N) determined by a smooth map 
induces a homomorphism *: H(M) < H(N). 

If dim H(M) < oo, then the pth Bett: number, b, , of Mis dim H?(M). 
The polynomial f(t) = ¥, 5,t? is called the Poincaré polynomial and the 
number 


xy = (1b, 


is called the Euler—Poincaré characteristic of M. If M is compact, then 
dim H(M) < oo. 

Smooth maps 9, #: M — N are homotopic if there is a smooth map 
H:R x M-+N such that H(0, x) = g(x) and A(I, x) = g(x). A is 
called a connecting homotopy. The operator h: A?(N) — A?—1(M) given by 


(h)(x; £0) £54) = | (H*®)(t, x; didt, &,, ..., & 3) dt 
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is called the homotopy operator induced from H; it satisfies 
wx — pt = hod + 8oh. 


In particular, if p and % are homotopic, then p* = y*. 

The ideal A,(M) is stable under 6 and the corresponding cohomology 
algebra is denoted by H,(M). Multiplication of differential forms makes 
H (M) into a left and right graded H(M)-module, and these structures 
are denoted by 


(x, B)t+>a*B and (B, x) > B * a, aé€H(M), Be HM). 


Assume M is oriented. Then f,, 0 5 = 0 and so {y, induces a linear 
map {x,: H%(M)— R. The Poincaré scalar product is the bilinear map 
Pry: H(M) x HM) — R, given by 


Pra, B) = | ; axB,  «aeH(M), Be Ht-*(M), 
and 
Pryla,B)=0, dega+degP #n. 


It induces an isomorphism Dy: H(M) => H.(M)*, called the Poincaré 
isomorphism. In particular, if M is connected, fy, is an isomorphism; 
1.€., 


ker | = Im 6. 
M 


The unique cohomology class wy ¢H%(M) such that fy,wy = 1 is 
called the orientation class. If M is compact, then H,(M) = H(M) and 
so b, = b,_»- 


The map® © Wr @ x ¥ (cf. sec. 0.13) defines homomorphisms 
«: A(M)@ A(N)-> A(M x N) and — xe: Ac(M) @ Ac(N)-> Ac(M x N). 
These induce the Kiinneth homomorphisms 
ky: H(M)@ H(N)-> H(M x N) and (xe)e: He(M)@ HAN) HAM x N). 


(«,), 18 always an isomorphism, while «, is an isomorphism if either 
H(M) or H(N) has finite dimension. 

Suppose g, #: M — N are smooth maps between compact connected 
oriented n-manifolds. The degree of > is the integer, deg ¢, defined by 


[ ee = degp | 9 ® ce AN). 
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Let p* restrict to p”) in H®(N) and let p”): H?(M) —> H®(N) be the dual 
of '"-?) with respect to the Poincaré scalar products. Then the coincidence 
number of y and y is the alternating sum 


Lig, $) = ¥ (— UP trp o fir, 


If M — N, then the Lefschetz number of ¢ is the alternating sum 
Lig) = ¥ (—1)P trp, 
p=0 


0.15. Smooth fibre bundles. A smooth fibre bundle is a quadruple 
BB =(E,7, B,F) where (1) £,B,F are manifolds (total space, base 
space, typical fibre) and 7: E — B is smooth, and (2) there is an open 
cover {U,} of B and a family of commutative diagrams 


U. x F——% rU, 


\ A (2, , a diffeomorphism). 


U 


a 


I 


For x € B, 7—\(x) is a closed submanifold of E; it is denoted by F,, and is 
called the fibre at x. Thus y, restricts to diffeomorphisms #,,: F > F,. 
The family {(U, , %,)} is called a coordinate representation for &. 

If @ = (E’, 7’, B’, F’)isasecond bundle, a smooth map gy: E — E'1s 
called fibre preserving if it restricts to smooth maps 9,: F,, > Fyz) (« € B). 
The induced map %: B — B’ is smooth. 

Fix @ = (E,7, B,F). The spaces 7,(F,)(z¢F,,x¢€ 8) are the 
fibres of a subbundle of 7, ; it is called the vertical subbundle and is 
denoted by (V;, p, E, R’) (ry = dim F). The fibre at z € E 1s written 
VE) and called the vertical subspace at z; thus V,(E) = ker(dz), . 
A horizontal subbundle is a subbundle H; of rt; such thatte = He ® V_. 
Its fibre at z is called the horizontal subspace (with respect to the choice 
of H;) and is written H,(E). 

If @ is a vector bundle, then 7,(F,,) = F,, . These identifications define 
a bundle map a: V; — E inducing 7: E — B, and restricting to iso- 
morphisms in the fibres. 

An orientation in V; 1s called an ortentation in &; thus an orientation 
of # is a smoothly varying orientation of the fibres F, . If ¥ € A"(E) and 
its restriction to each F,, represents the orientation of F,, then ¥ is said 
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to represent the orientation of @. If © orients the manifold B, then 7*® a ¥ 
orients E; this orientation depends only on the orientations of @ and B, 
and is called the local product orientation. 

If Z isa vector bundle, the definition above is a second definition of an 
orientation in &; in this case, we use the map a, above, to identify 
orientations in @ as defined in sec. 0.12 with orientations in the vertical 
bundle. 

The space A,(E) of differential forms with fibre compact carrier 
consists of those ® such that carr ® MN 7—1(K) is compact whenever K 
is a compact subset of B. If F is compact, then A,(Z) = A(E); while if 
B is compact, then A,(#) = A,(£). 

Let Qe APt(E) (ry = dimF). Fix 7,,....9,¢€ TAF,); then, for 
C,€ TYE), 2(85 Fy ys Sos Ms) Mp) depends only on the vectors 
£, = (dm),¢,; (€ T,(B)). Thus a A’T,(B)*-valued r-form, 2, , on F, 1s 
given by 


(22,(2; Yi sees Nr)s & A**" A ee = Q(z; '- yosesy es y PL» oeey Nr) (dro; = E; . 


2. is called the retrenchment of QtoF, . If 2 € A,(E), then each 2, has 
compact carrier. 

Suppose # is oriented; then an orientation is determined in each 
manifold F.,. The fibre integral is the linear map f,: A,(E) > A(B), 
homogeneous of degree —7, given by 


F,) = J, 6 


It is surjective and satisfies 
*DAQ=PnxX Q and of = doy . 
ri f as 


If B is oriented and E is given the local product orientation, then the 
Fubini theorem asserts that 


[2@=] 7,9 Qe AME), m= dim E. 


0.16. Sphere bundles. An r-sphere bundle is a smooth bundle with 
fibre the r-sphere. If € = (£,7, B,F) is a vector bundle with a 
Riemannian metric, then the unit spheres S, C F, are the fibres of a 
sphere bundle €; = (E;, 7s, B, S) called the associated sphere bundle. 
An orientation in € defines an orientation in the fibres Ff, ; the induced 
orientations in the spheres S, (cf. sec. 0.13) define an orientation in &, . 
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Suppose # = (M, z, B, S)1s an oriented r-sphere bundle. Then there 
are differential forms 2 € A’(M), ® € A**1(B) such that f,2 = —1 and 
7*D® = 62 (thus © = 0). The cohomology class represented by @ (in 
H*+1(B)) depends only on the oriented bundle &. It is called the Euler 
class of B and is written Xg. 

Let @ = (M, 7, B, S) be an oriented sphere bundle with dim B = 
n = dim S + |. Assume B is oriented. A cross-section in B with finitely 
many singularities a, ,..., a; 18 a smooth map o: B — {a,,..., a,}—> M 
such that 7 oo = t. (Such cross-sections always exist, if k > 1.) Using 
the local product structure we obtain, from o, smooth maps 


o;: U; — {a} > S, 


where U, is a neighbourhood of a, . The orientation of U,; determines an 
orientation in a ‘sphere’ S; about a, . Let 7; be the restriction of o, to S;; 
then the degree of 7; is independent of the various choices. It is called 
the index of o at a; and is written j, (a) or simply j,(c). 

The sum j(c) = ),J,(c) is called the imdex sum of c. It satisfies the 
relation 


[Xe =J0). 


Moreover, if # is the associated sphere bundle of the tangent bundle of 
a compact oriented n-manifold B, then Xg ¢ H"(B) and 


+ 
| oa 
B 


Chapter I 


Lie Groups 


§1. Lie algebra of a Lie group 

1.1. Definition: A Lie group is a set G which is both a group and a 
smooth manifold, and for which the following maps are smooth: 

(i) The multiplication map p: G x G— G given by 

(x, y) > xy. 
(ii) The inversion map v: G — G given by 
xte xh, 

The unit element of a Lie group 1s denoted by e. 

A homomorphism of Lie groups p: G — H is a smooth homomorphism 
of groups. An isomorphism of Lie groups is a map that is both a homo- 
morphism and a diffeomorphism. 


Let G be a Lie group. Each ae G determines smooth maps 
rn» Pa: G > G, given by 


Aq(x) = ax and =—s p(x) = xa. 


They are called left and right translation by a. The group axioms yield 
the relations 
Ago Ay = Aas , Pa ° Po — Poa » 
Ac =Pe= +t, and = Ago py = pyoAg. 


In particular, A, and p, are diffeomorphisms, with inverses A,-1 and p,-1 . 
We shall denote the derivatives of A, , p, by 


| = dn, : T¢ _ T¢ and R, = dp,: T¢ —> T¢ ° 


The relations above yield the relations 
LoL, =Ly, Ro Ry = Rau, 
R, = L, = ty, and L,° Rh = R,oL,.- 
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If p¢: G — H is a homomorphism of Lie groups, then 


PoAG=Agarp and = pop, = pow) °¢y. 
Hence 
dpoL, =Lyaodp and  dpoR, = Rey ° de. 


In particular, each (dq),: T,(G) — T,:,)(H) (x € G) 1s injective (respec- 
tively, surjective) if and only if (dp), is. 

Now consider the multiplication and inversion maps. Their derivatives 
are bundle maps 


du:T> X Te Tg and = adv:Te Te. 
Lemma I: Let €€ 7,(G), 7 € 7,(G). Then 
(1) du(é,n) = Roé + Lan 
and 
(2) df) = —(La" o Ra')(€). 


Proof: (1) Let j,: G— {a} x G and j,: G—G x {b} denote the 
inclusions opposite a and 5b respectively. Then 


du(f,m) = (duo djy)(£) + (duo da)(n) = Ro(E) + Laln). 
(2) Since x +> p(x, »(x)) is the constant map G — e, we have 
dp(é, do(f)) = 0. 


Now (2) follows from (1). 
Q.E.D. 


1.2. Invariant vector fields. The left and right translations of a 
Lie group G induce automorphisms (A,), and (p,), of the real Lie 
algebra, 2(G), of vector fields on G (cf. sec. 0.13). A vector field X 
on G is called left invariant if L,(X(x)) = X(ax), a,xEG; 1e., if 
(A,JeX = X,aeG. In view of Lemma I, sec. 1.1, this 1s equivalent to 


Dac ee é 


(igX(x, 9) = (0, X(y)). | 
Since each (A,), preserves Lie products, the left invariant vector fields 


form a subalgebra, 2,(G), of 2(G). 
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Proposition I: A strong bundle isomorphism a: G x T,(G) => Tg is 
given by 
(a, h) > L(A). 


Proof: « restricts to isomorphisms in the fibres. Moreover it 1s given 
by 
a(a, h) = du(0, , A) 


(cf. Lemma I, sec. 1.1) and hence it is smooth. 


Q.E.D. 


= 


Corollary I: An isomorphism 2,(G) > T,(G) is given by 
X > X(e). 
In particular dim 2,(G) = dim G. 
Corollary II: An isomorphism of “(G)-modules 
#(G) ® (G) — 2G) 
is given by X ®frf: X. 


Definition: Let h € 7,(G). The unique left invariant vector field X 
such that X(e) = A is denoted by X, , and is called the left invariant 
vector field generated by h. 


Similarly, a vector field Y is called right invariant if (p,),Y = Y, 
beG. The Lie algebra of right invariant vector fields is denoted by 
Xp(G). The same proof as given in Proposition I shows that 


Yr> ¥(e) 


defines an isomorphism 2 ,(G) = 7,(G). The right invariant vector 
field corresponding to 4 € T,(G) under this isomorphism is called the 
right invariant vector field generated by h, and is denoted by Y,,. 


Proposition II: If X ¢2%,(G) and Y € &,(G), then 
[X, Y] = 0. 
Proof: Define 1,Y € 2(G x G) by 7, Y(x, y) = (Y(x), 0). Then 
ipX~X and i,Y~Y, 


1. Lie algebra of a Lie group 27 


and it follows from Proposition IX, sec. 3.14, volume I, and Proposition 
VIII, sec. 3.13, volume I, that 


0 == [tpX, 1,Y } oy [X, Y]. 
Since pz is surjective, [X, Y] = 0. 
Q.E.D. 


Finally, consider the inversion map v: x +> x7! of G. Since v? = 4, vis 
a diffeomorphism. Clearly, 


voA, =pi1°7, dvol, =R,-1° dy, and Ve (A) = (Py-r)e 2 Mae 
In particular, v, restricts to an isomorphism 
£ (G) —» £,(G) 
of Lie algebras. In view of Lemma I (2) sec. 1.1, we have 
v,X,=—Y,, heTJ(O), 
and hence, for h, k e T,(G), 
[Xn XxJ(e-) = —[¥n, Yel(€)- 


1.3. Lie algebra of a Lie group. The Lie algebra of a Lie groupG 
is the vector space, 7,(G), together with the Lie algebra structure induced 
from 2 ,(G) by the isomorphism of Corollary to Proposition I, sec. i.2. 
Thus, for h, k € T,(G), 


[h, k] = [X, , X;,}(e). 


(Note that the isomorphism 2 ,(G) > T,(G) determines a second Lie 
product [ , ]~ in 7,(G). In view of sec. 1.2, we have 


[h,k) = —[h, k]~, 4, ke TG). 


Thus the map ht» —A defines an isomorphism between these Lie 
algebra structures.) 

Now consider a homomorphism of Lie groups, g: G — H. Since 
g(e) = e (e denotes the unit of both groups), the derivative dp restricts 
to a linear map 


(dp).: T.(G) — T.(#). 


This map will be denoted by q¢’. 
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Proposition III: g’ is a homomorphism of Lie algebras. 
Proof: It follows from sec. 1.1 that 
Xp, = Xo'hs heT,(G). 


Hence [X;, , X;.] ~ [Xy'n. Xq'x]. Evaluate this relation at e to obtain 


p [h, k] = [e'h, oR]. 
Q.E.D. 


If %: H — K is a second homomorphism of Lie groups, then 
(bop) = fog’. 
1.4. Examples: 1. The vector group: If V is a finite-dimensional 
real or complex vector space, vector addition makes V into a Lie group. 


2. The group GL(V): Consider the group GL(V) of linear auto- 
morphisms of an m-dimensional vector space V (real or complex). It is an 
open subset of the vector space L, = L(V; V), and hence a manifold; 
moreover, multiplication and inversion are smooth and so GL(V) is a 
Lie group. 

Since GL(V) is an open subset of L,, , its tangent bundle is the restric- 
tion of the tangent bundle of L, , 


T6Wy) i GL(V) x Ly . 


In particular, the underlying vector space of the corresponding Lie 
algebra is L, . 
Next, observe that the left translations A, , 7 € GL(V), are given by 


Ac) =7T°o0, 1,0€GL(V). 
It follows that 
L(o,«) =(reo,rea), cEGL(V), weLy. 
Hence the left invariant vector field generated by a € Ly is given by 
XG) 26488), #EGL(Y), 


To determine the Lie product, let f be a linear function in LZ, and denote 
its restriction to GL(V) also by f. Then 


(Auf )(7) = f(r ° a); 
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and so 


([X., Xel f)(7) = f(r ° (wo B — Boa). 
Since tr € GL(V) and f € L} were arbitrary, we obtain 
[X, > Xe] = Xa.6-B00 « 


In particular, the Lie algebra structure of L, induced from the Lie 
group structure of GL(V) is given by 


[a, B] = a0 B — Boa. 


3. The group of invertibles of an associative algebra: Let A be an 
associative finite-dimensional algebra over R, with unit element. For 
ae A, define (a): A — A to be left multiplication by a. Then a has 
an inverse in A if and only if p(a) is a linear isomorphism; 1.e., if and 
only if 

det p(a) + 0. 


The invertible elements of A form a group G(A) under composition; 
the condition above shows that G(A) is open in A. Hence G(A) is a Lie 
group. The same argument as given for GL(V) in L, shows that the Lie 
algebra of G(A) is A, with Lie bracket given by 


[a, 8B] = a8 — Ba, a, Be A. 


4. Direct products: Let G, H be Lie groups. The product manifold 
G x H can be made into a Lie group by setting 


(x,y) (x,y) = (ex yy’), x, x EG yy EH. 


This Lie group is called the direct product of G and H. 

The projections 74>: G x HG and a,: G x H—-H, and the 
inclusions G, H — G x H, opposite e, are all homomorphisms of Lie 
groups. The Lie algebra homomorphisms 7 , 7, are given by 


mi(h,k)=h and  1i(h,k) =k. 
It follows that the Lie product in 7,(G x H) 1s given by 
[((h, Rk), (h’, R’)} = ([A, h’], [A, 2’)), hh'eT(G), k,k' € T(A). 
5. Tangent bundle: If Gis a Lie group, then the map 
du: Tg x Tg > Te 
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makes 7, into a Lie group, with inversion map dv. (The associative law 1s 
obtained by differentiating the relation zo (u X +) = woe X p).) The 
zero cross-section o: G—» JT, is a homomorphism of Lie groups. 


6. The |-component: Let G bea Lie group, and let G® denote that 
connected component of the manifold G which contains e; it is an open 
submanifold. Since p, v are continuous and G® x G®, G® are connected 
it follows that 


(Gx G)CG® and (GCG. 


Similarly, aG®a-! C G®, ae G. Thus G® is a normal subgroup of G. 
It is clearly a Lie group and is called the |-component of G. The quotient 
group G/G° is called the component group of G. 


7. The nonzero reals R. = R — {0} and the nonzero complex numbers 
C. = C — {0} are each a Lie group under multiplication. If V (res- 
pectively, W) 1s a real (respectively, complex) vector space, then the maps 


det: GL(V) > R. and = det: GL(W) > C. 


are Lie group homomorphisms. Their derivatives are given, respectively, 
by 
tr:Ly—>R and tr:Ly—>C; 


i.e., det’ = tr (cf. sec. 1.3). 


§2. The exponential map 


1.5. One-parameter subgroups. A I|-parameter subgroup of a 
Lie group G is ahomomorphism, a, of the additive group of real numbers 
into G, 


a: R—>G. 


In other words, a l-parameter subgroup 1s a smooth map a: R—-G 
such that 


a(s + t) = a(s) a(t), s,teR. 


In particular, «(0) = e and a(—?) = a(t)"?. 
Suppose «a: R — G is a |-parameter subgroup. Then (cf. sec. 0.13) 
a determines a path a: R > T;: 


X(t) = (da), ($) € Tatn(G). 
In particular, a(0) € 7,(G). 


Proposition IV: Let «: R —> G be a smooth map such that a(0) = e 
and let «(0) = h. Then the following are equivalent: 


(1) ais a l-parameter subgroup. 
(2) «is an orbit of X,. 
(3) «isan orbit of Y,. 


Proof: (1) = (2): Denote the vector field t+ d/dt on R by T; 
it is the left and right invariant vector field generated by 7(0). Hence if 
a is a 1-parameter subgroup, 


P~ Xp; 


1.e., « iS an orbit of X, . 
(2) > (1): Assume « is an orbit of X, and fix se R. Then 


ti» a(s + ft) and tt» a(s) a(t) 
31 
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are both orbits of X), (use the left invariance of X,), and agree at t = 0. 
Hence (cf. Proposition X, sec. 3.15, volume I) 


a(s + t) = a(s) a(t). 
(3) <> (1): Same proof as (2) = (1). 
Q.E.D. 


Proposition V: To every vector he T,(G) corresponds a unique 
1-parameter subgroup, a, such that 


a(0) = h. 
Proof: The uniqueness is immediate from Proposition IV. Now 


we prove existence. According to Proposition X, sec. 3.15, volume I, 
for some e > O there is an orbit 


%:(—e,€) > G, 


for X,, satisfying a)(0) = e. 
Now fix ty € (0, €). Define smooth maps 
Oy: (Plo — €, Ply + €) > G, peZ, 
by 
Ag(t) = ap(ty)?ao(t — plo). 


Since X, 1s left invariant, these maps are all orbits for X, . Moreover, 
Qy-1( Plo) = A(to)” = Xp( Pty). 


Hence a,_, and «, agree in the intersection of their domains. 
It follows that a smooth map a: R — G is given by 


a(t) =a,(t),  t€ (ply — €, pty + €)3 


a is an orbit for X, satisfying «(0) = e; thus by Proposition IV it 1s a 
]-parameter subgroup. 


Q.E.D. 


The l-parameter subgroup, a, that satisfies 4(0) = A 1s called the 
1-parameter subgroup generated by h, and is denoted by a, . In particular, 
the 1-parameter subgroup generated by 0 is the constant map ft> e. 


Example: Let C_ be the multiplicative group of nonzero complex 
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numbers: C, = {ze C| z # 0}. Then the corresponding Lie algebra is 
C, considered as a real vector space. 
The 1-parameter subgroup generated by a vector h € C is given by 


a,(t) — exp th. 


1.6. The exponential map. Let G be a Lie group with Lie 
algebra FE (= 7,(G)). Define a set map 


wRx E>G 
by 
Y(t, h) = a,(t), teR, hee. 


Lemma II: ¢ is a smooth map. It satisfies 
w(st,h) = f(t, sh), s,teR, hee. 


Proof: ‘The equation holds because both sides define the 1-param- 
eter subgroup generated by sh (cf. sec. 1.5). 

To show that % is smooth, define a vector field Z on the manifold 
E x G by 


Z(h, a) = (0, X;(@)). 


In view of Theorem II, sec. 3.15, volume I, there are neighbourhoods J of 
Oin R, V of O0in E and U of ein G, and there is a smooth map 


gil x (V x U)-EXxG 


such that 
G(t,h, a) = Z(olt,h,a)), tel, heV, aeU, 
and 
90, h, a) = (fh, a). 
Now write 


p(t, h,e) = (pelts A), pot, A), tel, he. 
Then 9,(t, h) = 0, (0, 4) = h, and so 
p(t, h) = fh, tel, hev. 
It follows that 


galt, h) = Xogtem(palt, h)) = Xa(pclt, A). 
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Hence g,(t, h) = a,(t) = Y(t, h) and so ¢ is smooth in] x V. 
Now the functional equation 


y(t + 7,h) = Y(t, hk) (7, h), t7ER, heEk 
implies that % is smooth in R xX V. Finally, applying the equation 


us(t, h) = J(t, sh), we see that % 1s smooth in R xX E. 
Q.E.D. 


Definition: The exponential map for G is the smooth map exp: # ~G 
given by 


exph = o(1, hk) = a,(1). 


It follows from Lemma II that the !-parameter group generated by 
h € E can be written as 


o,(t) = exp th, te R. 
In particular exp ph = (exp h)?, peZheE. 
Proposition VI: The exponential map satisfies 
expQ =e = and (d exp), =. 


Proof: Fix he E. Then 


h = &(0) = (exp th) (0) = (d exp),(f). 
Q.E.D. 


Corollary I: There are neighbourhoods V of Qin E and U of ein G 
such that the exponential map restricts to a diffeomorphism 


exp: VU. 


Corollary II: Let E = FE, @-:-- @ E, be a decomposition of E 
as a direct sum of subspaces. Define gp: E — G by 


ph, OB: Gh,) = exph,e---eexph,, h,¢ E;. 


Then (dp)y = +, and so g maps a neighbourhood of 0 diffeomorphically 
onto a neighbourhood of e. 
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Proof: Clearly (dp), restricts to the identity in each E, ; hence it is 
the identity in £. 
Q.E.D. 


Corollary HI: If CG is connected, then exp(F) generates CG. 


Proof: By Corollary I, exp(£) contains a neighbourhood of e. Thus 
the corollary follows from Lemma III below. 
Q.E.D. 


Lemma III: If G is connected, and U C G isa neighbourhood of e, 
then U generates G. 


Proof: U generates an open subgroup H of G. Thus each coset 
Ha (a € G) 1s open and 


G=Hvwu\|) Ha 


atH 


partitions G into two disjoint open sets. Since G is connected, G = H. 
Q.E.D. 


Examples: 1. Consider the case G = GL(V), E = L, (cf. Example 
2, sec. 1.4). Then exp is the map given in sec. 0.10. 


2. Let H be a second Lie group with Lie algebra F. Then the 
exponential map for G x H 1s given by 


exp(h, k) = (exp,(h), expy()), hek, keF. 

1.7. Homomorphisms. Proposition VII: Let ~:G—>H be a 
homomorphism of Lie groups. Then the induced homomorphism, 
g , of Lie algebras satisfies 

P°eXPg = eXpy og’. 
Proof: Fix he T,(G). Then 
a: tt» o(exp,(th)) and B: t +» expy(te'(h)) 


are |-parameter subgroups of H. Moreover, 


(0) = ¢'(h) = B(0), 
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and hence (Proposition V, sec. 1.5) « = f. In particular 


p(expe(h)) — expy(p (4), he T(G). 
Q.E.D. 


Corollary I: Assume 4: G — H is a second homomorphism of Lie 
groups and that gy’ = #’. If G is connected, then » = ¥. 


Proof: Proposition VII implies that » and & agree in exp,(T,(G)). 
By Corollary III to Proposition VI, sec. 1.6, this set generates G. Since 
g and % are group homomorphisms, it follows that mp = yw. 

Q.E.D. 


Corollary II: The homomorphism ¢ is injective if and only if 
do: T¢ > Ty 
is injective. In this case m embeds G into H. 


Proof: If dp is injective, then certainly ¢ is injective. Conversely, 
assume @ is injective. Let V be a neighbourhood of 0 in 7,(G) such that 
the restriction of expg to V is injective. Then since expyog’ = 
poexp,, the restriction of exp, og’ to V is injective. In particular, 
the restriction of y’ to V is injective. 

Since @’ is linear and V is an open subset of 7,(G), it follows that 


, 


g’ is injective. Since 


(dp), = La) é P of ? aeG, 


each (d—), 1s injective. Hence so is dp. 
Q.E.D. 


Corollary III: If ¢ is bijective, then it is a diffeomorphism and hence 
an isomorphism between Lie groups. 


Proof: Since ¢ is injective, Corollary II implies that dp: T, > Ty is 
injective. Now Proposition IV, sec. 3.8, volume I, implies that is a 
diffeomorphism. 

Q.E.D. 


Proposition VIII: A continuous group homomorphism g: G — H 
between Lie groups is smooth. 
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Proof: Consider first the case that G = R. It has to be shown that 
a continuous map a: R — H which satisfies 


a(s + t) =a(s)a(t),  s,tER, 


is smooth. In view of Corollary I to Proposition VI, sec. 1.6, there is a 
neighbourhood V of 0 in 7,(f7) which exp, maps diffeomorphically onto 
a neighbourhood U of e in H. 

Without loss of generality we may assume that 


a(t)e U, | t| <1. 
Define a continuous map 8:1 > V (I = {te R||t| < 1}) by 
B(t) = expy' a(t). 
Since « is a homomorphism, 
expu(q « A(t)) = a(gt) = expu(P(qt)) geZ, [gt] <1, Jt] <1. 
Hence q - A(t) € V if and only if 
q° P(t) = B(gt). 
Fix g ~ 0. Consider the set 


{te (I/q)I\q - B(t)e V}. 


The above relation shows that this set is both closed and open in (1/q)J, 
and hence equal to (1/q)/. Thus 


q' B(t)=B(qt), |qt| <1. 
It follows that for p/¢g € Q and | p/q| < 1, 
B( p/a) = (b/9)B(1). 


Since f is continuous, 
Bt) = tA(1), = Jt) <1. 
Now we have 


a(t) = expy(tA(1)), | t| <1. 
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Since « is a homomorphism (as is ¢ +> exp,(#8(1))) and the interval 
(—1, 1) generates the additive group R, it follows that 


a(t) = exp, (8(1)), te R, 


and so « is smooth. 
Finally, consider the general case, p: G — H. Choose a basis @, ,..., e, 
of T,(G) and consider the smooth map #: R” — G given by 


W(t, , stn) = eEXpg(tye,) © ¢ © expG(tnen): 


By Corollary II to Proposition VI, sec. 1.6, maps a neighbourhood V of 
0 diffeomorphically onto a neighbourhood U of e. 

On the other hand, the maps t+» o(exp,(te;)) (¢ = 1,..., 2) are con- 
tinuous homomorphisms R — H; thus they are smooth by the argument 
above. Since ¢ is a homomorphism, we have 


(po Pty s+» tn) = GlexPa(tyer)) -* P(EXPc(tnen)) 
and so m o wis smooth. In particular, y is smooth in U. But for anya é G, 
(ax) = 94) 9(~). 


Thus 9 is smooth in a neighbourhood of a and hence in G. 
Q.E.D. 


§3. Representations 
In this article G denotes a fixed Lie group with Lie algebra E. 


1.8. The derivative of a representation. A representation of G in a 
finite-dimensional vector space W (real or complex) is a homomorphism 
of Lie groups 

P: G > GL(W). 


Since the Lie algebra of GL(W) is the space Ly of linear transformations 
of W (cf. Example 2, sec. 1.4), the derivative of the homomorphism P 
is a homomorphism of Lie algebras, 


P's E>Ly 


(cf. Proposition III, sec. 1.3). P’ will be called the derivative of the 
representation P. 

A Lie algebra homomorphism 6: E — Ly is called a representation of 
E in W. Thus P’ is a representation of E in W. 

A representation, P, of G (respectively, 8 of E) is called faithful if 
ker P = e (respectively, if ker 6 = 0). 

If P is a representation of Gin W, then the invariant subspace of P is 
the subspace W,_, (or simply W,) given by 


W, = {we W| P(x)w = w, xe Gh. 


Similarly, if @ is a representation of E in W, then the invariant subspace 
for 01s the subspace W,_, (or W,) given by 


Wray = {we W| O(h)w = 0, he E. 


A subspace V C W is called stable for P (respectively, stable for @) if 
each of the operators P(x), x € G (respectively 6(h), h ¢ E) maps V to 
itself. 

Now fix h € E. Then P(exp th), and P’(h) are linear transformations of 
W. In particular, we regard the |-parameter group 


P,: tt» P(exp th) 
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as a path in the vector space Ly. Thus differentiation yields a path 
P,(t) in Ly . 

On the other hand recall from Example 2, sec. 1.4, that T¢,(y) = 
GL(W) x Ly . Moreover, 


X p’(n)(7) = (7, TO P’(h)), oo GL(W), he E. 
Applying this formula with tr = P,(t) gives 


Lemma IV: P,(t) = P,(t) o P’(h). 


Proposition IX: (1) The invariant subspaces W, and W, for P 
and P’ are related by 
W,C Wp. 


If G is connected, then W, = W,. 


(2) If V C Wis stable for P, then it is stable for P’. If V is stable for P’ 
and G is connected, then V is stable for P. 


Proof: (1) Suppose he EF and we W,. Then P,(t)w = w, and so 
P,(t}w = (P,(t)w) = 0. 


Now Lemma IV yields P’(h)w = 0. Thus W,C W,. 
Conversely, let he E and assume we W,. Then Lemma IV implies 
that P,(t)w = w, te R. It follows that 


P(exp h) w = a, he E. 


Now if G is connected we can apply Corollary III to Proposition VI, 
sec. 1.6, to obtain P(x)w = w, x EG. 


(2) is proved in the same way. 
Q.E.D. 


1.9. Examples: In this section P (respectively, @) denotes a fixed 
representation of G (respectively, E) in W. 


1. Contragredient representation: ‘The representation, P#, of G in 
W* contragredtent to P is defined by 


P¥(x) = (P(x))*, x EG. 
The representation 64 of E in W* contragredtent to @ is defined by 
Oh) = —O(h)*, hee. 


3. Representations 41 


Evidently 
Oa ad (a 


2. Multilinear representations: Representations @P, AP and VP 
of Gin @W, AW, VW are given by 


(&)P)(x) = ®)P(x),  (AP)(x) = AP(x) 
and 
(VP)\(x) = VP(x), xeG, 


(cf. sec. 0.5). 
Representations 09 , 8,, 6, of Ein @W, AW, and VW are given by 


Gel h)(eo @ + @ wy) = Ya, @- Hh)w; + @ top, 
6,(h)(w, A ++ A w,) = y w, A‘ O(h)w, °° A wy, 


Pp 
O(h)(w, Vv Vy) = Vwv- Aho, vw, pel, 
i=l 


and 
Oa(A)A = 0, 6,(h)A = 0, O,(h)A = 0, AER. 


Evidently, 
(@PY =(P)g, (APY =(P), and (VP) = (Py. 


3. Recall that T?(W) denotes the space of p-linear functions in W. 
Define a representation, P?, of G in T?(W) by setting 


(P?(x)®)(w, , ..., Wp) = O(P(x)w, , ..., P(x)w,), 
w,EW, xEeG, DEeT*(W). 


Then the derivative of P? is given by 
[(P?)'(A)](®)(z, , ..., Wp) = —) P(w,, ..., P'(h)w; , «.-) Wy); he. 
t=1 


4. Differential spaces: Let (W, d) be a differential space (cf. sec. 0.7) 
and denote its homology by H(W). Assume that P is a representation 
of Gin W such that 


P(x)od = do P(x), xeG. 
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Then P(x) determines a linear map 
P(x), H(W) —> H(W) 


and P,: xt» P(x), 1s a representation of Gin H(W). 
On the other hand, the representation, P’, of E satisfies 


P'(hyod =doP(h), hek 


(differentiate the relation above). Hence P’(h) determines an operator 
P'(h), in H(W) and 
(P’)g: hie P'(h)s 


is a representation of E in H(W). 
It follows immediately from the definitions that (P’), 1s the derivative 
of P,, , 


(P,) = (P’). : 
1.10. The adjoint representation. Each a eG determines the zmer 
automorphism, +, , of G given by 
T(x) = axa, xeG., 


Hence the derivative, 7, , of +, is an automorphism of the Lie algebra E. 
It is denoted by Ad a. Since 7, = A,° pa; 


Ada = L,° R;’, aeG. 


Proposition X: The correspondence Ad: at» Ada defines a 
representation of G in E. 
Proof: Evidently 7, ° 7, = 7,,, and so 


Adac Ad b = Ad ab. 


Thus Ad is a group homomorphism. It remains to show that Ad is 
smooth. 
Define a smooth map T: G x G > G by setting 


T(y, x) =17,(x), y,xeEG. 
Its derivative, dT, is smooth. But 
(4T)(y,2)(0, 4) = Ady (h). 


Hence, for each h € E, the maps yt» Ad y(h) are smooth. It follows that 
Ad is smooth. 
Q.E.D. 
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The representation Ad 1s called the adjoint representation of G. 
On the other hand, a representation, ad, of the Lie algebra E in the 
vector space £ is given by 


(ad A)(k) = [h,k], hy REE. 
It is called the adjoint representation of E. 
Proposition XI: ad is the derivative of Ad. 
Lemma V: FixaeG,heE. Then 
X14) = Yaaain(@). 
Proof: Recall that Ada = Rj’ oL, . Hence 


Yadatn(a) = (Kz 0 Ad a)(h) = L,(h) = X,(@). 
Q.E.D. 


Proof of the proposition: Fix h € FE and let e, ,..., e, be a basis for E. 
Then functions f; on G are defined by 


Adx(h) = y FAX) e; , x eG. 
They satisfy ~ 
Ad'k(h) = y (X,0/;))(e) e: 5 REE. 
On the other hand, we can apply Lemma V to obtain 
Koc » fe, 
Since [X;,, Y,,] = 0 (cf. Proposition IJ, sec.!.2), it follows that 


IX X= XY .- 


a=1 


Evaluate this at e to obtain [k, h] = Ad’k(h). 
Q.E.D. 


Corollary: Ad(exp h) = exp(ad h), he E. 


Proof: Apply Proposition VII, sec. 1.7. 
Q.E.D. 


§4. Abelian Lie groups 


1.11. An abelian Lie group is a Lie group C satisfying xy = yx 
(x, y € G). An abelian Lie algebra is a Lie algebra E such that [h, k] = 0 
(k, h € E). Let G be a Lie group with Lie algebra E and consider the 
following conditions: 


(1) G is abelian. 
(2) The adjoint representation of G is trivial: Ada = « (a€ G). 
(3) The left and right invariant vector fields coincide, 


Deas Grae he. 
(4) The adjoint representation of E 1s trivial: adh = 0 (he E). 
(5) E is abelian. 
Proposition XII: The conditions above satisfy 
(1) > (2) <> (3) > (4) = (5). 
If G is connected, they are all equivalent. 


Proof: The sequence of implications is an immediate consequence 
of the relations 7, = Ada and Ad’ = ad, together with Lemma V, 
sec. 1.10. If G is connected and E is abelian, then Corollary I to Propo- 
sition VII, sec. 1.7, shows that 


Ad=y and 7,= (aéG), 


where y: G — . is the constant homomorphism. 
Q.E.D. 
Examples: 1. Vector spaces under addition (cf. Example 1, sec. 
1.4) are abelian. 
2. Consider the unit circle of the complex plane 


S!' = {zgeC||2| = 1}. 


It is an abelian Lie group under multiplication. The tangent space, T,(.S'), 
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is given by 7,(.S') = (1)4; 1.e., it is the pure imaginary axis. We identify 
R with 7,(S') by the correspondence t +> 27it. With this identification 
the exponential map exp: R — S! is given by 


exp A = e2tth, heR. 


In particular, exp—1(1) = Z. 


3. Tort: Recall that R” is an abelian Lie group under addition. 
Consider the closed subgroup Z” C R® consisting of n-tuples of integers. 
In Example 3, sec. 1.4, volume I, the factor group 7” = R"/Z” was 
made into a smooth manifold in such a way that the projection 


a”: R® —> T” 


was a local diffeomorphism. With this smooth structure 7” becomes a 
connected abelian Lie group. It is called the -torus. 
If = 1, then Tis the circle S! and z is the exponential map (Example 


2 above). Since 
R7=Rx* XR, Z=2x:xZ 
(as Lie groups), it follows that 
| ean a ae Te 
(as Lie groups). In particular, 7” is compact. Moreover, 
mw == 7 K ** K w= exp X *"** XK exp = CXprn- 


Thus we may identify 7” with the exponential map for T”. 


1.12. Proposition XIII: Every connected abelian Lie group G 
is isomorphic to the direct product JT? x R¢% (for some p, gE N). In 
particular, a compact connected abelian Lie group is a torus. 


The proposition follows at once from Lemmas VI and VII below. 
Lemma VI: Let E be the Lie algebra of G. Then 
exp(h +k) =exph-expk, h,keE; 
1.e., exp is a Lie group homomorphism. 


Proof: Since G is abelian, 


a: tt» exp th - exp tk 
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is a |-parameter subgroup. But 4(0) = h + k; hence 
exp th - exp tk = o(t) = exp ?t(h + R). 


Now set t = 1. 
Q.E.D. 


Corollary: exp is a surjective local diffeomorphism. exp-'(e) is a 
closed discrete subgroup of £. 


Proof: Apply Proposition VI, sec. 1.6, and its third corollary. 
Q.E.D. 


Lemma VII: Let K bea closed discrete subgroup of R”. Then there 
are linearly independent vectors e, ,..., e, € R” such that K consists of 
the integral combinations of the e,: 


Pp 
Y geil qQi€Z 


t=1 


K = 


Proof: Clearly, we may assume that K contains a basis of R”, 
and we argue by induction on 7. Fix a positive inner product in R”. 
Choose e,€ K so that e, AO and je,| <|x| for xe K. Then 
(R-e,) OK consists of the integer multiples of e, . 

Now consider the projection 


TT: IR” =e R/(R ° €,). 


It is easy to see that 7(K) is a closed discrete subgroup of R”/(R - e,). 
Hence, by the induction hypothesis, there are linearly independent 
vectors 7(é9),..., 7(é,) in R”/(R - e,) such that e,; € K, and every element 
of 7(K) is an integral linear combination of the z(e;), (2 > 2). 

Now an easy argument shows that the vectors @¢, ,..., e, satisfy the 
conditions of the lemma. This closes the induction and completes the 


proof. 
Q.E.D. 


An element a of a Lie group C is called a generator of G if the set 
a® (k EZ) is dense in G. A Lie group that has a generator is clearly 
abelian. Now we show that a torus 7” has a generator. In fact, let 
€,,...,@, be a basis for R™ and set Z" = Ze, x -:- X Ze,. 
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Choose numbers 61 € R so that the conditions A, , A, € Q@ and 


imply A, = 0, v = 0,..., 2. Seta = ¥)_, 6e,. Then exp a is a generator 
for T”. 


§5. Integration on compact Lie groups 


1.13. Invariant n-forms. Let G be an n-dimensional Lie group 
with Lie algebra FE. An n-form 2 on G is called /eft (respectively, right) 
invariant if 


AFQ = Q, aeéG 
(respectively, p#Q2 = 2, a eG). If Q is both left and right invariant, it is 
called biinvariant or simply invariant. 


To every determinant function 4, € A"E* corresponds a unique left 
invariant form 4A, such that 4,(e) = 4, and conversely. It is given by 


A L(x; & gooey En) = A (Lz (1); wig ie (Ea); KE G, bs E T,(G). 


Similarly, the unique right invariant form 4, which satisfies 4,p(e) = A, 
is given by 


A p(x; E, yosesy é.) == 4(Rz (£1), sees Rz(En))- 
These relations yield 


pa 4, =det(Ada"')4, and Apa) = det(Ad a) 4,(a), aeG. 
(1.1) 


Hence G admits a nonzero invartant 2-form if and only if 
det(Ad x) = I, xeEG. 


Let 4, orient EF; then the corresponding left invariant n-form 4, 
orients G. Similarly, 4, orients G. These orientations depend only on 
the orientation of E' represented by 4, , and are called (respectively) the 
left and right orientations of G corresponding to the given orientation of E. 
They coincide if and only if 


det(Ad x) > 0, xEG 


(cf. formula (1.1)). Observe that each left translation preserves the left 
orientation and each right translation preserves the right orientation. 


Example: Unimodular Lie groups and Lie algebras: A Lie group G 
(respectively, a Lie algebra F) is called unimodular if | det(Ad x)| = 1, 
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xéG (respectively, if tr(adh) = 0, he FE). In particular, if G is a 
connected unimodular Lie group then det(Ad x) = 1, xe G, and so G 
admits a nonzero invariant a-form. 

Let G be any Lie group with Lie algebra E. It follows from Proposition 
XI, sec. 1.10, that in E 


(det o Ad)’ = troad. 


Hence if G is unimodular, so is E; and these conditions are equivalent 
if G is connected. 

Finally, observe that a compact Lie group G is unimodular. Indeed, 
in this case the image of det > Ad is a compact subgroup of the multi- 
plicative group R, ; this can only be {1} or {+1}. In particular, every 
compact connected Lie group admits a nonzero invariant n-form. 

1.14, Integration of functions. Let G be an n-dimensional Lie 
group with Lie algebra E. Orient G by a left invariant 2-form 4, . Let 
W be a finite-dimensional vector space (real or complex). 


For each smooth function f: G —> W of compact support, we can form 
the integral 


a 


(cf. sec. 0.13). The left invariance of 4, and the fact that left translations 
preserve the orientation give 


| f:4,= | tf A,,  aeG. 
G G 
On the other hand we have, in view of (1.1), 
[ptf 4, = det(Ad a) [pif p34, = det(Ad a) { pa(f- 41). 
G G G 


Since p, preserves the left orientation precisely if det(Ad a) > 0, it 
follows that (cf. Proposition XII, sec. 4.13, volume [), 


[_eaf 4, =|det(Ada)|- ff 42, acG. 
G G 


If G is unimodular (in particular, if Gis compact), this formula reduces 
to 


[ctf 4c= Jf fdr, aeG. 
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1.15. Integration over compact groups. Let G be a compact n- 
dimensional Lie group with Lie algebra E. Give G the left orientation 
induced by an orientation of E. Let 4 be the unique left invariant 2-form 
such that 

[4=1. 
G 


Let fe S(G; W) (W, a vector space). Then the vector, [¢ f+ 4, is 
independent of the orientation. It is called the integral of f, and we write 


[ f:4=]| f@da 


In particular, [{; da = |. 
Since G is unimodular, the relations in sec. 1.14 give 


| f(ab) da = | f(a) da = i f(ba)da, beEG. (1.2) 
G G G 
More generally, assume 9 is a diffeomorphism of G such that 
gt A= -A, 
where e: G —> R is smooth and | e | = 1. Then for fe A(G; W) 
[_f((@)) da = | f(a) da. 
G G 


In particular (apply Lemma I, sec. 1.1) this condition holds for m = », 
the inversion map. Thus 


| f(a) da = | f(a) da. (1.3) 
Finally, if a: W — V is a linear map, then (cf. sec. 0.13) 
«(f f(a) da) = [. (a 0 f(a) da. (1.4) 


Next let o: G-+ G be a smooth map. It induces the smooth map 
wb: G — Le given by 


p(x) a (Lia) doa) : (de), = (Lz). ’ xeG. 
Proposition XIV: If Gis compact and connected, then 


degp: | fix)de =| f(@la)) det ya)dx, fe ¥(G; W). 
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Proof: Evidently, p*4 = det y- 4. Hence 
degp- | f(x)dx =| p*(f4)=] otf -dety- 4 
G G G 


= | flo))det (x) de. 
Q.E.D. 
Corollary: deg py = f, det #(x) dx. 


Examples: 1. If po = X,, p, or», then y is given by 
p(x) = tz, p(x) = Ad a“, or p(x) = —Ad x, 


respectively. In this case the Proposition yields formulae (1.2) and (1.3) 
above, in turn. 


2. g(x) = x*, Then x(x) = « + Adx!. Now the Corollary to 
Proposition XIV, together with formula !.3, yields 


deg p = I. det(. + Ad x) dx. 


3. gis a homomorphism. Then (x) = ¢’, x € G, whence 


dege: | f(a)dx=derg’-{ f(o(x)) de, fe 7G; W). 


Setting f = 1, we obtain deg m = det y’. In particular, det g’ is an 
integer. 
Now assume that deg y + 0. Then the relations above yield 


[ fl) de = J f(o(x)) ax. 


Moreover, in this case q’ 1s a linear isomorphism. Hence each map 
(dp), (x € G) is an isomorphism. Thus 9 1s a local diffeomorphism, and 
so the set m—1(e) is finite. Now Theorem I, sec. 6.3, volume I, implies 
that the integer | det g’ | is equal to the number of points in p~'(e). 


1.16. Invariant subspace of a representation. Let P be a repre- 


sentation of a compact Lie group in a finite-dimensional vector space W. 
Since P is a smooth, map G -—» Ly , we can form the integral, 


Poe: | _P(a) dx, 
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to obtain a linear transformation of W. (Note that P, is not in general a 
linear automorphism of W.) 


Proposition XV: With the notation and hypotheses above 

(1) Pio P(x) = Py = P(x)oP,, x EG. 

(2) Po = Po 

(3) If P* denotes the contragradient representation, then (P*), = Pf. 


(4) A vector w is invariant (i.e. w € W,) if and only if Pow = w. 


Proof: We rely throughout on formulae (1.2), (1.3), and (1.4) of 
sec. 1.15. To prove (1) observe that for x € G, 


P,o P(x) = ( { P(y) dy) > P(x) = i P(y) © P(x) dy 
G G 
=| Plyx)dy =| Ply) dy = Py. 
G G 
Similarly, P(x) o Py = P, and so (1) follows. This relation yields 
Pi = Pyo [ P(x) dx =| P, 0 P(x) dx = | P, dx = P,. 
G G G 
Next note that 
* 
PA). Peet) de P{x) d. == P*, 
(Pi) = | Ports de = (f Pl) dx) = Py 
To prove (4) let we W,. Then 
Pwo = | (P(x)w) dx = i wdx = w. 
G G 
On the other hand, if P»w = w, then (1) yields 


P(x)w = (P(x) o Py)w = Pyw = vn, x eG, 


andsowe W,. 
Q.E.D. 
Corollary I: The dimension of W, is given by 


dim W, = | tr P(x) dx. 
G 
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In particular, W, = O1f and only if 


| tr P(x) dx = 0. 
G 


Proof: Since Pj = P, andIm P, = W,, 


dim W, = tr Py) = | tr P(x) dx. 
G 
Q.E.D. 


Corollary II: If Wj is the invariant subspace for P#, then 


dim W* = dim W,. 


Corollary HI: Consider the induced representations, A*P, in A*W 
fork = Q,...,7r (7 = dim W), and let 


c¢, = dim(A*W),, k= 0,1, ..57. 


Suppose G is connected. Then 


r r 


i det(P(x) + d)dx = Yicark = V eat. 
G 


k=0 k=0 


Proof: Corollary I gives 
c, = | tr AEP(x) dx. 
G 


But tr A*P(x) is the coefficient of A7—-* in the polynomial det(P(x) + Ar) 
(cf. sec. A.2). Thus 


| _det(P(a) +) ds = > { _tr MPG) ax] x 


r 
= y CA. 


To establish the other equality, note that because G is compact and 
connected, the homomorphism det o P: G—> R, has a compact connected 
image; 1.€., 

det P(x) = 1, xeG. 
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It follows that for A + 0, 
det(P(x) + As) = AT det(A-e + P(x-2)). 


Integrating over G, we obtain 
Tr T 


y gate = ar Vga = Y elt 


k=0 k=0 k=0 


Q.E.D. 


1.17. Invariant inner products. Let P be a representation of a Lie 
group in a real (respectively, complex) vector space W. A Euclidean 
(respectively, Hermitian) inner product <,> in W is called invariant 
with respect to P, if it satisfies 


(P(x)u, P(x)v> = <u, vd, xEeG, uve W. 


If < , > is such an inner product, it follows that for each h € 7,(G), the 
map P’(h): W — Wis skew. 


Proposition XVI: Every representation of a compact Lie group 
admits an invariant inner product. 


Proof: Let (,) be any Euclidean (respectively, Hermitian) inner 
product. Define < , > by setting 


(u,v) = | _(Pla)u, Pla)e) da. 


Then < , > has the desired properties. 
Q.E.D. 


Corollary: Let G be a compact connected Lie group. Then the 
map —: x +> x* 18 surjective. 


Proof: Recall from Example 2 sec. 1.15, that 
deg p = | det(s + Ad x) dx. 
G 


Now choose an inner product in 7,(G) which is invariant under the 
adjoint representation. Thus each Ad x is a proper rotation, and it 
follows from elementary linear algebra that 


det(. + Ad x) > 0, xEeG. 
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Since 
det(« + Ade) = det(2:) = 2”, (x == dim G), 


we obtain deg » > 0. Hence ¢ Is surjective. 
Q.E.D. 


Remark: In sec. 2.18 it will be shown that, for a compact connected 
Lie group, the map x ++» x? is surjective for every integer p + 0. 


The following example of Hopf shows that the map x+> x? is not 
necessarily surjective if G is not compact. Let G be the group SL(2; R) 
consisting of linear transformations «: R? — R? with det a = |. (It follows 
from Theorem I, sec. 2.1, of the next chapter that G is a Lie group.) 

The Cayley—Hamilton theorem yields 


a —(traj)a +e =O, ae G, 
whence 


tra? — (tra)? +2 = 0. 


Hence tra? > —2 if ae€G. In particular, the transformation 
BeG given by 


B(e,) = —2e,, Ber) = —}ee 
has trace < —2, and so is not the square of any ain G. 


A representation of a Lie group in a vector space W 1s called semisimple, 
if every stable subspace W, C W has a stable complement; 1.e., if 
W,C W is stable, then there is a stable subspace W, such that 
W= W,@ W,. 


Proposition XVII: Every representation of a compact Lie group 
in a finite-dimensional vector space is semisimple. 


Proof: In view of Proposition XVI there exists an invariant inner 
product in W. Now let W, C W be stable. Then 


W=W,QWr 


and W; is also a stable subspace. 
Q.E.D. 


Problems 
G isa Lie group with Lie algebra E. 
1. Show that a |-parameter subgroup is either R or S?. 


2. Construct a nonabelian Lie group with trivial adjoint represen- 
tation and abelian component group. What is the minimum number of 
components of such a group? 

3. Leth,ke E and fe A(C). 

(1) Show that 
XC Ae) = [fle expth)] and YC Fx) = [4 flexp th - »)| 
dt : dt 


(11) Use the fact that 
0? oe 
Dray J (EXP tk: x: exp th) = Brag ffexP tk: x + exp th) 
to conclude that LX, , Y;,,] = 0. 
(i111) Show that 


soar U exp th + exp rh + exp —th))rao.ra0 = (Xn, MMA 


and 


o2 
laar flexp th - exp rk - exp —th - exp —rh)| = Xan NO 


t=0,7T= 
4. Let g: M— N bea smooth map such that (dq), = 0. 


(1) Show that a bilinear map 8: 7,(M) x T,(M) > Tya(N) 18 
defined by 


BE, nF) = XV), fe SN), 
where X(a) = € and Y(a) = 7». 
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(1) Show that 8 is symmetric. 


(i) Determine Bin the case M = G x G,N = G, o(x, y) = xyx7y™ 
anda =e X e. 


5. Show that the upper-triangular real (n x m)-matrices with 1|’s 
on the main diagonal form a Lie group G. Show that G is nonabelian if 
n > 2. Find the Lie algebra of G, and prove that the exponential map 
is a global diffeomorphism. 


6. Use the Cayley map (cf. Example 9, sec. |.5, volume I) to make the 
group of proper rotations of Euclidean space into a Lie group. 


7. Tori. Let T be an z-torus with Lie algebra L;. The subset 
I’; of L; given by J’; = exp (e) is called the integer lattice of L; . 
(1) Show that 7; ~ Z"(Z7 = Z@®-:: @Z, n terms, cf. sec. 1.12). 


(11) If gq: 7 — S is a homomorphism into another torus, show that 
gp’: Lr > Lg restricts to a group homomorphism or: /7 — I; . Show 
that this defines a bijection between the set of homomorphisms T > S 
and the set Hom(Z”; Z”) (n = dim T, m = dim S). 

(i111) Show that a subspace L CL, is the Lie algebra of a subtorus if 
and only if L is generated (over R) by vectors in I; . 


(iv) Given a subtorus S, of T, find a second subtorus S, such that the 
map S, x S, — T given by (x, , x2.) — *,x, is an isomorphism of Lie 
groups. 


8. Power maps. Define P,: G—G by P,(x) = x*, (ke Z). 
(i) Show that 


(dPx)2 = (La)* 0 ®y(x) 2 (Lz) 
where, if k > l, 
k-1 
®,(x) = Vi (Ad x7), 
j=0 
Find @, if k < 1. 


(ii) Fix x € G. Show that det ®,(x) = 0 if and only if there exists 
an h € E such that 


(Ad x)Jh=h and  (Adx)h £h. 
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(11) If Gis compact and connected, show that det ®,(x) > 0, x € G. 
Conclude that the maps P, are all surjective. Use this to show that the 
exponential map is surjective. 


(iv) If Gis compact and connected, show that 
deg P, = dim(A£*),, 


where (AE*), denotes the subalgebra of AE* invariant under the 
representation A Ad?®., 


9. The group RP?. Fix a Euclidean inner product, and an orien- 
tation in R°. 
(1) Show that the cross product makes R® into a Lie algebra. Let 


u(h)(x) = h x x and show that y is an isomorphism from R? to the 
Lie algebra of skew transformations of R°. 


(i1) Show that 


exp Wi(h)(x) = (cos | A |)x 4- (2 3 sin® | ; | )h + rae (h x x), 


h, x € R°. 


(iit) Let B be the closed ball of radius 7 in R*. Regard RP® as the 
quotient space of B under the equivalence relation x ~ y if and only if 
either x = yor|x| = aandx = —y. Use (ii) to obtain an embedding 
RP? —» GL(R*) whose image is the set of proper isometries of R?. 

(iv) Conclude that RP® is a Lie group with Lie algebra R*. Write 
down the exponential map explicitly. Obtain expressions for the left and 
right invariant vector fields. 


10. Let (x,, x.) = « and (y,, yo) = y belong to R*. Set xy = 
(x, + y e-*, X. + y,) and show that this makes R?® into a Lie group. 
Find the 1-parameter subgroups, the left and right invariant vector fields, 
and the Lie algebra. 


Il. I-parameter subgroups. (i) Show that quaternionic multipli- 
cation makes S? into a Lie group. Show that the |-parameter subgroups 
are the great circles through e. 

(ii) Let x(t) be the 1-parameter subgroup of GL(R*) generated by 
a skew transformation o. Show that x is periodic with period 
27/(— 4 tr o*)'/?, 
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12. Representations. Let V, W be complex vector spaces. Two 
representations P: G —> GL(V) and Q: G — GL(W) are called equivalent 


if there exists a linear isomorphism pg: V > W such that 


po P(x) =Olx)op, xeEG. 


A representation P in V is called zrreducible, if V is not the direct sum of 
nontrivial stable subspaces. The character of P is the complex-valued 
function X, on G given by X,(x) = tr P(x). 


(i) Let P, QO be representations of G in V and W, respectively. 
Show that a representation R of Gin the space L(V; W) is given by 


R(x)b = O(x) obo P(x)-}, peL(v; W). 


Show that R is equivalent to the representation P* © Q in V* @ W. 
Show that P and Q are equivalent if and only if the space L(V; W), 
contains a linear isomorphism. If P and Q are irreducible, show that they 


are equivalent if and only if L(V; W), + 0. 


(ii) Show that equivalent representations have the same character. 
Prove the relations (the last only if G is compact) 


Xppo =Xe +X, Xego=X%p-Xy, Xp = Xp 


(where X, is the complex conjugate of X;,). 


13. Representations of compact Lie groups. Let G be compact. 
(1) Show that each representation of G is the direct sum of 
irreducible representations. 


(ti) Let P and Q be irreducible representations of G in complex 
vector spaces. Show that 


| X.xX. — | I if P and Q are equivalent 
¢ *? (0 otherwise. 


Conclude that P and Q are equivalent if and only if X, = Xo. 


(iii) Assume that {(P, , V,)} 1s a collection of inequivalent irreducible 
complex representations such that every irreducible complex represen- 
tation is equivalent to some P, . Define a canonical G-linear isomorphism 


= 


OV, @ LV; V)1) — V, 


where the representations are ©,(P, & +) and P, respectively. 
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14. Finite groups. Let J’ be a finite group and let | [”| denote the 
order of I’. Let C(I") be the complex vector space with the elements of I" 
as basis. 


(i) Show that the multiplication of makes C(J’) into an algebra. 


(11) If fis a complex-valued function on I‘ show that 
[ f@ de =1T IY f). 
r rel 


(iii) Show that left and right multiplications determine equivalent 
representations L and R of [in the space C(I‘). They are called the left 
(respectively, right) regular representations of I’. Show that 


R(x) L(y) = L(y) ° Rx), ye. 


(iv) If P is a representation of J’in a complex vector space V, show 
that 


tr(R(x) @ P(x)) =0, «x ¥e. 
Conclude that 


{ tr R(x) @ P(x) dex = dim V. 


(v) Show that Z determines a representation L, of I’ in the invariant 
subspace [C(J") & V], (with respect to R ® P). Show that a linear map 
gy: C(I) ® V — V is given by 


g(x & v) = P(x)v, xel, ve. 


Show that o restricts to an isomorphism 


g: [C(T) @ V], —> V 


and that ¢ is an equivalence between the representations L &): and P. 
Conclude that the right regular representation is a direct sum of 

irreducible representations, and that each irreducible representation 

occurs p times, where p is the dimension of its representation space. 


15. Let A be a real finite-dimensional associative algebra. 


(i) Show that the group of units, G, , of A is dense in A. 


Problems 61 


(ii) Show that left multiplication defines a representation of G, in A. 
What is its derivative? 


(11) Define the adjoint representation of G, in terms of the multipli- 
cation in A. 


16. Localhomeomorphisms. LetQbea second countable Hausdorff 
space and let 7:Q-» M be a local homeomorphism into a smooth 
manifold. Show that there is a unique smooth structure on Q which 
makes 7 into a local diffeomorphism. 


17. Covering spaces. Let (QO, 7, M,F) be a smooth bundle and 
assume that 7 ts a local diffeomorphism. Then Q is called a covering 
manifold of M and 7m is called a covering projection. 


(i) If a: Q-—>M is a covering projection, show that the fibre 
consists of finitely or countably many points. 


(ii) Show that the composite of two covering projections is a covering 
projection. 


18. Universal covering manifold. Let M be a connected manifold 
and fix a point x» ¢€ M. Let X denote the set of continuous maps 
gp: {0, 1] — M satisfying g(0) = x,. For each open subset U of M and 
each compact subset C of [0, 1], set X.y = {pe X | ¢(C)C U}. Give 
X the weakest topology such that each X,. y is open. Define an equiva- 
lence relation, ~, in X as follows: 9 ~ & if g(1) = (1) and if there 
is a continuous homotopy ¢, connecting @ and ¢ such that »(0) = x, 
p(1) = ol) (0 < t < 1). Let M be the set of equivalence classes with 
the quotient topology. 


(1) Show that the map X — M given by » — g(1) induces a con- 
tinuous map 7: M —> M. 

(ii) Show that M is a connected manifold and that 7 is a covering 
projection. 

(iii) Let p: P— N be a covering projection and let 9: M—> WN 
be a smooth map. Fix y,) € 7~{x9) and 2, € p—(p(xp)). Show that there 
is a unique smooth map ¢: M — Psuch that pog¢ = yo wand Gy) = 2% - 
Conclude that M has a universal property: It is called the universal 
covering manifold of M. 

(iv) Show that the universal covering of M is M, with the identity 
map as projection. 
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19. Covering groups. Let G beaconnected Lie group. Let 7:G—>+G 
be a covering projection and fix é € 7~(e). 

(i) Show that there is a unique Lie group structure on G such that 7 
is a homomorphism of Lie groups and é is the identity element. G 1s 
called a covering group of G. If G is the universal covering manifold, it 1s 
called the universal covering group of G. 

(ii) Show that G has the same Lie algebra as G. 

(11) Show that 7~!(e) is a countable, closed, discrete normal subgroup 
of G. Conclude that 7~4(e) is contained in the center of G. 

(iv) Show that the universal covering group of a connected abelian 
group is its Lie algebra and that the exponential map is the covering 
projection. 


20. Local homorphisms. A local homomorphism from a Lie group 
G into an abstract group/ is aset mapg: UTI (U, a neighbourhood ofe) 
such that g(e) = e, and, for some neighbourhood V of e, 


(xy) = ox) P(¥), AX") = ox) EV. 

(i) Given such a q find a minimal covering group p: G -» G and a 
group homomorphism ¥¢: G —» I’ such that go p = ¢& in some neigh- 
bourhood of the identity of G. 

(11) Construct a group homomorphism ¢: G—»I such that po 7 = ¢ 
in a neighbourhood of é (7: G— Gis the universal covering projection). 


(itt) Show that a homomorphism between Lie groups lifts to a 
homomorphism between the universal covering groups. 


21. Let G be a Lie group with Lie algebra E. Let tt A(t) be a 
smooth curve in £. Show that there is a unique smooth curve 
tr» x(t) (0 <¢ < 1) 1n G such that x(0) = e and 


x(t) = Ra yh(t), 0O<t<l. 


(Hint: Fix s € [0,1] and show that the equations x,(t) = R, (h(t + 5), 
x,(0) = e have a solution in —e < t < e, where e is independent of s.) 


Chapter II 


Subgroups and Homogeneous Spaces 


§1. Lie subgroups 


2.1. Definition: A Lie subgroup of a Lie group Gis a pair (p~, K), where 
(1) K isa Lie group 
and 


(2) g: K — Gisan injective homomorphism of Lie groups. 


If (p, K) is a Lie subgroup of G, then m embeds the abstract group K 
as a subgroup of the abstract group G. Moreover, it follows from 
Corollary II to Proposition VII, sec. 1.7, that 


dp: Ty > T¢ 


is injective. Hence g embeds the manifold K in the manifold G. 
According to sec. 3.10, volume I, K is not necessarily a submanifold of G. 

Let K be a subgroup of a Lie group G (in the sense of abstract groups). 
The topology of G induces a topology in K; K is called a closed subgroup 
of G if it is a closed subset of G. 


Theorem I: Let K bea closed subgroup of a Lie group G. Then the 
topological space, K, (topology induced from G) admits a unique smooth 
structure with respect to which it is a Lie group. 

With this smooth structure the inclusion map, 7: K — G, 1s a homo- 
morphism of Lie groups, and the pair (2, K) is a Lie subgroup of G. 
Moreover, K is a submanifold of G. 


Proof: We prove the uniqueness and embedding part of the theorem 
first. In fact, assume K has been given a smooth structure so that it is a 
Lie group. Since the inclusion map 7: K — G is continuous, Proposition 
VIII, sec. 1.7, implies that it is smooth. 

Since z is injective (2, K) is a Lie subgroup of G. Hence z embeds the 
manifold K into the manifold G. Since z is a homeomorphism onto its 
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image, K is a submanifold of G. Thus the corollary to Proposition VI, 
sec. 3.10, volume I, implies that the smooth structure of K is uniquely 
determined, if it exists. 

To construct the smooth structure of K, we first establish four lemmas. 


2.2. Lemma I: Let K CG be a closed subgroup. Assume that 
t(1 = 1, 2,...) 1s a sequence of real numbers and A, (1 = 1, 2,...) is a 
sequence of vectors in 7,(G) such that 


(1) t;-0 Dut. 2 0, ee ck 
(2) h, > h (e TAC) 

and 
(3) exp t,h; € K, PS 1, Zou 

Then exp the K, t eR. 


Proof: (cf. [11, Lemma 4.2, p. 228].) Since 
exp(—t,h,) = (exp t.h,)", 


we may assume that each t; > 0. Fix t > O and let n,; be the unique 
integer such that 


(t/t) —IlL <n; < t/t,. 

Then t — t; < njt; < t. 
Since t; — 0, we obtain 
lim nt, = t, lim n,t;h; — th. 
Now 
exp th = lim exp(n,t,h;) = lim(exp t,h,)"*. 

190 i Ae) 

Since exp th, € K (i = 1, 2,...), so does its nth power. Since K is 


closed, it follows that exp the K, te R. 
Q.E.D. 


Lemma II: Let H C G be any subgroup. Let S(/) denote the set of 
smooth maps a: R + G such that ImaC dH and a(0) = e (S(/#) in- 
cludes the constant path R -» e). Let F be the subset of 7,(G) given by 


F = {he T,(G)|h = a(0) for some ae S(H)}. 
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Then F is a subspace of 7.(G) and, if H is closed, 
exp the H, heF, teR. 


Proof: Leth, k ¢F and 4, » € R. Choose smooth maps « € S(H) and 
B & S(#) such that 


a0) =h and f0)=k. 


Define y € S(H) by y(t) = a(At)P(ut), te R. Then (0) = AA + pk. 
Hence Ah + wk € F, and so F is a subspace of 7,(G). 

Now assume H is a closed subgroup. Let « € S(H) and write (0) = A. 
Since exp is a local diffeomorphism at 0, it follows that, for some « > 0, 


a(t) = exp A(t), be) =e 
where A(t) is a smooth path in 7,(G) and A(0) = 0. Hence 
h = 6(0) = h(O) = lim A(t)/t = lim th(1/i). 
Set ¢; = I/¢ and h, = th(1/t) (¢ = 1,...). Since t,4,; = h(1/t), we have 
exp t;h; = exp A(I/i) = o(Ifi)eH, 1 = 1,2,... 


Hence we can apply Lemma I tot, , A; to obtain exp the H,teR. 
Q.E.D. 


Lemma III: Let K bea closed subgroup of G. Let F C T,(G) be the 
corresponding subspace as defined in Lemma II and let L C 7,(G) be a 
complementary subspace, 7.(G) = L @ F. Thenthere isaneighbourhood 
U, of 0 in Z such that 


exphé¢ K, heU,, h #90. 


Proof: Otherwise there would exist a sequence, h;, of nonzero 
vectors in L such that h; —-> 0 and exp h, € K. Choose real numbers ?; 
so that 


with respect to some norm in 7.(G). Then by choosing a subsequence, if 
necessary, we can assume that 


Since L is closed in 7,(G), it follows that 4 € L. 
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Finally, applying Lemma I to the vectors t,h;, and the numbers 
I/t; , we obtain 
exp the K, teR 


and henceh € F. But F OL = O. This contradiction proves the lemma. 
Q.E.D. 


Lemma IV: Let K be a closed subgroup of G and define the 
subspace Ff C T,(G) as in Lemma II. Choose a second subspaceL C T,(G) 
so that 7,(G) = L @ F. Consider the map »: L x F > G given by 


g(k, h) = exp kh: exp A, kel, heF. 


Then there are neighbourhoods V, and V; of 0 inZ and F and there is 
a neighbourhood U of ein G such that 


a= 


(1) g restricts to a diffeomorphism 9: Vp; xk Vp—> U 
(i) UK = exp(V;). 


Proof: By Corollary II to Proposition VI, sec. 1.6, there exist 
V,, V,, and U such that ¢ restricts to a diffeomorphism 


P: Vy, x Ve Beanilrs U. 
In view of Lemma II] we can choose V, so that 
expké K, keV, — {0}. 


Now we show that UO K = exp(V,;). Lemma II implies that 
exp(V -) C K. Moreover, 


exp(Vr) = 9f(0 X Vz)CU 


and soexp(V;) CUO K. 
On the other hand, let x e U  K be arbitrary. Since x € U, we can 
write 


x =expk-exph, keV,, heV,, 
whence exp k = x: (exp h)"! € K. Now Lemma III implies thatk = 0 
and so we have 
x = exp he exp(V f). 


This shows that UM K C exp(V,). 
Q.E.D. 
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2.3. Proof of Theorem I continued. We retain the notation of 
Lemma IV, sec. 2.2. Observe that since the topology of K is induced 
from that of G, it 1s second countable and Hausdorff. Next we construct 
a smooth atlas for K. 

In fact, for each ae K, set V, = a:(U OO K),; it is an open subset 
of K. In particular, Lemma IV of sec. 2.2 shows that exp restricts to a 
homeomorphism 


Vy meee V, F 


Give V, the manifold structure that makes exp into a diffeomorphism; 
it is then a submanifold of U and hence a submanifold of G. Thus 
every open subset of V,, is a submanifold of G. 

Now consider the collection {V, , v,, V.}, where v,: V, — V, is the 
homeomorphism given by v,{x) = a~!x. The transition map 


Vy 0 Ug 1 Vq(V_ O Vy) > 0A(V QO Vy) 


is the restriction to v,(V,, A V,) of the smooth map A, A, in G. Since 
v(V,), U(V,) are submanifolds of G, v,° vg’ is smooth (cf. sec. 3.10, 
volume I). It follows that {V, , uv, , V,} is a smooth atlas for K. 

The smooth structure on K defined by this atlas makes K into a 
submanifold of G. In fact, the restriction of the inclusion 7 to the open 
set V, C K is a smooth embedding, as we have seen above. Since 


1=A,°10U,:V, > G, 


the restriction of z to each V, is also a smooth embedding. 

Thus 2 1s smooth and each (d7),, is injective. Since zis a homeomorphism 
onto its image, K is a submanifold of G. 

Finally, the multiplication and inversion maps 


wKx KK and vik > K 


are the restrictions of the (smooth) multiplication and inversion maps for 
G. Since K is a submanifold these maps are smooth. Hence K is a Lie 


group. 
Q.E.D. 


Remark: It follows from the construction of the smooth structure 
of K that 7,(K) = F and hence F ts the Lie algebra of K. Thus heF 
if and only if exp the K,teR. 


2.4. Examples: 1. Any compact subgroup of G is a Lie subgroup. 
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2. The kernel of a homomorphism g: G— H of Lie groups 1s a 
closed (and hence Lie) normal subgroup. Its Lie algebra F is the kernel 
of q’. 


3. Let K, and K, be closed subgroups of G. Then K, M K, is again 
a closed subgroup. Give K, , K, , and K, © K, the Lie group structures 
defined in Theorem I and let F, , F, , and F be the corresponding Lie 
algebras. Then 


F=F,OF,. 
In fact, let V be a netghbourhood of 0 in E = 7,(G) such that 


exp: V ==+ U 


is a diffeomorphism, where U is some neighbourhood of e inG. Lemma 
IV above shows that V can be chosen so that 


exp: V NF, —> UNK,, exp: V OF, —> UN K, 
and 
exp: VA F —>+ UN K,n K, 
are diffeomorphisms. The first two equations imply that 
exp: VO, OF, > U Cr) K, Cr) K, 


is a diffeomorphism. Comparing this with the third equation, we obtain 
VOF=VOF,OF,. It follows thath = Fy Nn F,. 


4. Centralizer and normalizer: Let G be a Lie group with Lie 
algebra E. Let A C G be a fixed subset. The closed subgroup, Z,, (or 
Z(A)) of G given by 


Za = {xEG|xa = ax, ae A} 


is called the centralizer of A. The Lie algebra, F, of Z, consists of those 
vectors h € EF which satisfy 


a-expth:a}! = exp th, teR, aeAd. 
Differentiating this relation we obtain 
F = {he E| (Ad a)h = fh, ae A}. 


Suppose A itself is a Lie subgroup of G. Then the adjoint representa- 
tion of G restricts to a representation Adg , of A in Eand Fis the invariant 
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subspace for this representation. Moreover, the derivative, ad, , of Ad, 
is given by 
(ad- h\(k) =[h,k], heT,(A), REE. 


Thus if A is connected, Proposition IX, sec. 1.8, gives 
F = {ke E|[h, k] =0, he T,(A)}. 


In particular, consider the case A = G. In this case Zg is called the 
centre of the group G. The centre of E is defined to be the Lie algebra 


Ze = {ke E|[h,k] =0, he EB} 


and the above discussion shows that the centre of EF is the Lie algebra 


of the centre of G if G is connected. 
The normalizer, N,, (or N(A)) of a subset A C G is defined to be the 


subgroup of G given by 
N, = {xEG|x«xA = Ax}. 


If A is closed in G, then so is N, and hence it is a Lie subgroup of G. 
Clearly Z, C N, .If A consists of a single element a, then N, = Z, and 
its Lie algebra is given by 


TA(N,) = {he E| (Ad a)h = hy. 


5. Representations: Let P represent G in a vector space W. Let V 
be a subspace of W. Then closed (and hence Lie) subgroups K, , K, C G 
are defined by 


K, = {xe G|P(x)V =V} and K, = {xe G| P(x)w = w, we V}. 


In view of Proposition IX, sec. 1.8, the Lie algebras F, of AK, and 
F, of K, are given by 


F,={heE|P(hVCV} and F, = {he E| P(h)w = 0, we V}. 
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2.5. Closed subgroups of GL(n; R). Fix an n-dimensional real vector 
space, F. Recall from Example 2, sec. 1.4, that GZ(F) is the Lie group 
of linear automorphisms of F, and that its Lie algebra is L;. This 
group is often denoted by GL(n; R). 

We shall consider several closed subgroups of GL(n; R). 


1. The special linear group SL(n; R) (or SL(F)): This is the closed 
subgroup of GL(n; R) consisting of those automorphisms «a satisfying 
det a = |. Its Lie algebra (Example 5, sec. 2.4, with P = det) is the 
subalgebra, L} , of L, of transformations of zero trace. In particular, 


dim SL(n; R) = dim L$ = n? — 1. 


2. The orthogonal group O(n): Assume ¢ , > is a Euclidean inner 
product in F. The orthogonal group O(7) (or O(F)) is the group of rota- 
tions in F; thus it is the subgroup of GL(F) whose elements, «, satisfy 

Ca(x), (y)> = Hy, myer. 


O(n) 1s a bounded subset of LZ; (sup norm) and hence 1s compact. It will 
be shown in sec. 3.6 that O(m) has two components. These are given by 


Ot(n) = {r € O(n) | det r = 1} and O-(n) = {r € O(n) | det r = —]}. 


Now we show that the Lie algebra of O(7) is the Lie algebra Sk(n) (or 
Sk(F)) of skew linear transformations of F. Define a representation P of 
GL(F) in V2F* by setting 

Pla)(x* v y*) = (an!)*x* v (ant) *y*. 
The derivative of P is given by 
P'(p)(x* v y*) = —@p*(x*) v y* —x* v p(y"), pele. 

Regard the inner product in F as an element g € V?F*. Then O(n) is 

the subgroup which fixes g. Hence (Example 5, sec. 2.4) the Lie algebra 


of O(n) consists of those transformations such that P’(p)g = 0. But this 
is Sk(n). In particular, it follows that 


dim O(n) = dim Sk(n) = 4n(n — 1) = (;). 
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3. The special orthogonal group SO(n): SO(n) is the compact 
subgroup of O(m) whose elements have determinant +1. It is the 
l-component of O(n) (cf. sec. 1.4), and so has the same Lie algebra. 
The elements of SO(n) are called proper rotations. 


2.6. Closed subgroups of GL(n;C). 1. The complex general 
linear group, GL(n;C): Let F be an n-dimensional complex space. 
Denote the underlying 2n-dimensional real vector space by Fg . Then the 
group GL(n; C) (or GL(F)) of complex linear automorphisms of F' is the 
subgroup in GL(F,) of the automorphisms that commute with multi- 
plication by 7. In particular it is closed in GL(Fg) and hence a Lie 
subgroup. 

GL(n; C) is connected (cf. [7, p. 136]). Its Lie algebra is the real 
space L(n; C) (or L;) of complex linear transformations of F. Thus 


dim GL(n, C) = dim L(n; C) = 2n?. 


2. The special complex linear group SL(n; C): This is the closed 
subgroup in GL(n; C) of the automorphisms of determinant |. As in the 
case of SL(n; R), it follows from Example 5, sec. 2.4, that the Lie algebra 
of SL(n; C) consists of the complex linear transformations with trace 
zero. [hus 


dim SL(n; C) = 2n? — 2. 


3. The unitary group U(n): Suppose now that the complex space F 
has been equipped with a Hermitian inner product ¢, >. Then the 
unitary group U(n) (or U(F)) is defined to be the (closed) subgroup of 
GL(n; C) consisting of the Hermitian isometries. Regard Re< , > as a 
Euclidean inner product in the underlying 2”-dimensional real space 


Fy. Then 
U(n) = GL(F) A O(F 9). 


In particular, U(m) is compact. It will be shown in sec. 3.6 that U() is 
connected. 
Example 3 of sec. 2.4 shows that the Lie algebra of U(n) is the space 


Lp O Sk(FR); 


l.e., It is the real vector space consisting of those complex linear 
transformations of F which are skew with respect to ¢ , >. Thus 


dim U(n) = n’. 
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In particular, consider the case F = C. We may take < , > to be the 
Hermitian product 


{2,W)> = 20, z,wecC. 


A complex linear map go: C-—>C is multiplication by some complex 
number 2, and @ is an isometry if and only if | z | = 1. In this way the 
group U(1) is identified with the unit circle S! (cf. Example 2, sec. 1.11). 


4. The special unitary group SU(n) (or SU(F)): SU/(n) is that sub- 
group of U(n) whose elements have determinant |. Its Lie algebra 
consists of the skew Hermitian transformations with trace zero. Hence 
(note that the trace of a skew Hermitian transformation has real part zero) 


dim SU(n) = n* — 1. 
SU(n) is clearly compact. In sec. 3.6 we show that it is connected. 


2.7. The symplectic and quaternionic groups. 1. The group 
Sp(z; R). Let F be a real vector space of dimension 2” and assume 
that a nondegenerate skew-symmetric scalar product ¢ , > is defined in F. 
Let Sp(; R) be the closed Lie subgroup of GL(F) that consists of the 
linear automorphisms 7 satisfying 


<r(u), r(v)> = Cu, v), u,veF. 
The Lie algebra of Sp(m; R) is the subalgebra, Sy(n; R), of L(27; R) 
consisting of those transformations, q, satisfying 
<p(u), u> + Cu, g(v)> = 0, u,v eF. 
It has dimension n(2n + 1). Hence 


dim Sp(z; R) = n(2n + 1). 


Sp(; RR) is called the real symplectic group. Note: In the literature the 
terminology “‘symplectic group” and notation Sp(m) is frequently used 
for the compact group defined in Example 4 below. 


2. The group Sp(n; C): Let F be a complex vector space of 
dimension 2” and let <,> be a nondegenerate, skew-symmetric, 
complex bilinear function in F. Then the complex linear automorphisms, 
7, of F which satisfy 


(r(u), r(v)> = (u,v), 4, vEF 
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form a closed subgroup of GL(F). It is denoted by Sp(m; C) and is called 
the complex symplectic group. The corresponding Lie algebra consists 
of the complex linear transformations, «, of F which satisfy 


<a(u), v> + Cu, a(v)> = 0. 
It is a complex Lie algebra of complex dimension n(2” + 1). Hence 
dim Sp(”; C) = 2n(2n + 1). 


3. The group of unit quaternions: Let H be the algebra of quaternions 
with quaternionic norm. Then 


|o8) =Jal|B],  BeEH, 


and so the unit quaternions form a compact Lie group (nonabelian) 
whose underlying manifold is the three-sphere S° (cf. sec. 0.2). 

3 is a closed subgroup of the Lie group of nonzero quaternions 
(under multiplication). Since this latter group is the group G(H) of 
units of H, it follows from Example 3, sec. 1.4, that its Lie algebra is H, 
with Lie bracket given by 


[«, B] = a8 — Ba, a,BeEH. 
Now S? is a subgroup of G(H). Thus its Lie algebra E is the subalgebra 
given by | 
= T(S*) = (ey; 
1.e., His the Lie algebra of pure quaternions. 


4, The quaternionic group Q(n): Let V_ be an n-dimensional 
Euclidean space, and consider the quaternionic space 


F =H Qgl. 
Define a real bilinear map F x F — Hi by 
<q &) u, q &) u’» —_ qq Xu, u’», q) q’ € H, u, ueV 


(q7’ is the conjugate of q’, cf. sec. 0.2). 
F is a left vector space over H, with scalar multiplication given by 


q:(p@u=qpSu gpenH, we. 


The underlying real space Fg has dimension 4”, and Re< , > may be 
regarded as a Euclidean inner product inF,. 
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A real linear map a: F ~ F is called quaternionic linear if 


a(gx) = ga(x), geH, xeF. 
If, further, 
<a(x), (y)> = ay, 4%, YEP, 


then « is called a guaternionic linear isometry. Vhese isometries form a 
closed subgroup of O(F,); it is denoted by O(F) or O(7) and 1s called the 
quaternionic group. O(n) is a compact Lie group; in sec. 3.6 it will be 
shown that O(7) is connected. 

The (real) Lie algebra of O(7) consists of the H-linear transformations, 
a, of F satisfying 


alu), v) + <u, o(v)) =0, 4, vEF. 
It is denoted by Sk(”; H) and has dimension a(2” +. 1). Thus 
dim O(n) = n(2n + 1). 
If nm = |], then F = H and ¢, » is given by 
PO=)% Pagel. 


A quaternionic linear map @ of H is simply multiplication on the right 
by some pe H. Since 


(9(91), P(92)> = G1 PPA , 


it follows that > is an isometry if and only if p has norm J; 1.e., Q(1) is the 
group of unit quaternions. 


2.8. The groups. SO(2), SO(3), SO(4). 1. SO(2): Regard C asa 
Euclidean plane. A proper rotation of the plane is then multiplication 
by some e®. Thus (cf. Example 3, sec. 2.6) 


SO(2) = U(1) = S}. 


2. SO(3): Consider a_ three-dimensional Euclidean space F. 
Recall that SO(F) has Lie algebra Sk(F) (Example 3, sec. 2.5). Orient F, 
and make F into a Lie algebra by setting 


[x,y] = x xX y, x, yer 


(cross-product). Then an isomorphism a: F > Sk(F) of Lie algebras is 
defined by of{a)(x) =a xX x. 
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Next we shall establish a diffeomorphism SO(3) ~ RP%, where RP$ 
denotes the three-dimensional projective space. Let H be the space of 
quaternions, and identify F with the orthogonal complement of the unit 
element e € H. Let S® be the unit sphere in H. Then every unit vector 
p € S3 determines the proper rotation 7, of F given by 


1,(x) = pxp, x eF. 
In this way we obtain a homomorphism of Lie groups 
7: $3 + SO(3). 


(.S3 is given the Lie group structure defined in Example 3, sec. 2.7.) 
7 iS surjective, and its kernel consists of the vectors e and —e (cf. [7, 
p. 327)]. Since 


Ty — Top) 


pe SS, 


the map 7 factors over the canonical projection 7: S? + RP* to yield a 
commutative diagram 


5? ———+ $0(3). 


lA 


The induced map o is a diffeomorphism. 


3. SO(4): Let S? be the unit sphere in the space of quaternions. 
Define 7: S? x S? — SO(4) by 


t(p, q\(x) = pxq* pp, qe S®*, xeH. 


Then 7 is a surjective homomorphism of Lie groups, and the kernel of 7 
consists of the pairs (e, e) and (—e, —e) (cf. [7, p. 329]). It follows that 
7 induces an isomorphism of groups 


gp: (S3 x S%)'Z, + SO(4), 


where Z, denotes the normal subgroup of S? x S% consisting of (e, e) and 
(—e, —e). 

Restricting 7 to the normal subgroup S? x e of S? x S%, we obtain a 
Lie group isomorphism of S? x e onto a normal subgroup H, of SO(4). 
Similarly, the restriction of 7 to e x S®% determines a second normal 
subgroup H, of SO(4) that is isomorphic to S°. 
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We finally note that SO(4), as a manifold, is diffeomorphic to the 
product RP$ x S°%. In fact, let ~: S? x S?—» SO(4) be given by 


b(p, g(x) = pxpqg  p,qe S8, xeH. 


Then # factors over the projection 7 X «: S§ x S3— RP? x S3 to 
yield a diffeomorphism 


RP? x S3 —+ SO(4). 


§3. Homogeneous spaces 
In this article G denotes a fixed Lie group with Lie algebra E£. 


2.9. Definitions: Let K C G bea closed subgroup. Consider the set 
G/K of left cosets; i.e., an element of G/K ts a subset of G of the form 
aK, (a € G). The projection a+» aK defines a surjective map 


a: G + G/K. 


It will be convenient to write 7(a) = @. 

We make G/K into a topological space by calling O C G/K open if and 
only if 7—1(O) is open. If U C G is open, then 

m(n(U)) = ( ) Ua. 
acK 

Hence it is open in G. Thus 7(U) is open and 7 is an open map. It follows 
that the topology of G/K is second countable. Moreover, since K is 
closed, G/K is a Hausdorff space. 

In this article we make G/K into a smooth manifold. In fact we prove 


Theorem II: There is a unique smooth structure on G/K such that 7 
is smooth and G/K is a quotient manifold of G. The dimension of G/K 
is given by 

dim G/K = dim G — dim K. 


The manifold G/K so obtained is called a (smooth) homogeneous space. 


The uniqueness of the smooth structure on G/K follows immediately 
from the Corollary to Proposition V, sec. 3.9, volume I. To construct 
the smooth structure on G/K, denote the Lie algebra of K by F, choose a 
subspace L C Eso that EF = L @ Fand define 7: L x K —-G by 


t(k,y) =expk-y kel, yek. 
Lemma V: There is a neighbourhood W, of 0 in LZ such that + 


restricts to a diffeomorphism 
1: W, x K—+O 
onto an open set OC G. 
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Proof: According to Lemma IV, sec. 2.2, there are neighbourhoods 
V, of OinL, V, of 0 in F and U of ein G with the following properties: 


(i) (Rk, h)t>+ exp k- exp h defines a diffeomorphism 


o: Vi, X Vp —> U 
and 
Gi) UK = exp(V;). 
For any subsets A, B C G define A-!B C G by 
AB = {ab| ac A, be B}. 


Because the map (x, y) +» x7ly is continuous we can find a neighbour- 
hood W, of 0 in ZL such that 


W._CV, and (exp W,)— - (exp W,) C U. 


It will be shown W, satisfies the conditions of the lemma. We prove 
first that the restriction of r to W, x K is injective. 
In fact, assume that 7(k, , y,) = 7(ky, Yo) for some k, , kh, € W, and 
V1, ¥_g EK. Then 
(exp 2,)¥, = (exp ke) 2 
and so 


Yay E[(exp W,)* + expW,J ON KCUNK = exp V;. 


Thus, for some he Vz, yoyy’ = exp h. 
It follows that 


p(k, , 0) = exp hk, = exphk,-exph = o(k,, h). 


Since ¢ is injective, 
ki, =k, and h=0O. 


Hence y, = y,, and sor 1s injectivein W, x K. 
It remains to be shown that 7 1s a local diffeomorphism at all points of 
W, xX K. 
The commutative diagram 
W, xX Vp——?> W, x (UNK) 


pas 


fA 


g(W, x Vr) 
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implies that 7 is a diffeomorphism in W, x (UN K). But 7(k, 5) = 
7(k, e)- b for each be K. It follows that + is a local diffeomorphism 
at all points of W, x K. 

Q.E.D. 


2.10. Proof of Theorem II. Choose W, as in Lemma V. Set 
a =moexp: W, > G/K. 
Then the diagram 


W, x K—+0O 


W,—— G/K 


commutes. We shall show that a is a homeomorphism onto the open 
set 7(O). Denote 7(O) by O. 

a is obviously continuous, and it follows from the diagram that a is 
open (because 7 is). The diagram also shows that o(W,) = O. To prove 
that a is injective, assume 


a(k,) = a(he), k,,k,€ W,. 
Then, for some b € K, 
exp k, = exp hk, - 5; 1.€., t(k, ,e) = thy, D). 
Since 7 is injective, k,; = k,. 
Note also that O = OK and so 7-1(O) = O. 
We shall now construct a smooth atlas on G/K indexed by the points 
of G. First define a smooth structure on O via the homeomorphism a. 


Then « becomes a diffeomorphism, and the diagram implies that the 
restriction of 7 to O is smooth. 


Next, define maps 7,: G/K — G/K (ae G) by 
T(bK) = abK. 
It will be convenient to write this as 5th a - b. Since 


Ti om =Tod, and ToT a =, 


it follows that each 7, is a homeomorphism. 


80 II. Subgroups and Homogeneous Spaces 


Now set 
O,=a:O and a, = T, 0a; aeéG. 


We shall show that {O, , ag', W,} is a smooth atlas for G/K. 
In fact, let a ¢ G and b € G be two points such that O, A O, # ©. 
Then the identification map, 


Una: a, (0, a O,) _> a, '(O, ‘a O;), 
is given by 


Usa = aloa, =a lo Ty'oT,00 


=aq!oT 


pig 0 TO EXP = ab owoA,_, o exp. 


Since 7 is smooth in O = x—0, it follows that the map u,, is smooth. 
Hence this atlas makes G/K into a smooth manifold. 
Finally, in the commutative diagrams 


WieseK — + 04440 


fond aw 


a: 


Ww, ——~ 6 —> 0,, aeG, 


— 


all the horizontal maps are diffeomorphisms. It follows that 7: G — G/K 
is smooth and that each (dz),: T,(G) — T,(G/K) is surjective. Therefore 
a makes G/K into a quotient manifold of G. 

As regards dimension, observe that 


dim G/K = dim W, = dimL = dim E — dim F 
= dim G — dim K. 
Q.E.D. 


2.11. Consequences of Theorem II. Corollary I: The derivative 
(dz),: E —> T,(G/K) induces a linear isomorphism 


E|F —> TG/K). 


Proof: Observe that 7(K) = @; since F = 7,(K), it follows that 
FC ker(dz), . 
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On the other hand, 
dim Im(dz), = dim T7,(G/K) = dim E — dim F 


and so ker(dz), = F. 
Q.E.D. 


Corollary II: For each ae G, there is a smooth map o,: O, > G 
such that 7° oa, = t. 


Next, define a map T: G x G/K —> G/K by setting 
T(a, bK) = T,(bK) = abK. 


We also write T(a, 5) = a - 5. 
The diagram 


GuGa—sG 


G x GIK —> G/K 


commutes. Since G/K is a quotient manifold of G, the smoothness of u 
implies that T is smooth (cf. sec. 3.9, volume I). T satisfies the relations 


(ab) - x =a-(b° <x) and C2 = x a,beG, xeEG/K. 


T will be called the action of G on G/K (cf. sec. 3.1 for general actions 
of Lie groups). 

Finally, note that if we consider the quotient space of right cosets Ka 
(aéG), then Theorem II remains true. The proof differs from that 
given above only insofar as elements of K must be written on the left 
instead of on the right in all formulae. The space of right cosets will be 
denoted by K\G. 


2.12. Factor groups. Suppose K is a closed normal subgroup of a 
Lie group G. Then the coset space G/K becomes a group, with multi- 
plication, #, given by 


i(m(a), m(b)) = x(ab), a,beG. 


Since G/K is a quotient manifold of G, it follows (as above for T) 
that & is smooth. Similarly, inversion in G/K is smooth. Thus G/K is a 
Lie group. It is called the factor group of G with respect to K. 
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Proposition I: Let y: G-—» H be a surjective homomorphism of 
Lie groups and let K be the kernel of g. Then K is a closed normal 
subgroup of G and the map #: G/K — H defined by the commutative 
diagram, 


G ua H 
G/K 


is an isomorphism of Lie groups. 


Proof: Since G/K is a quotient manifold of G the map¢: G/K > H 
is smooth. On the other hand, ¢% is a bijective homomorphism. Hence, 
Corollary III of Proposition VII, sec. 1.7, implies that % is an isomorphism 
of Lie groups. 

Q.E.D. 


Example: The group SU(z) is a normal subgroup of U(m) and the 
factor group is isomorphic to S!: 


U(n)/SU(n) ~ S'. 
In fact, regard the determinant as a surjective homomorphism 
det: U(n) > S}. 


Then ker det = SU(m), and the result follows from Proposition I. 


§4. The bundle structure of a homogeneous space 


In this article G denotes a fixed Lie group of dimension m with Lie 
algebra FE. K is a closed r-dimensional subgroup with Lie algebra F 
and 1: K — G denotes the inclusion map. 


2.13. The bundle (G, x, G/K, K). By Theorem II (sec. 2.9) the 
projection 7: G — G/K makes G/K into a quotient manifold of G. In 
this section we shall show that (G, 7, G/K, K) is a smooth fibre bundle. 

In view of Corollary IT to Theorem II, sec. 2.11, there exists a covering 
of G/K by open sets V, and a family of smooth maps o,: V,—> G 
such that 7° ao, = t. Define smooth maps ¥,: V, x K > G by 


P(x, ¥) = 2,(x)y, xEV,, yek. 
Then 


mba, y) = %, xeV,, yeK. 


Moreover, each ¥, 1s a diffeomorphism onto 7 (V,) with smooth 
inverse g,: 7 1(V,) + V, x K given by 


(2) = (x,0,(x) 2), zen-(V,), x = me. 


It follows that (G, 7, G/K, K) is a smooth fibre bundle with coordinate 
representation {(V,, , ,)}. 


Remark: The coordinate representation {(V, , w,)} satisfies 
to(x, V1 Ve) oe Pa(X, V1) "Ves KE V yi vo E K. 


2.14. Orientations and fibre integration. Choose elements 4,EA"E* 
and 4, € A’E* such that 4; ~ 0 and 4; restricts to a nonzero deter- 
minant function in F’. Recall that a strong bundle isomorphism G x Er, 
is given by 

(a, h) +> L,(h) 


(cf. Proposition I, sec. 1.2). Hence differential forms 4g € A\(G) and 
Ax € A(G) are defined by 


A,(a; Lahy ’ salt.) = 4(h, y oeey h,) 
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and 
Ag(a; Ligh, ,...,Lah,) = Ap(h,,...,4,), @eEG, hc E. 
Evidently, 


M Ag =e and Ax Ay = 4x, aeG. 


Lemma VI: With the notation above 


(1) Ag orients the manifold G. 
(2) Je orients the bundle (G, 7, G/K, K) (cf. sec. 0.15). 
(3) If K is connected, then G/K is orientable. Moreover, an orien- 


tation in 7,(G/K) extends to a unique orientation in G/K such that the 
diffeomorphisms 7, (a € G) are all orientation preserving. 


Proof: (1) This is clear (cf. sec. 1.13). 


(2) First note that 7*4, is a left invariant r-form on K whose re- 
striction to the Lie algebra F orients F. Hence 1*4,x orients K. 

Now fix a € G and let j;: K; —> G be the inclusion map (A, denotes 
the fibre over @). There is a unique diffeomorphism »,: K = K;, such 
that 


Ja ° Pa — Ag 1. 
Thus 


Sa 4x = (pa")* BAG (4x) = (ya")* #*(4x) 


and so j74, orients K,;. 


(3) Fix an orientation in T,G/K). For each y € K, the bundle map 
aT,, restricts to a linear automorphism of T,(G/K); since K is connected, 
these automorphisms all preserve the orientation. Thus, for each 
ae G/K, the orientation of T,(G/K) induced by the isomorphism, 


aT, T{G/K) —» T;(G/K), 
is independent of the choice of a in K,; . These orientations determine the 
desired orientation of G/K. It is obviously unique. 


Q.E.D. 
In view of Lemma VI, the fibre integral 


f A,(G) > A(G/K) 
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is defined (cf. sec. 0.15). Since, by construction, the left translations 
A, all preserve the bundle orientation, we have (cf. Proposition VIII, 
sec. 7.12, volume I) 


f ort i Te ef (2.1) 


Now assume that both G and K are compact and connected. Then 
A,(G) = A(G). Choose 4; and 4; so that the corresponding forms 
Ag, 4x satisfy 


[4c =1 and [ # 4x = 1. 


Set Acix = fd, . 


Proposition II: W'th the notation and hypotheses above: 
(1) Ti4eix = 4cjx, a€G. 

(2) 4e/x orients G/K, and [,x4¢)x = 1. 

(3) Ag = w*Acix A A, . 


Proof: (1) This follows from the relation (cf. formula (2.1)) 
TI4 O¢=4 M4¢6=4 Ae, G. 


(2) Inview of Lemma VI, (3), G/K is orientable. Orient it so that 4, 
represents the local product orientation in G (cf. sec. 0.15). Then 


Voi dorm 7 Wound x40 7 J 40 ote 


(cf. sec. 0.15, or Theorem I, sec. 7.14, volume I). Thus, for some @ € G/K, 
4¢/x(@) is strictly positive. Since the 7, are all orientation preserving, it 
now follows from (1) that 4¢/, represents the orientation of G/K. 


(3) Observe that f,4, is a function on G/K, and that for a € G/K 


(f 4x) (a) = (124 4x} (@) = (yas Ax| (@) = { i 4x =|; 


Les fee = 1: 
Now set 
w* Agix A ax = D, 
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Then in view of sec. 0.15 (cf. also Proposition IX, sec. 7.13, volume I) 


j,¢ ~ J ox doef Ax i 


On the other hand, 
ASD = a* TT Oo 8 Og = 1* Ag \ 4x = ®, aeG., 


These relations imply that ® = 4,. 
Q.E.D. 


§5. Maximal tori 


In this article G denotes a compact connected m-dimensional Lie 
group. Its Lie algebra, FE, is equipped with a fixed Euclidean inner 
product, ¢ , >, with respect to which the transformations Ad x (x € G) 
are isometries (cf. Proposition XVI, sec. 1.17). 


2.15. Maximal tori. Let T be a closed connected abelian subgroup 
of G. Then T is compact and (cf. Theorem I, sec. 2.1) a Lie subgroup. 
It follows from Proposition XIII, sec. 1.12, that T is a torus. 

In particular, the closure of a 1-parameter subgroup isa torus. A maxt- 
mal torus in G is a torus that is not properly contained in another torus. 
Clearly, an automorphism of G carries a maximal torus onto a 
maximal torus. 


Let 7 be a torus in G and denote by F the Lie algebra of T. Then 
FC E and hence we can write 


E=F-@F, 


where F+ denotes the orthogonal complement of Fin E. Proposition XII, 
sec. 1.11, shows that the adjoint representation of J in F is trivial. 
Moreover, F'+ is stable under Ad y(y € T). Thus we can write 


Ad y= Adt+y@., yeT, (2.2) 
where Ad+ y denotes the restriction of Ad y to F-. 


Lemma VII: Let T be a torus with Lie algebra F and let ae T 
be a generator (cf. sec. 1.12). Then 


FC ker(. — Ad a) 


and equality holds if and only if T is maximal. 


Proof: Let S be any torus in G such that TC S and denote the Lie 
algebra of S by H. Then 


FC AC ker(e — Ad a). 


Thus F C ker(« — Ad a) and if equality holds, then T is maximal. 
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Conversely, assume that 7 is maximal. Let Z = ker(c — Ad a). 
Formula (2.2) shows that 


LeatronL OF, 


Now, if he F! OL, then the |-parameter subgroup H generated by h 
centralizes a and so it centralizes 7. It follows that the closure S of the 
group H - T is compact, connected, and abelian; 1.e., it is a torus in G 
with A in its Lie algebra. 

Since J is maximal, and SD 7, we have S = T. Hence 


heFOF-+ = {0}; 


i.e, ker(. — Ad a) =F. 
Q.E.D. 


2.16. The Weyl group. Let 7 be a maximal torus in G and consider 
its normalizer, N(T). N(T) is a compact Lie group (cf. Example 4, sec. 
2.4) and T is a closed normal subgroup of N(T). The factor group 
W, = N(T)/T is called the Weyl group of G (with respect to the 
maximal torus 7). 


Remark: It follows from Theorem III, sec. 2.18, that the Weyl 
groups of G with respect to any two maximal tori are isomorphic. 


Example: Let U(m) be the unitary group. To find a maximal torus, 
let e; (7 = 1,..., m) be an orthonormal basis of C” and consider the 
unitary transformations given by 


TE; = €5€; y j=l,..,%, 6 EC, les] = 1. 


Clearly these transformations form a torus subgroup, T, of U(n). 

To show that 7 is maximal assume that S is an abelian subgroup of 
U(n) such that 7 C S. Then every o € S and 7 € T commute. Choose 
7 €T such that the e; are distinct. Then the transformations that 
commute with 7 preserve the one-dimensional spaces (e;): 


oe; = X;e; : cE S. 


Thus SC T. 
To determine N(T), let a € N(T). Then a-!Ta C T and so we have, 
for7 € T, 


(a! ra) €; = €,@; , 1 = 1,2,..., 2; 
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i.e., the vectors a(e,) are eigenvectors for 7. Choosing 7 € T such that 
the e, are distinct we see that each a(e,) must be a scalar multiple of one 
of the vectors e@, ,..., €,, . Since « is injective, it follows that 


a(e,) = Alula) » 1= I,..., 0, 


where w is a permutation of (1,..., 2). Conversely, every unitary map of 
this form normalizes T. 

In particular, the correspondence a+» w defines a surjective group 
homomorphism 


p: N(T) > S” 


(S” the group of all permutations of the set {I,..., }). Evidently 
ker p = T, and so p induces an isomorphism 


Wun) —> S*. 


Proposition III: Let T be a maximal torus in G. Then T is the 
1-component of N(7). In particular, the Weyl group Wg 1s finite. 


Proof: Let H denote the Lie algebra of N(T). We show that H = F. 
Since F C H, we have 


H =(F!O H)OF. 


Since J is a subgroup of N(T), H is stable under the transformations 
Ad y (yéT) and so F: \ His stable under these transformations. 
Since ad = Ad’ (cf. Proposition XI, sec. 1.10), this implies that P+ N H 
is stable under ad h, 


fh, k) EF 1 A, heF, keFtond. 


On the other hand, since T is normal in N(T), F is stable under the 
maps Ad x, xe N(T). Hence it is stable under the transformations 
ad k(k € H). In particular, for h e F and k ¢ F! 1 H, we have 


[h, kJ] EF N(F10 A) =0, 


whence (Ad y)kk =k, ye T, ke Fin H. 

Since T is maximal, it follows from this relation and Lemma VII, 
sec. 2.15 that F! (1 H = 0. Thus F = H. In particular, T and N(T) 
have the same dimension, and so 7 is a connected, open subgroup of 
N(T); i.e., T is the |-component of N(T). 

It follows that the compact group W, is discrete, and hence finite. 

Q.E.D. 
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Since T is normal in N(T), a left action, , of N(T)in Tis given by 
(x,y) = xyx, yeT, xeN(T). 


Because T is abelian, D(x, y) depends only on y and the coset ¥ of x in 
W, . Thus a left action, Y, of the finite group W, on T is given by 


Y (x, vy) = D(x, y), xeEN(T), yeT. 


2.17. The mapw. Let T be a maximal torus inG with Lie algebra F. 
Define a map, 


Q: GxT-— G, 
by 
g(x, y) = xyx}, xeG, yeT. 
Since T is abelian, it follows that 
P(xz, ¥) = 9x, y), ze Yl. 
Hence @ factors over the projection, 


amxXuGx T—>G/T x T, 


to yield a smooth commutative diagram 


GxT is G 


wa 


GIT x T 


It follows from the definitions that the diagram, 


We x T——>T 


commutes, where z and j are the inclusions (7 1s induced by the inclusion 
map N(T) — G). In other words, ¥ is the restriction of {to N(T)/T x T. 


2.18. Degree of p. Orient F+ and F and give E the orientation induced 
by the decomposition E = F! @F. Orient T,(G/T) so that 


(dz),: Ft —+ T,G/T) 
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preserves the orientations. The orientations of F and E determine left 
orientations in 7 and G; because TJ and G are connected, these orien- 
tations are also invariant under right translations. Finally (cf. Lemma VI, 
sec. 2.14) the orientation of 7,(G/T) determines an orientation of G/T. 

Since % is a map between oriented, compact manifolds of the same 
dimension, the degree of & is defined (cf. sec. 0.14). 


Proposition IV: With orientations as described above, the degree 
of % is equal to the order of the Wey! group, 


deg fb = | We. 
In particular, % 1s surjective. 


Lemma VIII: The derivative of % at (é, y) (y € T) is given by the 
commutative diagram, 


Oy 


F* © TT) 


TG) 


(dr), @+} = Ab 


TA(G/T) @ TT) 
where a,(h, R,k) = R,((e — Ad+ y)h + 8), heF!, REF. 


Proof: Observe (via Lemma I, sec. |.1) that a, 1s the restriction of 


(dp) c.y) . 
Q.E.D. 


Lemma IX: Let a be a generator of T and let ¥ € G/T. Then 
(a). ¢ 4): T(G/ T) 6) T (T) = T ax-(G) 
is an orientation preserving isomorphism. 


Proof: In fact, the diagram 


GITx T—2+G 


T,Xt Tz 


GITx T—>G 
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commutes, where 7 denotes the left action of G on G/T and 


T2(¥) = xyx7?, 


The vertical arrows are orientation preserving diffeomorphisms. Thus 
we can reduce to the case * = @. 
Since a generates 7, Lemma VII of sec. 2.15 implies that the map 


e— Ad-a:Ft—F-+ 


is a linear isomorphism. Hence a, is an isomorphism, and so Lemma VIII 
shows that (d@s)(,@) is an isomorphism. Moreover, since Ad‘ a is a 
proper rotation, 


det(. — Ad+ a) > 0, 


and so a, preserves orientations. Thus so does dy, a) . 


Q.E.D. 


Proof of the proposition: Regard W, as a subset of G/T. First we 
show that, for a generator a € T, 


(a) = {(%, xtax) | Xe We}. 
In fact, if x e G, y € T, then 


a = 9%, y) = xyx 


holds if and only if x“tax = y. 
Since a generates TJ and y € 7, this implies that x e N(T). Thus 


p (a) = {(x, x tax) | xe N(T)}, 
whence 
pa) = {(*, x—ax) | xe We}. 


According to Proposition III, sec. 2.16, Wg, is finite. Moreover, for 
x € We, x~'ax is again a generator of 7. Thus Lemma IX shows that 
djs 18 an orientation preserving isomorphism at each point (x, x—!ax). 
Now Theorem I, sec. 6.3, volume I, implies that 


deg 4 = cardinality of Y-(a) = | Wg |. 
Q.E.D. 


Theorem III: Every element of a compact, connected Lie group 
G is contained in a maximal torus, and any two maximal tori are con- 
jugate. 
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Proof: Let J be a maximal torus and let a € G. Since & is surjective, 
there are elements b€ G and ye T such that a = byb-!. Hence a is 
in the maximal torus b7b-1. 

If S is any maximal torus, let @ be a generator of S. Then, for some 
be G, aé bTb-. This implies that 


SC bTb-. 


Since S is maximal, it follows that S = bTb—!; 1.e., S is conjugate to T. 
Q.E.D. 


Corollary I: For every compact connected Lie group G the map 
exp: E — Gis surjective. 


Proof: Given a e€G choose a torus 7 such that a € 7, and observe 
that the map exp: F — T (Fis the Lie algebra of 7) is surjective (cf. the 


corollary to Lemma VI, sec. 1.12). 
Q.E.D. 


Corollary II: For every compact connected Lie group G, the maps 
xt» xP, p = +1, +2,... are surjective. 


Proof: Note that exp ph = (exp h)? and apply Corollary I. 
Q.E.D. 


2.19. The Weyl integration formula. We retain the notation of the 
preceding sections. In particular, G, 7, and G/T are oriented as described 
in sec. 2.18; Hand F are the Lie algebras of Gand T; and if y e T, Ad+ y 
denotes the restriction of Ad y to Ft. 

A central function f on G is a smooth function such that 


faye) = fly) ye, 
or, equivalently, 
f(xy) =f(yx), VEG. 


In this and the next section we establish 


Theorem IV: Let f be a central function on a compact connected 
Lie group G. Then 


[ fle) dx = 1Wol J f(y) dete — Ad* y) ay. 
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Before proving the theorem we establish some notation. Let 4g, 
A, , Agr be the differential forms as constructed in sec. 2.14; thus in 
particular 4, orients G, i*4; orients T, 4¢/r orients G/T, and 


[ 4c =f [ #47 = L, [40 = L. 


Proposition V: The map ¢ of sec. 2.17 satisfies 
b* Ag = 4grxg-t* Ar, 
where g € S(T) is given by 
a(y) = det(. — Ad* y). 
Proof: Since 4¢/7 X 1*4; orients G/T «x T, we can write 
Y* Ag = 81° (Sor X 1* An), 
for some g, € S(G/T x T). Combining the relations 


Aa 4g = Ag= Pa 4c, 1; Air = Agir 
and 
po(T, Xt) =Agopy' coy, aeEG, 
we find that (JT, X +)*g; = g,,4€ G. It follows that 
b* Ag = Agr X g:t* Ar, 


where g( y) = £1(2, y). 
On the other hand, using Lemma VIII, sec. 2.18, we find that 
(b*AG)(@, y; (dr) kh, , ..., (dr) k,_, , Ryh,, ..., Ryh,) 
= det(e — Ad! y) Ag(e, by y sos Baer» yy «oy Ay), 
where k, € F+, hye F. Since 4g = 2*4gjz a Ar (cf. Proposition II, 
sec. 2.14) and since pji*d; = 1*4; (y € T), we obtain 
Mo €s Ry 5 ves Rncr » By y vey Br) 
= Ag,r(é; (dr) kh, y teey (dz) Ry_r) : (7* Are; h, y ceey h,) 
= (Serr X 1* Ar)(2, y; (der) ky , ..., (dat) Rp_, , Ryhy » «.., RyA,). 
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Combining these two relations shows that 


= det(. — Adty). 
g(y) et( y) O.ED. 


2.20. Proof of Theorem IV: Since f is a central function, we have 
y*f = 1 x 1*f and so Proposition V yields 


b*(f > 46) = b*f > b* Mg = Aer X B * 1*(f4r). 


Applying the Fubini theorem (cf. Proposition XIII, sec. 4.13, volume I), 
we obtain 


[vt 4a) =f Agr fg (fr) 
G/TXT G/T T 
= | _ Fly) + det(s — Ad+y) dy. 
On the other hand 
{Af 4c) =degd- ff do =1Wel- | f(x) dx 
G/TXT G G 
(cf. Proposition IV, sec. 2.18) and thus it follows that 
ff (2) dx =| Wei J fly) dette — Ad*y) ay, 


Q.E.D. 
Corollary: | W,| = f,det(. — Ad+y) dy. 


Problems 


1. Centre. (i) Show that the centre of a Lie group is a closed 
normal subgroup and that the centre of a Lie algebra is an ideal. 

(11) Find the centres of the groups O(n), SO(n), U(n), SU(n) and 
of their Lie algebras. 


2. The derived group. Let G be a Lie group. A commutator in G 
is an element of the form xyx-1y—!; it is denoted by [x, y]. The derived 
group G' is the subgroup generated by the commutators. 

Let G'?) = G X ++ X G(p factors) and define c,: G@?) — G by 


Co(%1 Vr sees % p> Ym) = [XV] °° + [Xy Vo)- 

(1) Show that G’ = lj, Ime, . 

(11) Construct a distribution € on G (i.e., a subbundle of 7,¢) with 
fibre F,, at x € G and satisfying the following conditions: (a) L,(F.) = F, ; 
(b) Im(de,), C F, (2) ; and (c) for each x € G’, there is some p and some 
z € G@P) such that Im(dc,), = F, . 

Show that these conditions uniquely determine &. 

(111) Show that the distribution € is involutive, and that the integral 
manifold through e is G’. Conclude that G’ is a Lie subgroup of G 
(cf. problem 8, Chap. ITI, volume [). 

(iv) Show that if G is connected then so is G’. Construct an example 
where G° is abelian and equal to G’, but G # G®. 

(v) Construct an example where G is compact and G’ 1s a proper, 
dense subgroup of G. 


3. The Lie algebra of G’. Let Ebe the Lie algebra of a Lie group G. 
Let F be the subspace spanned by vectors of the form (Ad x — .)(h) 
(xe G,he E). 


(i) Show that F is the Lie algebra of G’. (Hint: First show that 
L,(F) = R,(F), « € G. Then compute the derivative of c, and conclude 
that Im(dc,), CL, «(F), z ¢ G??). Finally, by considering the paths 
x + exp th - x) - exp (—th), show that T,(G’) C F). 

(11) Let Z be any Lie algebra. The derived algebra L' is the space 
spanned by vectors of the form [h, k], h, k e L. Show that E’ C 7,(G’). 

(111) If Gis connected, show that E’ is the Lie algebra of G’. 
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4. Homomorphisms. If »: G— dH is a homomorphism of Lie 
groups, show that ker is a closed normal subgroup of G. Show that 
G/ker @ is a Lie subgroup of H and conclude that Im g is a Lie subgroup 
of H. 


5. The Lie subgroup associated with a subalgebra. Let E be the 
Lie algebra of a Lie group G and let F be a subalgebra of E. 


(1) Show that there is a unique connected Lie subgroup K of G 
with Lie algebra F. (Hint: Show that the spaces L,(F) (x € G) define an 
involutive distribution € on G and take K to be the maximal connected 
integral manifold of € through e (cf. problem 8, Chap. III, volume J).) 

(ii) Show that the closure K of K is a Lie subgroup containing K as a 
normal subgroup. 


(i111) Show that the derived group (K)’ is contained in K. 


6. Connected subgroups. Let G be a Lie group and let K be a 
subgroup (i.e., a subset closed under multiplication and inversion). 
Assume that, for each y € K, there is a smooth path y, in G, joining e to y 
and such that each y, € K. Prove that K is a Lie subgroup of G. 


Hint: Let E be the Lie algebra of G and let F be the subset of E 
whose elements are tangent vectors at e to smooth curves which are 
contained in K. Show that F is a subalgebra. Then apply problem 5. 


7. Killing form. The Killing form of a Lie algebra E is the bilinear 
function given by 


K(h, k) = tr(ad h o ad &), h,kekE. 


(1) Show that K is symmetric and that the transformations 
ad h (h € E) are skew with respect to K. 

(ii) If E is the Lie algebra of G, show that the transformations 
Ad x (x € G) are isometries with respect to K. 

(iii) Suppose £ is the Lie algebra of a compact group G. Show that 
E = Z, @ E’. Show that Z; is the null space of the Killing form, and 
that the restriction of K to E’ is negative definite. Show that (£")’ = E£”. 


8. The groups Aut EZ, AutG. (i) Let E bea Lie algebra. Show 
that the group Aut E of automorphisms of E is a closed Lie subgroup 
of GL(E). Show that the Lie algebra of Aut E is the Lie algebra of deriva- 
tions of E. 
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(ii) Let EF be the Lie algebra of a connected Lie group G. Denote 
the group of automorphisms of the Lie group G by Aut G. Show that 
aot» o’ defines a group homomorphism qg,: Aut G — Aut E. 

(iii) Let GS G be the universal covering group (cf. problem 19, 
Chap. I). Show that yg is an isomorphism of groups, and hence make 
Aut G into a Lie group. Show that y@! o gy, maps Aut G injectively onto 
the subgroup of Aut G consisting of those elements which normalize 
ker p. (Hint: cf. problem 20, Chap. I). 

(iv) Conclude that AutG is a Lie group and that g¢ is an 


isomorphism of the Lie group Aut G onto a closed subgroup of Aut E. 
What is the Lie algebra of Aut G? 


(v) Show that a homomorphism of Lie groups rt: G — Aut G is 
defined by 7(a)(x) = axa~ (a, x € G). Show that (yg ° r)(a) = Ad a. 
Conclude that Im 7 and Im Ad are normal Lie subgroups, and that 


Imr ~ ImAd = G/Zg. 


What is the Lie algebra of Im Ad? 


(vi) Consider a vector space V as a Lie group (under addition). 
Find Aut V. 


9. Semidirect products. (1) Let H and K be Lie groups. Obtain 
a biection between Lie group homomorphisms g: H — Aut K and 
smooth maps #: H x K — K that satisfy 


(4142.5) = o(a, o(az,5)) = and — (a, byby) = (a, b,) h(a, by). 


(ii) Let gp: H— Aut K be a Lie group homomorphism. Define a 
multiplication in H x K by 


(a, b) - (a, , by) = (aa, , [(a;*)(d)] * 6). 


Show that this makes H x K into a Lie group; it is called the semidirect 
product of H and K (via ¢), and written H x, K. 

(iit) Let F and E be Lie algebras. An action of F on E by derivations 
is a homomorphism @ of F into the Lie algebra of derivations of E. Given 
such a homomorphism show that the multiplication in F @ E defined by 


[Ar » Ra), (hes Re)] = (LA » he] (Ar » Re] + O(Fy)(R2) — O(h2)(Ax)) 


is a Lie product. This Lie algebra is called the semidirect product of F 
and E (via @) and is written F @, E. 
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(iv) Show that the Lie algebra of a semidirect product of Lie groups 
is a Semidirect product of the Lie algebras. 


(v) Show that a Lie group G is a semidirect product of Lie groups H 
and K if and only if: (a) H and K are closed Lie subgroups of G, (b) K is 
normal in G, (c) HM K = {e}, and (d) every element in G is of the form 
ablacH,be K. 


(vi) Tangent group. Show that the Lie group TJ, is the semidirect 
productG X,,4E. 

(vii) Affine group. A map ¢:: R” — R* is called affine if it is of the 
form (x) = W(x) + a, where ¢ 1s linear and a € R”. Show that the 
affine bijections of R” form a group under composition. Identify this 
with the group GL(R") x, R”, where T is the standard representation 
of GL(R”) in R*. 


10. The group SU(2). Make C? into a Hermitian space. 


(1) Show that the complex linear transformations gy of C? that 
satisfy g = Ar (AER, te SU(2)) form a real four-dimensional sub- 
algebra A of L(2; C). Show that A is isomorphic to H. 


(11) Obtain an isomorphism SU(2) ~ Q(1) of Lie groups. Conclude 
that SU(2) is diffeomorphic to S3. 


11. The group SO(4). (i) Show that SO(4) contains two normal 
subgroups H, and HZ, each isomorphic to SO(3). 

(11) Show that SO(4) = (A, x H,)/Zo. 

(iii) Let 7 € SO(4) and suppose 7 4 -+1. Write R4 = F M F-, where 
F and F+ are planes, oriented so that R* has the induced orientation, 
and stable under 7. Let 7; and 7;. be the restrictions of 7 to F and F-, 
and let @ and 04+ (—7a7 < 6, 64 <7) be the corresponding rotation 
angles. Show that 7 € H, if and only if @ = @4 and re H, if and only if 
6 = —6-. 


12. General Lorentz groups. Give R?®*? an inner product of type 
(p, q) (i.e., for some orthogonal basis x, ,..., Xp) 5 Vises Ver (Xe %> = I, 
<¥3¥j> = —1). An isometry of (R°*7, ¢ , >) 1s a linear isomorphism » 
which satisfies (p(x), p(y)> = <x, »>, x, y © RPT. 


(i) Show that the isometries of R?+? form a closed Lie subgroup of 
GL(p + q; R); it is denoted by O(p, q) and is called the Lorentz group of 


type (p, q): 
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(ii) Show that deto = +1, » € O( p, g). Show that, if p and q 
are > QO, then O( p, q) is not compact. 


(iii) Find the Lie algebra of O( £, q). 


13. The Lorentz group. The Lie group O(3, !) 1s called simply the 
Lorentz group. 


(i) Show that O(3,1) has four components. Characterize its 
1-component, 0°(3, 1). 

(11) Show that an inner product of type (3,1) is defined in the 
space, S, of selfadjoint mappings of C? by 


<o,T = ¢troor —tro-trr), o,TeES. 


Conclude that O(3, 1) is the group of isometries of S. 


(iii) Show that SZ(2; C) is the universal covering group of 093, 1) 
and that the covering projection is given by 


(7a)(o) = acaod, aé€SL(2;C), oeS. 
Find the kernel of z. 
14. The Mobius group. (i) Show that the fractional linear trans- 


formations 


_ az+b 


ee a,b,c,deEC, ad—be =1, 


T(z) 


form a group M of smooth transformations of the Riemann sphere S?. 

(11) Show that M is a Lie group with SL(2; C) as universal covering 
group. 

(111) Show that M is isomorphic to the Lorentz group O03, 1). 

(iv) Show that the map M x S?-» S® given by (T, 2) ++ T(z) is 
smooth. 


15. Elliptic isometries: Let M,; denote the subset of M consisting 
of the transformations of the form 


T(2) = az +b 


= 2 b|? = 1. 
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(1) Show that Me is a closed subgroup of M, diffeomorphic to RP*®. 

(ii) Define a Riemannian metric, g, in S? such that g(z; ¢,, ) = 

(1 + | 2 |?)-? Re({,é,); it is called the elliptic metric in S?. Show that 
M, acts via isometries on S? with respect to g. 

(111) Let o be the stereographic projection of the 2-sphere of diameter 

] from the north pole to the tangent plane 7, at the south pole. Identify 

T, with the complex plane with elliptic metric. Show that o is an 


isometry. Conclude that Mz ~ SO(3). 


16. Hyperbolic isometries: Let My be the subset of M consisting 
of the transformations of the form 


_az+b 
— be ta’ 


T(2) lal? —|b2 = 1. 


(i) Show that My, is a closed subgroup of M, diffeomorphic to the 
manifold obtained from the hyperboloid x} + x3 — x§ — x} = | in R4 by 
identifying antipodal points. 

(ii) Show that ;,, is a group of isometries of the unit disc 2(| z | < 1) 
with respect to the Riemannian metric given by 


wei bi) = Re et, |z,<l. 


The unit disc with this Riemannian metric is called the hyperbolic plane. 
Show that a fractional linear transformation is in M, if and only if it 
maps £2 onto 22. 

(iii) Give R? an inner product of type (2,1). Consider the hyperboloid 
HT of vectors x satisfying <x, x) = —}. Show that the inner product 
induces a positive definite Riemannian metric in H. Show that hyperbolic 
stereographic projection is an isometry of the lower shell of H with £2. 
Conclude that M,, = O°(2, 1). 


17. (i) Show that every homomorphism g: U(n) — S1 has the form 
g(r) = (det r)?(det 7)*( p, g € 2). 

(ii) Show that the Lie groups S! x SU(m) and U(m) are diffeo- 
morphic, but not isomorphic. Construct a covering projection 


S! x SU(n) > U(n). 
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(ii) Show that the Lie groups Z, x SO(n) and O(m) are always 
diffeomorphic, but isomorphic if and only if 7 is odd. 

(iv) Let mo: U(n)— S! be the homomorphism given by g(r) = det r. 
Show that there is no homomorphism ¢&: S! — U(n) such that po & = +. 

(v) Let p: O(n) — S® be the homomorphism given by g(r) = det r. 
Show that there is a homomorphism %: S° —> O(n) such that pop = t 
if and only if 7 is odd. 


(vi) Show that 
U(n) = SO(2n) 21 Sp(n; R) = SO(2n) N GL(n; C). 
(vii) Show that O(m) = SO(4n) 1 GL(n; H). 


18. Let P be a representation by isometries of a compact connected 
Lie group G in a Euclidean n-space W. Fix a vector v)é¢ W and let K = 
{ae G| P(a) vy = vo}. Assume that K is connected and that G - vu, 
contains an orthonormal basis. 

(1) Construct a smooth map a: G/K— W, such that a(@) = P(a)v,. 

(it) Show that there is an r-form 4 on G/K (r = dim G/K) such that 


T,*4=4, aeG, and | A=1, 
G/K 


where TJ is the action of G on G/K. 
(it) “If pe: W— Wisa linear map show that 


(1/n) trp = eee 


where f(x) = <qa(x), ax>, x € G/K. 

(iv) Apply this to the natural representation of SO(n) in AW to 
obtain an integral formula for the characteristic coefficients of a linear 
transformation of W. 


19. Clifford algebras. Let (£,<¢,>) be an m-dimensional space 
with a symmetric bilinear function ¢ , >. Let 4% C @&E be the ideal 
generated by elements of the form x ® x — <x, x>, x € E. The factor 
algebra C; = @E/¥ is called the Clifford algebra of (EF, < , >); the 
canonical projection is written 7: @E > C;. 


(i) Obtain a Z,-gradation C, = C2 @ Ch of C,; from the decom- 
position ®E =< as even QE ® ae odd &)PE. 
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(11) Show that 7 |, is injective and identify E with 7(£). 

(111) Show that Cz, satisfies a universal property that determines it 
uniquely. 

(iv) If the bilinear function ¢ , > is zero, show that Ce = AE. 

(v) Assume a direct decomposition E =F @AH_é such that 
<y,2> =0, yer, z€ dH. Prove that Ce ~ Cr ® Cy (as Z,-graded 
algebras), where the right-hand side is the anticommutative tensor 
product. Conclude that dim Cz = 2". 


(vi) Let C, be the subspace of Ce spanned by the vectors 1, 
eye oy, (x, © E,7 < R). Show that C, - C, C C,,,. Obtain an algebra 
structure in @, C)./C,_, , and show that ne alpebEa is isomorphic to AE. 


(vii) Let Cf} (respectively, C;) denote the Clifford algebra of an 
n-dimensional space with a positive (respectively, negative) definite 
inner product. Establish isomorphisms 


Cy =C, Ci=R@R, CyH, Cy ~ La, 
C3 zHO@C, Cy = L(C’), C, ~ H@H, Ci ~H @H. 


20. The groups Pin and Spin. Let C; be the Clifford algebra of an 
n-dimensional Euclidean space and let w be the involution of C; given by 
w(x) = x, xe Ce and w(x) = —x, xe Ch. Let CH be the group of 
units of C,. Let L be C;, regarded as a Lie algebra. 

(1) Show that Cf is a Lie group with Lie algebra L . What is the 
adjoint representation ? 


(ii) Show that a representation P of C# in C; is given by 
P(u)(v) = wo(u):v-u4, ueCEe, veCg. 


Let CL; be the subgroup of C} consisting of those u such that P(u) 
stabilizes E. Show that CL, is a “dosed Lie subgroup of C7; it is called 
the Clifford group. 

(iii) Show that CL, acts in E by isometries. Obtain a surjective 
homomorphism, 

CL, roe O(n), 

with kernel {Ne | A € R}. 

(iv) Let Pin(m) be the subgroup of CL, consisting of the elements a 
that satisfy det u(a) = | ((a) is left multiplication of C; by a). Obtain 
an exact sequence of Lie groups 


| + Z, —> Pin(n) > O(n) > 1. 


104 II. Subgroups and Homogeneous Spaces 


(v) Let Spin (m) = Pin(n) A C2. Obtain an exact sequence of Lie 
groups 


1 — Z, — Spin(n) > SO(n) > 1, n>. 


If n > 3 show that Spin(7) is a compact connected Lie group. 
(vi) Show that z is the universal covering projection for SO(n), n > 3. 


21. The Lie algebra of Spin (m) Let LZ denote the Lie algebra 
obtained from the associative algebra C,, by setting 


[a,b] = ab—ba, a,beC,. 
(1) Show that a representation @ of L in C;, is given by 
6(a)u = au — ua, aeL, ueCs, 


and that each @(a) 1s a derivation. 


(11) Let F be the subalgebra of L consisting of those vectors a for 
which E is stable under 6(a). Show that, for ae F, the transformations 
O(a) : E — E are skew. Show that if vectors a, b € E satisfy <a, b> = 0, 
then abe F. Conclude that 


dim F = jn(n — 1). 


(11) Show that the map @:F— Sk(£) is an isomorphism of Lie 
algebras. Identify F with the Lie algebra of Spin() and Sk(£) with the Lie 
algebra of SO(m) and show that 6 = 7’, where 7: Spin(”) — SO(n) is 
the covering projection (cf. problem 26). 


22. (i) Leta: G— Gbea covering projection with G compact and 
connected. Show that if 7 is a maximal torus of G, then 771(7) is a maxi- 
mal torus of G. Conclude that G/7—1(T) is diffeomorphic to G/T. 


(ii) Obtain diffeomorphisms 


SO(3)/SO(2) ~ S?, SU(2)/UC1) = S? 
and 
SO(4)/(SO(2) x SO(2)) ~ S? x S?. 


23. Power maps. Let G be a compact connected Lie group. 
Use the Weyl integration formula to conclude that the power map P, 
has degree k’, where z is the dimension of a maximal torus (cf. problem 8, 
Chap. I). 
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24. Conjugacy classes of subgroups. —J'wo subgroups H and K 
of G are called conjugate if there exists an element a eG such that 
H = aKa~'. The set of all subgroups conjugate to a given subgroup K 
is called the conjugacy class of K and is denoted by (K). If K is conjugate 
to a subgroup of H, then we write (K) < (#1). 


(1) Suppose K, (¢ = 1, 2, 3) are Lie subgroups of G such that 
(K,) < (K,) and (K,) < (K,). Conclude that (K,) < (K,). 

(ii) Assume K and H are Lie subgroups of G and K has finitely 
many components. Show that then the relations (K) < (AH) and 
(71) < (K) imply that (7) = (K). Construct an example to show that the 
hypothesis that K has finitely many components is not superfluous. 


25. Let T, and 7, be maximal tori in G(G, compact and connected). 


(1) Show that aT,a~1 = T, for some element a € G which commutes 
with all elements of 7, N T,. 

(ii) Let S be a subset of 7, and assume that for some be G, 
bSb-' C T,. Show that there is an element 2e N(T,), such that 
nxn = bxb,x eS. 


26. Lie groups of rank 1. Suppose G is a compact, connected non- 
abelian Lie group with Lie algebra FE. Assume that G contains a maxi- 
mal torus, 7’, of dimension |. Show that dim G = 3. 


Hint: Proceed as follows: 


(i) Show that every l-parameter subgroup of G 1s a circle. 


(ii) Give E an invariant inner product and let S denote the unit 
sphere in E. Fix a suitable h € S,and show that the map x+> (Ad x)h 
induces a diffeomorphism G/T => S. 

(i111) Use (11) to show that W, = Z, . In particular, find an element 
n € N(T) such that nxn-! = x1, x € T. Conclude that the maps T > G 
given by x +> x and x +> x7! are homotopic. 


(iv) Let ¢: TG be the inclusion. Show that :#H+(G) = 0. Con- 
clude that the circle bundle (G, 7, G/T, T) has nontrivial Euler class. 
Conclude that dim G/T = 2 and dim G = 3. 


27. Assume that G is compact and connected. Show that every Lie 
subgroup of G which contains a maximal torus of G is compact. 
(Hint: cf. problem 5.) 
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28. Roots I. Let G be compact and connected Lie group with 
maximal torus T. Denote the corresponding Lie algebras by EF and F. 
Equip £ with an invariant inner product. Denote by Ad, ; the restriction 
of the map, Ad: G— SO(E), to T. 


(1) Construct a direct decomposition E = F @ >}, E, where the 
FE, are mutually perpendicular two-dimensional subspaces each stable 
under the action of T. 


(ii) Show that the induced homomorphisms Ad, : T — SO(E,) are 
surjective. 


(iii) Fix an orthonormal basis a,, 5, of E,. Show that a linear 
function 6, € F* is determined by the condition: for h e F, the matrix 
of Ad,(exp /) with respect to (a, , 6,) is given by 


u? 


(°° 278,(h) —sin Ai 
sin 276,(h) — cos 2778,(h)/ 


(iv) Show that @, restricts to a linear function I’; — Z (cf. problem 7, 
Chap. I). It is called an imtegral root for E. Show that 6, depends only on 
the orientation of E, determined by (a,, 5,), and that reversing the 
orientation changes 6, to —6, . The set {+,} is called the set of integral 
roots for G. 


(v) If E = E’, show that the @t span F* (cf. problem 3). 
(vi) Generalize (111) and (iv) to any representation of G. 


29. Roots II. We adopt the notation of problem 28. 


(i) If A and B are subspaces of E, then [A, B] denotes the linear 
closure of the vectors [h, k] (h € A, k € B). Show that [E,, E,] is a 
T-stable space of dimension < | and conclude that [E, , E,,] C F. 

(ii) Fix an integral root @ and let Z be the sum of subspaces E, such 
that 8, = A,@ for some X, € R. Show that F @ L is a subalgebra of E. 
Show that ker 6 is the centre of F © L. Let F, be the one-dimensional 
subspace of F orthogonal to ker 8 and show that 


(F; @® Ly’ =F, OL. 


(11) Construct a compact Lie group G, with Lie algebra F, ®L. Show 
that Ff, is the Lie algebra of a maximal torus. 


(iv) Conclude from (111) (via problem 26) that dimZ = 2. Hence 


show that no @, 1s a scalar multiple of another 6, . Thus prove that the 
decomposition in problem 28(1) is unique. 
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(v) Show that there are only finitely many Lie subgroups of G 
that contain T. 

(vi) Show that there is an open dense subset O of G such that, for 
ace O, 


T (\aTa" = Zo. 


30. Find the Wey! groups for SO(2n), SO(2n + 1) and Q(x). 


31. Let »: U( p,) x ++ x U( p,) — U(n) be a Lie group inclusion, 
where p, + --- + p, = a. Find an automorphism of U(m) that carries p 
to the standard inclusion. 


32. Let G beacompact Lie group and let a e G. 


(1) Show that a represents an element @ of finite order in G/C®. 


(it) If a has order p, show that a belongs to an abelian subgroup of G 
of the form T x Z, , where T is a maximal torus in G. 


33. Let G be a compact connected Lie group and let T be a maximal 
torus. Show that T is not properly contained in any abelian subgroup 
of G. Conclude that the centralizer of any torus S is connected. 


34. Regular points. Let G be an n-dimensional compact connected 
Lie group. A point ae G 1s called regular if and only if it is contained 
in precisely one maximal torus. Otherwise a is called singular. Denote 
the set of regular (respectively, singular) points by Re, (respectively, Sg). 


(i) Show that ae G is regular if and only if it is a regular value 
for the map ¥ of sec. 2.17. 
(ii) Show that Rg is an open dense subset of G, stable under 
conjugation by elements of G. 
(iii) Show that y% restricts to a covering projection, 


with fibre the Weyl group. 


(iv) Fix a maximal torus, 7, and consider the representations Ad, 
of T in E, (uw = 1,..., m) (cf. problem 28). Denote the kernel of Ad, 
by U,. Let ae G and assume that 


aeU,n:: NU, and ag Us. Ur U,.: 
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Show that the Lie algebra of the normalizer, N,, is given by 


FOE, @®:: @OE,. 
Conclude that 
dim N, =7 + 2p (r = dim 7). 


Conclude that @ is regular if and only if it is contained in no U,. 


(v) Construct a compact (7 — 3)-manifold, M, and a smooth map 
go: M — G such that Img = S,. 


35. 7,(G) =0. Let G be a compact connected Lie group. Show 
that any smooth map q¢: S? > G is homotopic to the constant map. 


Hint: Proceed as follows: 


(i) Replace G by S* x S® x G and reduce to the case that is 
an embedding with trivial normal bundle. Obtain a neighbourhood of 
g(.S?) which is diffeomorphic to S? x R"-2. 

(11) Deform ¢ so that ¢(S?) consists of regular points (cf. problem 34). 

(iit) Lift » to a map ¢: S? > G/T x T. 
(iv) Deform ¢ into a map S? > G/T x {e}. 


Chapter III 


Transformation Groups 


In this chapter G denotes a fixed Lie group with unit element e and 
Lie algebra E. M and N denote smooth manifolds. 


§1. Action of a Lie group 


3.1. Definition: <A right action of G on a manifold M (or a set V) 
is a smooth map 
T:MxG->M 


(or a set map V x G-— PV), written (2, a)+> 2° a, and satisfying 
z+ (ab) = (z-a)-b and 2:'e=8, a,beG, zeEM. 


The group G is said to act transitively on M if, for every two points 
2, 2 € M, there is an element a € G such that 2, - a= 2,. 
An action T determines the diffeomorphisms 7, (a € G) of M given by 


T,(2) = 2z:a= T(z, a). 


(Note that Tz’ = T,-1.) T, is called right translation by a. 
On the other hand, to each z¢€M, corresponds the smooth map 
A,: G— M given by 


A,(a) = 2° 4a, aeG. 
It satisfies the relations 
T,° A, = A,°p, and A,» = A,or, = T,° A,°o7%, beG, zeM 


(7, denotes conjugation in G by 86). 
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Now assume 7 is a right action of G on N. Then a smooth map 
gp: M — N is called equivariant with respect to T and T if the diagram 


Wee 


N x G—— N 
T 


commutes. This is equivalent to each of the following three conditions 
(2° a) = o(2) - @, zEM, aéeG, 
po T, = T,°9, aeG, 
and 
poA,= Aw, zeM. 
(For ye N, A,: G— N is the map at> ya.) 
A left action of G on M is a smooth map 
T:G x M—>M, 
written T(a, 2) = a- 2, and such that 


(ab)-z=a-‘(b-z) and e:'2z=2, a,beG, zeM. 


The diffeomorphism 7,: z++a- 2 of M 1s called left translation by a. 
The smooth maps 4,: G—» M (ze M) given by 


A,a)=a'2 
satisfy 
T,° A, = A,oA, and Ay.2 = Az? pp = Tyo A, 0 75°. 


Finally, if 7 is a left action of G on N, then o: M—>N is called 
equivariant if 


g(a: 2) = a: (2), aceG, zeM. 


3.2. Examples: 1. The multiplication map p: G x G—G of a Lie 
group G is both a left and right action of G on itself. The left and right 
translations by a € G are simply A, and p, . 


2. The group G x G acts from the left on G by 
T((a, 5), 2) = azb, (a,b)EG x G, z€G. 
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3. Aright action, 7, of Gon M x G (M, any manifold) is given by 
T((z, a), b) = (z, ab). 
If T is any right action of G on M, then T is equivariant with respect to 
T and T. 
4. A left action of G on G is given by 


a's =aza. 
5. A representation, P, of G in a vector space V defines a left action 
of Gon V: 
a:‘v = P(a)v, aeG, vel. 
6. Assume that a Lie group H acts from the left on a Lie group G. 
HT is said to act via homomorphisms, if each map T,: G—> G (aéH) isa 
homomorphism (and hence an automorphism) of G. Assuming that H 


acts on G via homomorphisms, define a multiplication on the product 
manifold H x G by 


p((a, x), (4, y)) = (ab, T,'(x)y), a, beH, x, ye G. 


It is easy to verify that this multiplication makes H x G into a Lie 
group. It is called the semidtrect product of H and G (with respect to the 
action 7) and is denoted by H x,G. If the action, 7, 1s trivial, 
(T, = 1,a€H), the semidirect product is simply the direct product. 
In any case, H x e is a closed subgroup of H x,G, whilee x Gis a 
closed normal subgroup. 


7. If T: M x G— M 1s an action of G on M, then 
aT: Tuy x T>o>—> Ty 


is an action of the tangent group 7, (cf. Example 5, sec. 1.4) on T,,. 
In particular, identify G with the zero vectors in 7, to obtain an action 


of Gon T,, . It is given explicitly by 
t-a=4aT,{f, €€Tu, aeG. 


8. If M x G-—» Mis an action of G on M, a subset NC M 1s called 


stable if 
z-aeéN, zEN, aeG. 
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If N is stable, the action restricts toa set map N x G-—> N. In particular, 
if Nis a stable submanifold of M, this map is smooth (cf. Proposition 
VI, sec. 3.10, volume I) and hence it is a smooth action of G on N. 

As an example, suppose P: G — O(V) represents G by isometries in 
a Euclidean space V. Then the unit sphere S of V 1s stable, and so the 
linear action of G in V restricts to an action G x S—>S. 


9. A right action, Tp: M x G-»M, determines an associated left 
action, T, , given by 


T (a, 2) = T(z, a“), zEM, aeG. 


3.3. Action on a homogeneous space. Let K be a closed subgroup 
of G and consider the homogeneous space G/K of left cosets. Then a left 
action T of G on G/K is given by 


(a,x) = a>, aeG, xeEG/K 


(cf. sec. 2.11). The projection 7: G— G/K is equivariant with respect 
to the left action of G on itself, and 7. The action of G on G/K is transi- 
tive. In fact, let ¥, = mx, and x, = ax, be arbitrary and set a = x,xj;". 
Then a: x, = x, . 
Similarly, a right action of G is defined on the space of right cosets. 
Next consider the normalizer N, of K (cf. Example 4, sec. 2.4). A 
right action 
S:G/K x Ng G/K 
is given by 
S(*, a) = xa, xEG, aeNg. 
(Since a € N, , this map 1s well defined.) 
To see that it is smooth, observe that the diagram 
G x Nk —>G 
GIK x Ne— > GIK , 
commutes and recall that 7 makes G/K into a quotient manifold of G. 
The diagram also shows that the projection 7 is equivariant with respect 
to the right actions of NV, on G and on G/K. 


Finally, since K is a closed normal subgroup of Nx, , we can form the 
factor group N,/K. The action S factors over the projection 


p: Nx > Nx/K 
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to give a smooth commutative diagram 


GIK x Nx za 


G/K 


xp § 
GK x NxJK. 
Thus S is a right action of N,/K on G/K. 
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§2. Orbits of an action 
In this article, T: M x G-—> M denotes a right action of G on M. 


3.4. The isotropy subgroup. Every point z¢M determines the 
closed subgroup G, C G given by 


G, = {aEeG|z-a = 2}. 


Since G, is closed, it is a Lie subgroup of G (cf. Theorem I, sec. 2.1). 
It is called the tsotropy subgroup at z. If G, = {e} (respectively, G, is 
discrete), for each ze M, the action is called free (respectively, almost 


free). 


Proposition I: The Lie algebra E, of the isotropy group G, is given 
by 
E, = ker(dA,), . 


Proof: Since the restriction of A, to G, is constant, it follows that 
E, C ker(dA,),. Conversely, assume that he ker(dA,),. To show that 
he E, we must prove that exp the G,,teER. 

But the path in M given by f(t) = 2: exp th satisfies 


B(t) = (dA, o Rexpm)(h) = (dTexpin 2 dA.)(h) = 9, teR, 


(cf. sec. 3.1). It follows that z+ exp th = z and so exp the G,. 
Q.E.D. 


Corollary: The action is almost free if and only if each (dA,), is 
injective. 


3.5. Orbits. For z¢€ M the set 2 -G(= Im A,) 1s called the orbit 
of G through z. M is the disjoint union of its orbits. Clearly, if G acts 
transitively on M, then M consists of a single orbit. 

Let z, 2-a@ be points in the same orbit. Then G,., = a'G,a. In 
particular, if the action is transitive, any two isotropy groups are conju- 
gate. 

Next observe that the relation A,(ab) = A,a)-6 shows that A, 
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factors over the projection 7: G-—>G,\G to yield a commutative 
diagram 


G M 
| v4 
GAG 


Since G,\G is a quotient manifold of G under z, the map A, is smooth. 
Moreover, A, is equivariant with respect to the right actions of G on 
G,\G and M. 


Proposition II: A, embeds the homogeneous space G,\G into M, 
with image the orbit z- G. 


Proof: A, is obviously injective, and has image z - G. Thus we need 
only show that the linear maps 


(4A,)z: T(G,\G) > T,.(M), a@e€G,\G, 


are injective. In view of the equivariance of A, , it is sufficient to consider 
the case @ = @. But it follows from Proposition I, sec. 3.4, and Corollary I 
of sec. 2.11, that 


ker(dA,), = E, = ker(dz), . 


Hence (dA,), is injective. 
Q.E.D. 


Corollary: If Gacts transitively on M, then A, is a diffeomorphism 
of G,\G onto M. 


Proof: Apply Proposition IV, sec. 3.8, volume I. 


3.6. Examples. 1. Consider the right action T of G on itself by 
conjugation, 


T(z, a) = a“ za, 2,aeG. 


The orbits of G under this action are called the conjugacy classes of G. 
Two elements 2, , 2, are in the same orbit if and only if for some ae G 


a'z,a = 2,. 


In this case they are called conjugate. 
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On the other hand, the isotropy subgroup at @ e€ G is the normalizer 
N,,. Thus Proposition II, sec. 3.5, gives an embedding of N,\Ginto G, 
with image the conjugacy class of a. 


2. Let V be an a-dimensional Euclidean space. A left action T of 
SO(n) on V is defined by 


T(o, 2) = o(z), oé€ SO(n), zeV. 


The orbit of a point ae V (a #0) is the sphere {xe V | | x | = | a |}, 
while the orbit of 0 consists only of 0. 

The action T restricts to a transitive action of SO(m) on the unit 
sphere S"-!. The isotropy subgroup of a point x € S”~! is the subgroup 
SO(x+), where x1 denotes the orthogonal complement of x. Hence T 
induces an equivariant diffeomorphism (cf. the corollary to Proposi- 
tion II, sec. 3.5): 


SO(n)|SO(n — 1) —>+ S71, n >2. 


3. By replacing the Euclidean space, V, of Example 2 with a Hermitian 
space, W, we obtain an action of U(m) with orbits the spheres of W. 
In particular, this yields an equivariant diffeomorphism 


U(n)/U(n — 1) —> S21, n>. 


The action of U(m) on W induces an action of the special unitary group 
SU(n) which restricts to a transitive action on S?"-! for n > 2. 

Finally, the use of a quaternionic space leads to equivariant diffeo- 
morphisms 


Q(n)/O(n — 1) —> S71, an DI, 


Proposition III: The groups SO(z), U(n), SU(m), and QO(m) are 
connected. 


Proof: SO(1)(= :)is connected. Assume byinductionthat SO(n — 1) 
is connected (7 > 2). Then, in view of Example 2, SO(n)/SO(n — 1) 
is also connected. Since (cf. sec. 2.13) 


(SO(n), 7, SO(n)/SO(n — 1), SO(n — 1)) 


is a fibre bundle, it follows that SO(m) is connected and the induction is 
closed. 

The same argument, using Example 3 above shows that U(n), SU(n), 
and Q(n) are connected. 


Q.E.D. 
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Corollary: O(m) has two components (cf. Example 2, sec. 2.5). 


3.7. Embedding of orbits. Consider the injective map of sec. 3.5, 
A,: G\G — M. 


In general, the pair (G,\G, A,) is not a submanifold of Mas the following 
example shows: Let R act on the 2-torus J? by setting 


T,n(x, y) = n(x + at, y + 51), t,x, veER, 
where 7: R? — T? denotes the projection and b/a is irrational. Then 
each orbit is dense in 7? and so the orbits are not submanifolds of T°. 


Nonetheless we have 


Theorem I: With the notation above, let 


G.\G 


\ 4 


N 


be a commutative diagram. Then o is smooth if and only if 7 is. 


For the proof of this theorem we first establish four lemmas. In view 
of Corollary II to Theorem II, sec. 2.11, we can find a submanifold 
W, of G such that e € W, , and the projection 7: G + G,\G restricts to 
a diffeomorphism of W, onto a neighbourhood of @. 


Lemma I: There is a submanifold V of M containing z and a 
connected neighbourhood W of e in W,, and a neighbourhood U of z 
in M such that T restricts to a diffeomorphism 

ui V x W— U. 
Proof: Choose a submanifold V, of M such that z¢€ V, and 
T{M) = T{V,) © Im(@A,), . 
Write T,, .(V, x W,) = T{V1) © TAW,) and note that 


adT(é,n) = &+ (dA, ody), €ETA{V,), 7 e TW). 
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In view of Proposition II, sec. 3.5, 


a4 im(dA,)s. 


T(W,) —> TAG,\G) 


It follows that dT maps 7), ..(V, x W,) isomorphically onto 7M). 
The lemma follows (cf. Theorem I, sec. 3.8, volume I) for suitably small 
neighbourhoods V C V, and WC W,. 

Q.E.D. 


Lemma II: Suppose that, in the notation of Lemma], #( y, 6) = 2-a 
forsome yE V, be W,aeG. Then 


(2b)y.(T(W)) = (44,)(T.(G)). 
Proof: Set c = ab—!. Since d(y, 6) = y - b, we have 
N= sab. Ss 6 
Since the restriction of % to {y} x Wis simply A, (= A,.,), it follows that 
(2b )y(T(W)) = (44s. TW) C (4A,.-(To(G)) 
= (dA,)(T,(G)). 
Moreover, combining Proposition IT, sec. 3.5, with Lemma I, we obtain 
dim(dy})(y,(T,(W)) = dim W = dim(G,\G) = dim dA,(T,(G)). 


The lemma follows. 


Q.E.D. 
Lemma III: Let S denote the subset of V given by 


S={yeV| dy, b)ez-G for some be W}. 


Then S is countable. 


Proof: Consider the open subset OC G,\G given by (cf. Lemma I 
for U) 


O = A;'(U). 
Let gy: O — V be the composite given by 
A, yp 


O —> —-Vx W—> Vv. 


We show that dp = 0. 
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In fact, let @e O and let € € TO). Then we can write z- a = Wy, 5) 
forsome y € V, b€ W. By Lemma II there exists an » € T,(W) such that 


(4A,)(€) = (4b)cy,»(7). 
This yields 


(dp)E = (dry)(dp)-(dA,)E = (dry)n = 0, 


whence dp = 0. 
Thus @ must be constant on each of the (countably many) components 


of O. Since S = Img, S is a countable set. 
Q.E.D. 


Lemma IV: Give (z-G) U the subspace topology induced from 
U. Then 


U{2} x W)=2-°W 
is a component of (2 -G) AN U. 


Proof: It is sufficient to show that {z} x W is a component of 
Yo(z2:G)O U), But 


(z+ G)AU)=Sx W. 


Moreover, in view of Lemma III, 


Sx W = U(tv3 x W), 


7=0 


with y, = 2. Since W is connected, the lemma follows. 


Q.E.D. 


3.8. Proof of Theorem I: If + is smooth, then so is o = A, or. 
Conversely, assume that o is smooth. Translating by elements of G 
allows us to restrict ourselves to proving that 7 is smooth near those points 


g€ N such that 
r(q) =@ and o(q) = 2. 


Choose U, V, W, and yw as in sec. 3.7. Let O be a connected neigh- 
bourhood of q such that 


OC a (U). 
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Restrict o to a continuous map 
a:0 > (2: G)NU, 


where (z - G) M U is given the subspace topology. Since Q is connected, 
so is o,(Q). Moreover, 


a(q) = ze ({z} x W). 
Thus Lemma IV yields 
Im o, C d({z} x W). 
In particular, the map g-!oo: O— V x W has the form 
(b-* © o)(x) = (2, X(x)), 


where X: O — W is a (necessarily) smooth map. Moreover, the smooth 
map X: 0 > G,\G given by X = 7 o X satisfies 


(A, © X)(x) = (A, 0 X)(x) = 2 + X(x) 
= (2, X(x)) = o(x) = (A, 7)(*), EQ. 


Since A, is injective, we obtain X = 7. It follows that 7 is smooth in Q. 


Q.E.D. 


§3. Vector fields 
In this article 7: M x G—>+M denotes a right action of G on M. 


3.9, Fundamental vector fields. The action TJ determines the strong 
bundle map, 


a: M x E— Ty : 
given by 
a(2z,h) = (4T)(2,(0. , 4) = 4A,(h). 
Differentiating the relation 7,0 A, = A,.,° Ta (tT, denotes conjugation 
by a) yields the commutative diagram 
MxE—=>Ty, 


T,x Ad | |ar. (3.1) 
MxE——>Ty , aeG. 


Now fix he E. The constant map M — {h} corresponds, under a, 
to the vector field Z, on M given by 
Z,(2) = dA,{h),  2eM. 


It is called the fundamental vector field generated by h. The orbits of 
Z,, are the paths in M given by 


ti> 2: exp th. 
More generally, a induces the homomorphism 
a,: S(M; E) + &(M), 
given by 
(a f)(2) = a(2, f(2)) = dA(f(2)), 2€M. fe ¥(M;E) 


We denote a, f by Z, and call it the vector field generated by the function f. 
Thus 
Zz) = Zy(2), 2EM. 
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Now let 7: N x G— Nbea right action of Gon Nand letp: M>N 
be a smooth equivariant map. Then the diagram, 


vol a 


a 


commutes. In particular, the fundamental fields on M and on N, gene- 
rated by a vector he E, are ¢-related. 


Example: Consider the action of G on itself by right translations. 
The fundamental vector fields are precisely the Jeft invariant vector 
fields (cf. sec. 1.2). 

To see this, observe that in this case A, = A,, 2 €G. It follows that 


dA,(h) = Lh) = X,(z),  2¢€G, heE, 


whence Z, = X;. 
More generally, if G acts on M x G (M, any manifold) by right 
translations of G, then the fundamental fields are given by 


Z1( 9, x) = X p(X), he E, ye M, xeEG. 


Proposition IV: The map E> 2(M) given by ht» Z, is a homo- 
morphism of Lie algebras: 


[Z,.2,)=Zan, REE 
Proof: Consider first the right action T of G on M x G given by 
T((z, a), 6) = (z, ab). 


In view of the example above, the fundamental vector fields for this 
action are given by 


Zi; x) = X;,(x). 
It follows now from sec. |.3, that 
[Z, 2c) = Zan - (3.2) 


Next recall that T: M x G— Mis equivariant with respect to T and T 
(Example 3, sec. 3.2). It follows that 


Z; ag Z) , Z, pas Zi, ’ Zn] T Zink] . 
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Thus formula (3.2) and Proposition VIII, sec. 3.13, volume I, yield 


VAS Ty [Z), ’ Z; 


and so, since T is surjective, 


Zinu] = (2), ) Z;). Q ED 


3.10. Invariant vector fields. We saw in Example 7 of sec. 3.2 
that a right action of G in M induces an action in T,,. Define an action 
of Gin 2(M) by setting 

bee ae ase, acG, Xe2(M). 
Then 
[X, Y]-a=[X-a, Y - al], X,YE2(M), aeG. 


A vector field X on M ts called invariant if X -a= X (a€G); 1.e., if 
X ~ X, aeG. 
T, 


The subalgebra of %(/M) that consists of invariant vector fields is 
denoted by 2"(M). 


Examples: 1. If M = Gand if G acts on itself by right translations, 
then the algebra 27(M) consists of the right invariant vector fields 
(sec. 1.2). 


2. It follows from diagram (3.1), sec. 3.9, that the fundamental 
fields satisfy 


Z..*° @=Z 


h (Ada—")h? 


hek, aeG. 


Thus Z, is invariant if (Ad a)h = h,aeG. If G 1s connected, this is 
equivalent to 
[A, k} = 0, keE; 
i.e., Z, is invariant if / is in the centre of EF (cf. Example 4, sec. 2.4). 
3. Let fe A(M; E) andaeG. Define a: fe S(M; E) by 
(a f(z) = (Ad (fea), eM. 
Then Z,., = Z,: a7. Thus Z, is invariant if 


(Ad a-1)( f(z)) = f(z - 2), zEM, aeG. 
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Proposition V: The Lie bracket of a fundamental field Z, and an 
invariant vector field X is zero. 


Proof: Let X be the vector field on M x G given by X(z, a) = X(gz). 
Then 
dT(X(z, a)) = (X + a)(z- a) 


and hence, since X is invariant, X ~ X. 

On the other hand, as we saw in the proof of Proposition IV, sec. 3.9, 
the left invariant vector field X, on G, regarded as a vector field Z, on 
M x G, is T-related to Z, . Thus 


0= [2,,X] ~ [Z,, X]. 


Since T is surjective, it follows that [Z, , X] = 0. 
Q.E.D. 


3.11. Fundamental subbundle. Recall from sec. 3.4 that T is called 
almost free if each isotropy subgroup G, is discrete. In view of the 
corollary to Proposition I, sec. 3.4, this is equivalent to each of the 
following conditions: 


(1) The Lie algebras E, are zero. 

(2) ‘The fundamental vector fields Z, (h ~ 0) have no zeros. 

(3) The bundle map a: M x E-T,, of sec. 3.9 restricts to linear 
injections in the fibres. 


In this case Im « is a subbundle of T,,, called the fundamental sub- 
bundle F,,. The rank of F,, is the dimension of G. Diagram (3.1), sec. 3.9, 
shows that is F',, stable under the action dT of G in T,,. Moreover, « 
is a strong isomorphism, 


a: M x E—>Fy, 


and so Fy, 1s trivial. Thus the correspondence f— Z, defines an 1so- 
morphism 
S(M; E) — SecFy. 


§4. Differential forms 
In this article T: M x G—M denotes a right action of G on M. 


3.12. Invariant differential forms. The right translations JT, of 
M (aéG) induce automorphisms 77 of the graded algebra A(M) of 
differential forms on M. Evidently, 


TA = THoT* and T= abe. 
Since, for X € 2(M), ae G (cf. sec. 3.10), 
(X + a)(z) = dT,(X(z - a7)), 
it follows that (cf. sec. 0.13) 
i(X)oT* = T*oi(X+a) and  O(X)o TX = T* 0 W(X - a). 


Moreover, clearly 
Te 08 =8oT?. 


A differential form ® on M is called invariant under the action of G 
if it satisfies 


Tid = @, aeéeG. 


The invariant differential forms are a graded subalgebra of A(M), 
which will be denoted by A,(M). In particular, the invariant functions 
form a subalgebra of “(M) which we denote by “%(M). (The invariant 
vector fields on M are a module over “(M).) 

Since 77 commutes with 6, it follows that the subalgebra A,(M) 
is stable under 85. The other commutation relations above show that the 
subalgebra A,(M) is stable under 1(X) and @(.X) provided that X is an 
invariant vector field on M. 


3.13. The operators i(k) and 6(f). Consider the fundamental vector 
field Z, generated by he E (cf. sec. 3.9). The operators 2(Z,) and 4(Z,) 
in A(M) will often be denoted simply by z(h) and 6(A). Proposition I, 
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sec. 4.2, and Proposition II, sec. 4.3, both of volume I, together with 
the relation Z, ,) = [Z, , Z,] (h, k € E), imply that 


i((h, RJ) = O(h) © i(R) — i(R) © (A), 
A({h, K]) = 6(h) © 6(R) — O(A) © 6(h), 


and 
6(h) =i(h)oS +8oi(h), ah, REE. 


A differential form ®e€ A(M) is called horizontal with respect to the 
action of G if it satisfies 


ih) =0, AEE. 


Since each z(h) is an antiderivation, the horizontal forms are a graded 

subalgebra of A(M). This subalgebra will be denoted by A(M),_,. 

The first identity above shows that the horizontal subalgebra is stable 

under the operators 6(h). However, in general it is not stable under 6. 
Similarly, the differential forms satisfying 


Ah)P=0, heb, 


form a graded subalgebra, denoted by A(M),_,. Since 6 commutes with 
G(h), the subalgebra A(M),_, is stable under 3. 

The intersection of the subalgebras A(M),_, and A(M),_, will be 
denoted by A(M),_5.-,. This subalgebra is stable under 6. In fact, if 
A(h)® = 0 and 7(h)D = 0, he E, it follows that 


6(h) 8@ = 86(h)@ = 0 and  i(h)SH = HhA)O— Si(h)\H=0, he. 
Proposition VI: A,(M)C A(M),_, . If G is connected, then 
AM) = A(M oqo - 


Proof: Recall from sec. 3.9 that the orbits of a fundamental vector 
field Z, are given by 


B({t)=z-expth, e2eM, teR. 


It follows (cf. the corollary to Proposition X, sec. 4.11, volume I) that, if 
® € A(M), the conditions 


ah’ =0 and Tépy,P =, teR, 
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are equivalent. Thus 4,(M)C A(M)s_,. If Gis connected, exp E gener- 
ates G, and so 
AM) = A(M ono - 0.E.D. 


3.14. Equivariant maps. Suppose 7 is a right action of G on N, 
and let p: M-—» N bea smooth equivariant map. Then every pair of fun- 
damental vector fields Z,¢%(M) and Z,€2(N) are o-related (cf. 
sec. 3.9). Hence (cf. Proposition III, sec. 4.4, volume I or sec. 0.13) 


pt oix(h) =iu(h)og* and gp 0 Ay(h) = Oulh)og*, he E, 


where 7)(h), 8)(A), t,,(A), and 6,,(h) denote the obvious operators on 
A(N) and A(M). In particular, p* restricts to homomorphisms 


O75: A(M)i-0 <— A(N) =o 
Pon0: A(M 5-9 <— A(N oxo 


and 
Pi=0.6=0: A(M )i=0,0=0 = A(N )i~0,0=0 : 


Finally, the relation 


implies that 


and so ¢ restricts to a homomorphism 
gr: A(M) — AN). 


3.15. Equivariant differential forms. Suppose P is a representation 
of Gina vector space W. Then each a € G determines the operator P(a), 
in the space A(M; W) of W-valued differential forms given by 


(P(a) ,82)(2; G , -.., 5) = Play(@(z; G , .... Cp), zeEM, C,¢T{M). 


We denote P(a), simply by P(a). 
A left action of G in the set A(M; W) is given by 


a+ Q =(P(a)o T*)Q = (T* ® P(a))Q, QE A(M;W), ae&G, 
where (as in sec. 0.13) we write A(M; W) = A(M) &® W. Evidently 
S(a - 2) = a - 82. 
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A W-valued form £2 is called equivariant with respect to P if 
a‘ Q2Q=Q, aeG. 
This is equivalent to the condition 
TIQ = PiayQ, aeG. 


The space of equivariant forms is denoted by A,(M; W). It 1s a module 
over the algebra A ,(M), and is stable under 6. 

Now consider the induced representation P’ of E in W. For each 
he E, P’(h) determines the operator P’(h), in A(M; W); it is denoted 
simply by P’(h). The following relations are immediate from the defini- 
tions: 


P'([h, R]) = P'(h)o P'(k) — P'(k)o P(A), —-P'(h) 0 Te = Te 0 P'(h) 
and 
P’(h)o5 = 80 P’(h), h,kReE, aeG. 


Now recall that the operators 7(h) and 6(h) in A(M) extend to operators 
in A(M; W) (cf. sec. 0.13). The extensions will also be denoted by 2(h) 
and (A). 


Proposition VII: An equivariant differential form 2 satisfies the 
relation 


AA)Q = —P'(h)Q, hee. 
If G is connected, this condition is equivalent to equivariance. 


Proof: Recall, from sec. 0.13, that the decomposition, 


TMxw* =— TM a Tw, 


leads to a bigradation of A(M x W*); A®.M x W*) consists of those 
forms which depend on p vectors tangent to and q vectors tangent to 
W*. Define a linear zmjection 


A: A®(M; W)— A» (M x W*) 
by setting 


(AL2)(2, 8%; Cy, 00s Op) = C*, O62; OG, «0s Sy), 
zEM, w*teW*, 6,67 (M). 
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Let T be the right action of Gon M x W* given by 
T (2, w*) = (z- a, P(a)*w*), aeG, zeM, wre W*, 


and let Z, denote the corresponding fundamental vector field generated 
by h (he E). A simple computation shows that 


aA 


Ao P(a)o TX = T*odX and = do (P'(h) + O(A)) = O(Z,) oA. 


Since A is injective, the proposition follows from Proposition VI, sec. 3.13, 
with M replaced by M x W*. 
Q.E.D. 


3.16. Examples: 1. Suppose W=R and P(a) =1, aeG. Then 
the equivariant forms in A(M) are precisely the invariant forms (cf. sec. 
3.12), and Proposition VII coincides in this case with Proposition VI. 


2. Suppose W = E and P = Ad. An equivariant E-valued form £2 
is a form satisfying 


T*Q = (Ada), a EG. 
If G is connected, this is equivalent to (cf. Proposition VII, sec 3.15) 
6(h)Q = —(adh)2, heE. 


In particular, recall that each E-valued function f on M determines 
the vector field Z, on M (cf. sec. 3.9). Moreover, Example 3 of sec. 3.10 
states that if f is equivariant, then Z, is invariant. Finally, recall from 
sec. 3.]1 that if the action of G is almost free, then ft» Z, 1s injective. 
Thus, in this case, Z, is invariant if and only if f is equivariant. 


3. Scalar products: Define bilinear maps, 
(, ): 49(M; W*) x AM; W) > A?*4{M), 
by 
(®, YY(z; ty yocery Cae) 


] 
y €,<P(z; ot) yoeey Colp))s Y(z; Colp+i) x, 78%y Colpte)) >> 


7 p! q! cE SP+?e 
®e AM: W*), WeA(M;W), 2—€M, 67M). 
Thus if ®, , ¥, ¢ A(M), we W, w* e W*, then 


(PD, © w*, ¥, Ow) = wr, wO,rn¥,. 
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The contragredient representation, P*, of Gin W* determines the left 
action at» P(a)*o T# of Gin A(M; W*), denoted by ®t» a: @. Since 
P(a)* = (P(a)*)"}, it follows that 

THO, P) = (a-%,a-¥),  aeG, Se A(M;W*), Ye A(M; W). 


In particular, if ® and W are equivariant, then ¢(®, ¥) is an invariant 
differential form. 


4. Action of G on a bundle: Let @ =(M,7, B,F) be a smooth 
fibre bundle. Assume that right actions 


T:MxG>M, T:BxG—B, 


are given such that 7 is equivariant. In this case, the diffeomorphisms T, 
are all fibre preserving and G is said to act on the bundle. 

Since 7 is equivariant the fundamental fields Z, on M and Z, on B 
are m-related. Thus (cf. sec. 3.14) 


m* ot(h) = 1(h) o 7* and m7* o Oh) = O(h) o w*. 


Moreover, if # is oriented, then Proposition X, sec. 7.13, volume I, gives 


f 2i(h) = ih) of and f © Hh) = Oh) f 


Now assume that G is connected. We shall! show that each 7, preserves 
the bundle orientations, so that (cf. Proposition VIII, sec. 7.12, volume I). 


fe oTX — T* o f aeG. 


To see that G preserves the bundle orientations observe first that the 
components of M are stable under G (because G is connected). Thus we 
may assume that M is connected. In this case each 7), either preserves 
or reverses the bundle orientations. Since 


Texpn = (Texpin/2))”s he E, 


it follows that T,,,, preserves the orientation. But, because G is con- 
nected, exp FE generates G; hence each T, preserves the orientation. 


§5. Invariant cross-sections 
In this article € = (N, a, B, F) denotes a fixed vector bundle. 


3.17. Action of G on &. A right action of G on € consists of right 
actions 


T:NxG—N, T:BxG->B 


subject to the conditions: 

(1) 7 is equivariant 

(2) The right translations 7, are bundle maps (1.e., linear in each 
fibre). 


A left action of G on & is defined analogously. 
Assume that 7, T define a right action of G on &. Define a right 
action of G on Sec é, (co, a) +> - a, by setting 


(c - a)(x) = T,(o(x- a)), oceSecé,aeG,xeB. 
A cross-section a is called invariant if 
o0°'a=J, aeG. 


Thus o is invariant if and only if the map o: B — E is equivariant. The set 
of invariant cross-sections forms a subspace of the vector space Sec & 
which we denote by Sec’(&). Sec/(€) is a module over %(B) (cf. sec. 
3.12). 


Example: A right action 7 of G on M induces a right action of G 
on the tangent bundle, 7,,, with T: T,, x G— T,, given by 


T(z, a) = (dT,,)z 


(cf. Example 7, sec. 3.2). As usual, denote T(z, a) by z- a. 

If X is a vector field on M, then X - a = (T,),.X, and so the definition 
above coincides with that of sec. 3.10. Thus the definitions of invariant 
vector field and of 2/4(M) given in sec. 3.10 agree with the definitions 
above. 
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3.18. Integration of cross-sections. Assume that G is compact. Give 
G a left orientation, and let 4 € A?(G) (n = dim G) be the unique left 
invariant n-form such that [¢ 4 = 1 (cf. sec. 1.15). We write (as in 
sec. 1.15) 


f Slade =f f-4, 


if f is a vector-valued function on G. 
Now suppose G acts on é and fix o € Sec € and x € B. Then a smooth 
F,-valued function f, on G is given by 


fla) = (o - a)(x). 
Hence a map 7: B — N is defined by 


(x) = { _fe(a) da = | (2° a(x) da 


It is denoted by {¢o and is called the integral of o over G. 
7 isacross-section in €. Indeed, this follows from Proposition VII, sec. 
7.11, volume I, once we observe that tr = f¢ ®, where 


@: Bx A"Ts —> N 
is the bundle map given by D(x, @; 7, ,.-- Mn) = A(a; m, «-- 7,)(o * a)(x). 
(Observe that B x Tg, is the vertical bundle of the trivial bundle 
(B x G, 7, , B, G).) 
Proposition VIII: (1) For any o€Sec €, fg o is invariant. 


(2) If 7 is invariant, then [g 7 = 7. 
(3) The correspondence ot> [¢ is linear (over R). 


Proof: (1) Let o €Sec &, b eG. It is immediate from the definitions 


that 
(2) 8) (x) = T, ({_( , a)(x + b>) da). 


Since T,: F,.y-1 — F, is linear, it commutes with J. Thus, by formula 


(1.2), sec. 1.15, 


(J o} b| (x) = AG - ab)(x) da = | (2 a)(x) da = ( | ; a) (x). 
This proves (1). 
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(2) follows from the relation, 


(2) =f: a(x) da = (fda) a(x) = x), 


and (3) is obvious. 
Q.E.D. 


Examples: 1. If G is a compact Lie group that acts on a vector 
bundle € = (N,7, B,F) via T, T, then there exists a Riemannian 
metric in € with respect to which the translations 7,: N— N (ae G) 
are isometries. 

In fact, the action TJ determines the (right) action of G in V?&* given by 


(®-a)u,v) = D(u-at,v:-a) DBeVveFS, xeB, aeG, u,veF,.q. 


Now let g be any Riemannian metric in € and regard g as a cross-section 
in the vector the bundle V?2£é*. Then 


&o0 = iz: 


is a metric with the desired properties. 

Suppose now that 7 is a subbundle of € which is stable under the 
action of G on &. Then there is a G-stable subbundle, 2, of € such that 
7 @®¢ = € (Whitney sum). 

In fact, choose a Riemannian metric in € such that the translations by 
G are isometries, as above, and then let ¢ be the bundle 7+ whose fibres 
are the orthogonal complements of those of 7 (cf. Proposition VII, 
sec. 2.18, volume I). 


2. Suppose G acts on B and consider the induced action, 
T:(B x R) xX G>B xR, 


given by T((x, t), a) = (x-a,t). This 1s an action of G on the trivial 
bundle € = (B x R, 7, B, R). 

The cross-sections of € are simply the smooth functions on B. If 
fe S(B), then the integral over G of fis the invariant function /; given by 


fiz) = | _ f(x - a) da, 


3.19. Remark. All of the results of this chapter have analogues 
if right actions are replaced by left actions, 7: G x M— M. Among the 
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notational differences in formulae, recall that A,(a) becomes a-z so 
that 
Ags = 1,0 Ayers 


(cf. sec. 3.1). This in turn implies that the (left) fundamental vector 
field Z, generated by he EF is T,-related to Z(,aq)q (cf. sec. 3.9). A form 
2 € A(M; W) will be called equivariant (cf. sec. 3.15) if 


T*Q = P(a)Q, aeG. 


Problems 
G denotes a Lie group with Lie algebra E and M denotes a manifold. 


1. Let 7: Mx G—M be a right action of G on M. Show that 
i(h)o TT = TE oi(Ad(a)h), aeG, he. 


2. Suppose G is connected, and let G act on M. Show that a hori- 
zontal form @ is invariant if and only if 6@ is horizontal. 


3. Let G act on M and consider the induced action on 7,,. Show 
how the fundamental vector fields on M determine the fundamental 
vector fields on 7,,. 


4. Construct an almost free action of S! on a 3-manifold such that 
every finite subgroup of S' appears as the isotropy subgroup for some 
point. 


5. Proper actions, I. A left (right) action of G on M is called 
proper, if for all compact subsets 4, BC M, the subset S of G given by 
S={aeG|(a:A)OB ¥ @} is compact. 


(i) Show that the isotropy subgroups of a proper action are all 
compact. Show that the orbits of a proper action are all closed sub- 
manifolds of M. 

(11) Construct an action of R on S! xX R subject to the following 
conditions: (a) S! x R is covered by stable open subsets, each of which is 
equivariantly diffeomorphic to (0, 1) x R; (b) the action is not proper. 
Show, nonetheless, that the action is free and that the orbits are all 
closed submanifolds. 


6. Orbit space. Let G act from the left on M. Let M/G denote 
the set of orbits of G, endowed with the quotient topology via the 
canonical projection 7: M—» M/G. It is called the orbit space of the 
action. 

(1) Show that 7 is an open map, and that //G is second countable. 

(ii) If the action is proper, show that M/G is Hausdorff and locally 
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compact. Find examples of actions where M/G is not Hausdorff 
(cf. problem 5, (11)). 

(ii1) Assume that the action is proper and free. Fix ze M. Find a 
submanifold N, of M and an open subset U, of M such that ze WN, 
and the action restricts to an equivariant diffeomorphism G x N,—> U,. 


(iv) (Gleason) Show, if the action is proper and free, that M/G 
possesses a unique smooth structure for which zw is a submersion. 


Construct a smooth bundle (M, z, M/G, G). 


7. Bundles over a homogeneous space, I. Let G act from the left 
on a bundle # = (M, p, G/K, Q), where the action of G on G/K is 
defined as in sec. 2.11. Identify 0 with OQ, (Q,, the fibre over 2). 


(i) Obtain an action of K on Q. 
(ii) Define a right action of K on G x Q by setting 


(a, y) - b = (ab, by), aeG, yeQ, beK. 


Show that this action is free. Use the bundle (G, 7, G/K, K) (cf. sec. 2.13) 
to make the orbit space (G x Q)/K into a manifold; denote this manifold 
by G x,xQ. 

(iii) Construct a smooth bundle € = (G X,xQ, p, G/K,Q) and an 
action of G on €. Construct a G-equivariant fibre preserving diffeo- 
morphism G x,Q > M. 


(iv) Show that every AK-stable submanifold Q, of Q leads to a bundle 
G X,Q, and a smooth fibre preserving map G x,Q, > M. 


(v) Let K, denote the isotropy subgroup at y € Q for the action of K 
on Q. Show that every isotropy subgroup G, for the action of G on M 
is conjugate to one of the K, . Show that the inclusion Q — M induces a 
homeomorphism Q/K = M/G of orbit spaces. 


(vi) Show that G acts properly on M if and only if the action of K 
on Q is proper. Conclude that if K is compact, then the action of G is 
proper. 


8. Bundles over a homogeneous space, II. Adopt the hypotheses 
of problem 7. 


(1) Show that the vertical subbundle V,, of 7,, 1s stable under the 
action of G. If K is compact, construct a G-stable horizontal subbundle. 
(ii) Assume that K is compact. Denote the Lie algebra of K 
by F. Use the adjoint representation to obtain a representation of K 
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in A(E/F)*. Denote by A,M) the algebra of G-invariant differential 
forms on M and by A,(Q; A(E/F)*) the algebra of K-equivariant 
differential forms on Q with values in A(Z/F)*. Obtain an isomorphism 


AM) —> A,(Q; A(E/F)*). 


(iii) If K is compact, show that the inclusion map 7: Q —> M induces 
an isomorphism 


i* 9. A(Q)mn0 —— A(M) ino » 


where A,(Q);_, (respectively, A,(M),;_,) denotes the algebra of differ- 
ential forms on Q that are K-horizontal and K-invariant (respectively, 
the algebra of differential forms on M that are G-horizontal and G-in- 
variant). 


9. Vector bundles over a homogeneous space. Let & = (M, p, 
G/K, F) be a vector bundle acted on by G so as to induce the standard 
action on G/K. Identify F with F, . 


(1) Show that the induced action of K on F is a representation 
(cf. problem 7, (i)). Show that G x,F-—>G/K is a vector bundle. 
Construct a strong equivariant isomorphism G Xx F => €. 


(ii) Obtain a bijection between direct decompositions of F into 
K-stable subspaces and decompositions of € as a Whitney sum of 
G-stable subbundles. 


(111) Construct a bijection between K-invariant Euclidean metrics in 
F and G-invariant Riemannian metrics in &. 


(iv) Assume K compact and fix a G-invariant Riemannian metric in &. 
Show that the action of G restricts to actions on the unit sphere bundle 
and on the open disc bundle of vectors of length < r. Identify these 
bundles with G x, S and G x,F,, respectively, where S (respectively, 
F,) denotes the unit sphere (respectively, the open disc of radius r) in F. 


(v) With the hypotheses and notation of (iv), let M/, denote the open 
disc bundle of radius 7. Construct a G-equivariant, fibre preserving 
diffeomorphism M = M, inducing the identity map in G/K. 

(vi) With the hypotheses and notation of (iv), construct a smooth 
G-invariant function f on M such that: (a)O0 <f(z) <1, zEM; 
(b) f(0,) = 1, « € G/K; (c) f has fibre compact carrier. 


10. Affine sprays. Assume G is compact, and acts on M. Recall, 
from the Appendix of volume I, the definition of an affine spray as a 
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vector field on T,, . It is called complete, if it generates a global 1-para- 
meter group of transformations g;: Ty— Ty, (¢ € R). 


(1) Show that M admits a complete G-invariant affine spray. Show 
that the corresponding map exp: 7,, > M is G-equivariant. 


(ii) Show that the map exp,: E-> G is the restriction of the expo- 
nential map of a certain affine spray. 


11. Isotropy representation and stable tubular neighbourhoods. 
Let G act from the left on M. 


(i) Use the action to define a representation of the isotropy sub- 
group G, in T,(M) (xe M). This is called the isotropy representation. 


(11) Let Adj denote the representation of G, in E/E, (E,, the Lie 
algebra of G,). Construct a representation of G, in a space N, and a 
G,,-linear short exact sequence 


0 — E/E, — T,(M)— N,— 0. 


(i) Let G act on a manifold P and let p: P— M be an equivariant 
immersion. Obtain an action of G on the normal bundle of P in M. In 
the case that @ is the inclusion map 4,: G/G,, > M, show that the normal 
bundle is the vector bundle G x,_ N, (cf. problem 9). 


(iv) Suppose that G, is compact. Use a complete G,-invariant affine 
spray (cf. problem 10) to construct a G,-equivariant smooth map 
gp: N, > M satisfying 9(0,) = x. Show that the smooth map 
G x N,—M given by (a, y)t»a-q(y) factors to yield a smooth 
G-equivariant map $: G x¢_N,-—» M (cf. problem 7). 

(v) Assume G, is compact and let O,(r) denote the open disc of 
radius 7 in N, with respect to a G,-invariant Euclidean inner product. 
Show that, for sufficiently small 7, % restricts to an equivariant local 
diffeomorphism G x,_O,(r) > V,, where V, is a G-stable neighbour- 
hood of the orbit G - x. 


(vi) Assume that the action of G is proper. Construct a G-equi- 
variant diffeomorphism o of the normal bundle of G - x onto a neighbour- 
hood of G' : x, such that o(0,) = x (cf. problem 5). 


12. Proper actions, II. Assume that G acts properly from the left 
on M. Use problems 5-11 to establish the following properties: 


(i) Every covering of M by G-stable open sets admits a subordinate 
G-invariant partition of unity. 
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(ii) MM admits a complete G-invariant affine spray. If N is a closed 
G-stable submanifold of M, then there is a G-equivariant diffeomorphism 
from the normal! bundle of N onto a neighbourhood of N. 

(iii) MM admits a G-invariant Riemannian metric. 


(iv) IfG acts effectively on M (1.e., (\rcy G, = @), the isotropy repre- 
sentations are all faithful. 


13. Orbit types. Let G act on M. The conjugacy classes (G,) are 
called orbit types for the action (cf. problem 24, Chap. II). 


(i) Ifthe action is proper and x € M, find a neighbourhood U, of G, 
such that (G,) < (G,), for ye U,. 

(ii) Ifthe action is proper and M/G is compact, conclude that there 
are only finitely many orbit types. 

(iit) Assume that the action 1s proper. Show that there is a unique 
orbit type (#7) such that (7H) < (G,) for every xe M. It is called the 
principal orbit type. Show that the set {xe M | (G,) = (H)} is open, 
connected, and dense in J. 

(iv) Show that the principal orbit type for the action of G on T,, 
is strictly contained in the principal orbit type for the action on M. 
Show by example that the principal orbit type of 7,, need not be (e). 
Find the principal orbit type of the adjoint representation of a compact 
Lie group. 

(v) Show that (G,) is the principal orbit type if and only if the repre- 
sentation of G, in N, (cf. problem !1) 1s trivial. In this case show that the 
normal bundle is G/G, x N,. 

(vi) Fix x, € M. Show that the union of the points x € M such that 
(G,) < (G,,) is an open G-stable subset of M/. Show that the union of 
the points x e M such that (G,) = (G,,) is a closed submanifold of this 
open set. 


14. Fixed point sets. Let G act properly on M and let F be the set 
of points x € M such that G, = G. 


(i) Show that each component of F is a closed submanifold of M. 

(ii) Let F, be a component of F and suppose dim Fy = p. Construct 

a representation of G in R*™? (m= dim M) and a G-equivariant 

coordinate representation f,: U, x R”-? — p—1(U,) for the normal bundle 
(No, po, R°-?). 

(iii) If G is a torus, give the normal bundle of a component, F, , 
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of F an invariant complex structure. Conclude that dim M — dim F, = 0 
(mod 2), and that the normal bundle is orientable. 


15. Actions on vector bundles. Suppose G acts on a vector bundle 
€ = (M, p, B, F). Assume the action on B 1s proper. 


(t) Show that the action on M is proper. 


(ii) Construct a G-invariant Riemannian metric in €. Conclude 
that the fundamental fields on M are tangent to the sphere bundles. 


16. Actions of Lie algebras. Suppose G is connected, and that G is 
its own universal covering group. Assume ®: E — 2(M) is a Lie algebra 
homomorphism such that each vector field (A) can be integrated to 
produce a |-parameter group of diffeomorphisms of M. 

Prove that there is a unique smooth action of G on M such that ®(h) 
is the fundamental field generated by h (cf. problem 20, Chap. I). 


17. Let X, (v = 1, ..., m) be vector fields on a connected m-manifold 
M such that 


(1) [X;, Xj] = Le XX, (cj € R). 

(2) For each xe M, X,(x) (v = 1, ..., 2) is a basis of T(). 

(3) Every real linear combination of the X;, generates a global flow 9, 
(t € R). 


Show that / is the quotient of a Lie group by a closed discrete subgroup. 
If the cj are all zero, show that M is an abelian Lie group. 


18. Let f,,...,f, be smooth functions on a manifold M. Fix real 
constants ¢,,...,¢, and set N = fy*(¢q) N+: Nfp'(c,). Assume that, 
for each x € N, (8f, 0° A 6f,)(x) 4 0. 


(1) Show that N is a closed submanifold of M. Let U be a tubular 
neighbourhood of N; identify U with the normal bundle v and let 
p: U-— N be the projection. Show that, for suitable U, 


> (0x) Ala) ofola))» x EU, 


is a diffeomorphism from U to N x V (V, a neighbourhood of 0 in R?). 

(11) Assume that the dimension of M is even and that M admits a 
closed 2-form @ such that ® a --- na @ orients M. Show that vector 
fields Y; on M are determined by the equations 7(Y,)® = 8f, . Show that 
the Y; restrict to vector fields X; on N. Show that [Y; , Y;,] = 0 and 
conclude that, if NV is compact and connected, it is a torus. 
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(ui) Let Y be defined by 1(Y)® = Sf, where fe S(M) satisfies 
Y(f)=0 VV = 1,..., p). Show that Y restricts to an invariant vector 
field on N. 


19. Non-Euclidean geometry in the unitdisc. Define a Riemannian 
metric in the open unit disc 22 of the complex plane by 


ete bite) = _eetheh lzj/<1, 4,6 eC. 


(cf. problem 16, Chap. II.) Define p: 2 x 2—R by 


I+pr 


p(%1» %2) = log ———, where y= |e 


Let G be the subgroup of the Mobius group consisting of the fractional 
linear transformations which map £2 onto itself. 


(1) Show that the angles with respect tog coincide with the Euclidean 
angles. 


(ii) Show that p(z, , 2.) = p(T2,, T2.), Te G. 

(ii) A hyperbolic straight line in 2 1s a circle orthogonal to the unit 
circle. Show that, for any two distinct points z, and z, of 92, there is a 
unique straight line joining 2, to 2, . 

(iv) The hyperbolic length of asmooth curve in 92: c: tt> 2(t), 
0 <t <1 1s defined by 

= fader. 
ey: f l1—|2 T1208" 


Show that p(z, , 2.) = U(s) < l(c), where s is the hyperbolic straight line 
segment joining 2, to 2, and c is any smooth curve in 92 from 2, to 2. 


(v) Show that p makes 22 into a metric space with the standard 
topology. 

(vi) Let 7, be the tangent bundle of 2 and let M be the total space 
of the corresponding sphere bundle (with respect to g). Show that the 
left action of G on 22 induces an action on 7, which restricts to an action 
on M. 


(vii) Let xe M. Show that the map T++>T--«x defines a diffeo- 
morphism G <~ M. Conclude that G is diffeomorphic to 92 x S’. 
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Conclude also that, given any 2, , 2,€ 2, ¢, , ¢,¢ S!, there is a unique 
T € G such that 


T(z) = 2 and = T"(2; £1) = (22, 4). 


(viii) Show that, if 2, ,w,, 2%, W, € 2 are given such that p(z, , 2.) = 
p(w, , @,), there isa unique 7 € G such that 7(z,) = w,and T(z.) = w, . 


20. Convex polygons in 2. A subset AC 2 is called hyperbolic 
convex if, whenever 2, € A and 2, € A, then the hyperbolic straight line 
segment between z, and z, is contained in A. A convex polygon is a closed 
convex set 4 in {2 whose boundary consists of a finite number of hyper- 
bolic straight line segments, called its sides. If the boundary of 4 
consists of m sides, 4 will be called an n-polygon. 

Let 4 be an 2-polygon. Show that 


Ya thf = (2m, 


ee | 


where the «, denote the interior angles of 4 and @ is the 2-form given by 


(23 f, , &) = ee zeQ, Gy Gel. 


21. Discontinuous actions. An effective action (cf. problem 12) of 
a group /'ona manifold M is called discontinuous, if every point xe M 
has a neighbourhood U such that no two distinct points of U arein the 
same orbit of I’. A fundamental domain is an open subset F of M such that 


(1) any two distinct points of F are in different orbits, 
and 
(2) every point x € M is in the orbit of some point of the closure F. 


(i) If L’ acts discontinuously on M, show that I is finite or countable, 
and that the action is free. Is the action necessarily proper ? 


(ii) Let M = Q and let I be a group of fractional linear transforma- 
tions of {2 that acts discontinuously on 2. Set z, = T’,, (0), where the y, 
are the elements of I’. Show that the set given by 

{z EQ | p(z, 0) < p(z, 2,), v = 1,2,...,} 


is a convex fundamental domain for the action. 
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22. Poincaré polygons. We adopt the notation of problems 19-2]. 
A convex 4p-polygon 4 in 2 with consecutive sides a, , b,, a, 5}, ..., 
a, , b,,4,, by is called a Poincaré polygon if it satisfies the following 
conditions: 


(a) Ua;) = Ka;) and I(b;) = 1(b;) (¢ = 1, ..., p). 
(b) The sum of interior angles is 27. 


(i) Construct Poincaré polygons for each p > 2. 
(ii) Show that if 4 is a Poincaré polygon, then the 2-form @® of 
problem 20 satisfies 


t [| = 4p — I). 


Conclude that there is no Poincaré polygon for p = 1. 


23. Fuchsian groups. Adopt the notation of problems 19-22. 
Fix a Poincaré 4p-polygon, with consecutive vertices 2, ..., 24p 
(% = %4,). Let a;,6;,a;, 6; denote the sides as defined above, 
directed from the lower to higher vertex (e.g. d; is the side from 

< 


Z4; tO 24;,,) and let @,, b, , 4;, 6; be the same sides with opposite 
orientation. 


(i) Show that there are unique elements a,, 8,;, (¢ = 1, ...,p) in G 
such that a7'(a,) = 4; and £,(b,) = bi. Denote the subgroup of G 
generated by a ,...,a,, B,,...,8, by I. Fis called the Fuchstan group 
associated with 4. (cf. problem 19 for the definition of G.) 


(ii) Show that 4 9 a;7'(4) = a;’ and 41 B,(4) = b; (¢ = 1, ..., p) 
(111) Consider the sequence 


a By ’ a", Br sory Ly y B, ’ an) ae. ’ 


of elements in I’. Denote the product (in the given order) of the first m 
elements by 7,, (m = 1, ..., 4p). Show that for a suitable permutation o 
of (],..., 4p), 


T (295) = 295 J = l, eaey 4p. 


(iv) Set7,(4) = 4, . Show that 4; 1 4,,, is a common side having 2, 
as an endpoint. Show that 


4,A04,=2% if |kR-jl>1, 1<j,k <4p. 
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(v) Show that 4,, = 4 and that the polygons 4,, ..., 44, cover a 
neighbourhood of 2 . Conclude that 7,, = ¢; 1.e., I has the relation 


048,01 "By" *** %pByay Bp = ¢. 


24. Poincaré polygons as fundamental domains. Adopt the nota- 
tion of problem 23. 


(i) Set w, = 777(z9) (i.e., w; = 2,4), 7 = 1, ..., 4p). Define a sym- 
metric relation in /* x A as follows: 
(a) If zis an interior point of 4, then (g, 2) ~ (g’, 2’) if and only if 
g=g andz= 2’. 
(b) If zis an interior point of a; , then 


(g,2)~(g,2) and (g, 2) ~ (80; , 07 '2). 
(c) If zis an interior point of 5, , then 
(g,2)~(g,2) and (g, 2) ~ (887, B,). 
(d) If zis a vertex (z = w,), then 
(8, %) ~ (gti 't5,%), jf = 1, 5 4p. 


Show that this relation is an equivalence relation, and write down the 
equivalence classes. 

(ii) Give I the discrete topology. Let X be the quotient space under 
the equivalence relation above (quotient topology) and letg: ! x 4—+>X 
be the projection. Show that X is second countable, Hausdorff, and 
pathwise connected. 

(iii) Define a map g: I x 4-2 by o(g, 2) =g° 2. Show that 
g factors over the projection g to yield a continuous map #: X > 22. 
Show that ¢ is a local homeomorphism. 

(iv) Let t+» 2(t) be a continuous map from [0,1] into 2. Let 
xX, € X be any point such that #(x,) = 2(0). Show that there is a unique 
continuous map t+» x(t) from [0, 1] into X such that 


x(0) =x, and  ¢(x(t))=2(t), O<t< 1. 


(Hint: Cover the curve 2(t) by finitely many J’-translates of 4.) Conclude 
that % is a homeomorphism, onto 2. 


(v) Show that I’ acts discontinuously and properly on 22 and that 
the interior of 4 is a fundamental domain for the action. Conclude that 
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the orbit space (M = 2/I’) is a smooth compact connected orientable 
2-manifold, and that 7: {2 M is the universal covering projection. 


(vi) Compute the cohomology algebra and Euler—Poincaré char- 
acteristic of M. 


(vi1) Generalize to nonconvex polygons. 


25. The Mobius group. Consider the action of the Mobius group M@ 
on S* (cf. problem 14, Chap. II). 


(1) Show that this action is transitive and determine the isotropy 
subgroups. 

(11) Consider the induced action on the tangent bundle r,s. Deter- 
mine the isotropy subgroups. Show that there are exactly two orbits, 
namely the zero cross-section and the deleted bundle. Thus obtain a 
smooth bundle (M, z, 75s, C) (cf. Example 5, sec. 3.10, volume I). 


(iii) Show that M is diffeomorphic to 752 x C. Conclude that M is 
diffeomorphic to RP® x R*. Construct an inclusion SO(3) —~ M of Lie 
groups that is a smooth strong deformation retract. 


(iv) Find the fundamental fields for the action of M on S* and on T53. 


Chapter IV 


Invariant Cohomology 


In this chapter G denotes an n-dimensional Lie group with Lie 
algebra E£. 


§1. Group actions 


4.1. Invariant cohomology. Consider a right action, T: M x G—> M, 
of Gon a manifold M. Recall that ® € A(M) is invariant if T7@ = @, 
aeéG, (cf. sec. 3.12) and that the invariant forms constitute a graded 
subalgebra, A,(M). A,(M) is stable under 6 and the corresponding co- 
homology algebra is denoted by 


H(M) = ), H7(M). 


In particular, if MM = G and T is the group multiplication, A;(M) is 
denoted by A,(G), and the cohomology algebra is denoted by H,(G). 
The inclusion map 7: 4,(M) — A(M) induces a homomorphism 


1,: H(M)— H(M) 


of graded algebras. 
If T: N x G—N isa second right action and g: M —~ N is equiva- 
riant, then @* restricts to a homomorphism 


gi: A(M) — A,N), 
and so induces a homomorphism 


PT: H(M) <— HN). 
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Assume that %: VM — N is a second equivariant map, and that 
A:RxM—-+WN 
is a homotopy connecting ¢ and ¥ and satisfying 
H(t,x - a) = H(t, x) ° a, teR, xeM, aeG 


(H is called an equivariant homotopy). Then the associated homotopy 
operator h: A(M) — A(N) (cf. sec. 0.14), satisfies 


ho T* = T* oh. 
Hence it restricts to a linear map 
hy: A(M) — AN). 
Now we have (cf. sec. 0.14) 
br —pr =h)o8 + 8oeh,, 
whence 7 = g?. 
Next, assume that M@ = U U V where U and V are open sets, stable 


under the action of G. Then so is U AN V and, as in sec. 5.4, volume I, 
we can form the sequence 


0 —+ A(M) + AU) @ AV) => A(U A V)—> 0, 
where 
a(P)= (Ply, Ply), BOP, P) = Plunv— PF loav. 
Lemma I: If G is compact, then the above sequence 1s short exact. 
Proof: Let (f, g) be a partition of unity for M with 
carr fC U and carrgC V, 
Let 4 be the unique left invariant n-form on G (m = dim G) such that, 


with respect to some left orientation, f; 4 = 1. 
Define new functions f; , g,€ 7(M) by 


fit) = [ f(e-a)da, gx) =| g(x a) da. 
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According to Example 2, sec. 3.18, f; and g, are invariant. Moreover, 
carrf,C (carrf):GCU and carrg,C (carrg) "GC V. 


Finally, 
filx) + g(x) = [ Yrae “ide [de sei 


It follows that (f;, g7) is again a partition of unity for M subordinate 
to the open cover U, V. Now mimic the proof of Lemma J], sec. 5.4, 
volume I, using f; and g,. 

Q.E.D. 


Corollary: There is an exact triangle 


HM) 


HU) © AV) 


HU V). 


4.2. Group projection. Consider again an action T: Mx G->M 
(with no additional hypothesis on G) and assume that J is connected. 
Fix a point z¢€ M and consider the map A,: G—» M given by 
A,a) = z+ a. It induces a homomorphism 


A*: H(M)— H(G). 


If we M is a second point then a path x(t) joining z to w provides a 
homotopy, 
H: (t, a)+> Axw(a), 


joining A, and A,,. Hence A# = A*®. 
It follows that the homomorphism, 


p: H(M)— H(G), 


defined by p = A? is independent of the choice of z € M; pis called the 
fLroup projection. 

Since A, is equivariant (with respect to the right action of G on G), 
it induces a homomorphism 


(AP);: A)(M) > A,(G). 
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Moreover, because the homotopy above is also equivariant, the homo- 
morphism, 

pr H(M) > H,(G), 
defined by p,; = (A,)7 1s independent of the choice of 2; p, is called the 


invariant group projection. 


Example: Let M bea connected Lie group and let G be a subgroup. 
Consider the right action of G on M given by restricting the group 
multiplication. Then the map A,: G— M is given by 


A,a) = 2a, zeEM, aeG. 


In particular, A, = j, is the inclusion map of G into M. Hence 


+ 


p= Al = JG. 
4.3. Compact groups. Assume that G is compact and that T: 
M x G — Gis an action. We shall construct a linear map 
p: A(M) + AM) 
homogeneous of degree zero, and satisfying (cf. sec. 4.1 for 2) 
poi =e. 


Orient G and let 4 be the unique left invariant 2-form (m = dim G) 
on G such that (with respect to some left orientation) 


[| 4=1. 


Regard (M x G,7y,M,G) as a trivial, oriented bundle, and let 
1: M x G— G denote the projection. Then a linear map, homogeneous 
of degree zero, 


14: A(M x G) > A(M), 


is defined by 
1Q= 4 Qnxgd 
G 
(cf. sec. 0.15). 
Thus we can consider the linear map J, ° T*: A(M) — A(M); tt is 
given by 
(Ise TO) =f T*On nb A. 
G 
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Lemma II: Fix xe M. Then (I, ° T*)(®)(x) = {¢ (TE®)(x) da. 


Proof: The retrenchment of T*® a 7Z4 to x X G isa AT,(M)*- 
valued n-form on G: 


(T*® n 1% 4), € AG; AT,(M)*). 
A short, straightforward computation shows that 
(T*D n 7G A), =f - A, 


where fe S(G; AT,(M)*) is given by f(a) = (TF®)(x). 
It follows that 


(Lae T*)O\(a) = [ (T*O awh A), = | (T2o\x) da, 
Q.E.D. 


Proposition I: (1) If ®¢ A(M), then (I, ° T*)®e AM). 
(2) If B€ AM), then Ul, o T*)O = ®. 


Proof: (1) Fix ae G, x € M, and write 
a, = (AdT,)2 : AT(M)* — AT;.q(M)*. 


Set Y = (J, T*)®. Then using Lemma II and the linearity of a, 
we find 


(TP)(x) = a,(W(x + a)) =a, ( | (TEP) + a) db) 
2 | : a4(T*P(x + a)) db 
— | _ (Tas ®)(x) db. 
Thus formula (1.2), sec. 1.15, yields 
(TEPMx) = J (TOY) db = YX), 


and so ¥ is invariant. 
(2) If @ is invariant, Lemma II yields 


[Lae T*)®|(x) = G(x) | _da = P). 
Q.E.D. 
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Proposition I shows that J, 0 T* may be regarded as a linear map 
p: A(M) + AM) 
satisfying pot = t. 


Theorem I: Let Mx G-—M be a right action of a compact 
Lie group. Then 


1,4: H,(M) — H(M) 


is injective. If G is connected, then 7, is an isomorphism. 


Proof: Recall from sec. 0.15 that f, 06 = 50 f, . Hencepo5 = Sop, 
where p: A(M)— A,(M) is the operator constructed above. Thus it 
induces p, : H(M)— H,(M). Since p oz = 4, clearly 


Py oly = 
and so 7, 1s injective. 


Next, assume that G is connected. In Theorem II, sec. 4.4 below, 
we shall construct an operator, 


hy: A(M x G) > A(M), 
homogeneous of degree —1, such that 

(78 = shyt hye 
(j.: M— M x Gis inclusion opposite e). 


Since Toj, =, precomposing both sides of this relation with T* 
yields 


top—t=Tyo T* —t = bhyT* + hy T* 5. 


It follows that 7, op, = ty(y) and hence z, is an isomorphism. 


Q.E.D. 


Remark: Theorem I applies equally well to left actions. 


4.4. The operator /y. Let M, N be manifolds with N connected, 
oriented, and of dimension n. Each ® € AQ(N) which satisfies 


[ @=1 
N 
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determines the operator Ig: A(M x N)— A(™M), given by 
I,(2) = f Qn nt, 
N 

I, is linear and homogeneous of degree zero. It follows from Proposi- 

tions [IX and X, sec. 7.13, volume I (or sec. 0.15), that 
5°08 =Solg and Ipoh = 6. 
Now fix 6 € N and let j,: M— M x N denote inclusion opposite b. 


Theorem II: There exists a linear map h,,: A(M x N)— A(™M), 
homogeneous of degree —1, and such that 


Proof: Let (U, u, R") be a chart on N such that u—1(0) = b. Choose 
Ye A™(U) so that 
YS i YT. 
Pies 


Then (cf. Theorem II, sec. 5.13, volume J) there is an (m — 1)-form 
X e A®*(N) satisfying 
S— W = 8X. 


Fix one such X and define an operator, k,,: A(M x N)— A(M), by 
ky(2) = (-1)?f Qn akX, Qe AM x N). 
N 


Then 6ky + kyd =Ig—TLy. 
Next letA: M x U—M x N denote the inclusion. Since ¥ € AQ(U) 
it determines an operator, 


Iy: A(M x U)-» A(M), 
which we denote by /, to avoid confusion. Evidently [yo A* = Ty; hence 
| ee es = dky + ky 5. (4.1) 


Finally, fix a homotopy H: U x R— U which connects the identity 
map with the constant map U — 6. Then: x Hisa homotopy connecting 
the identity map of Mx U with j,om, (7,,: M x U—M is the 
projection and j,: M— M x Us the inclusion opposite 8). 
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The induced homotopy operator h,, satisfies 
Thoje —« = Shy + hy f. 
It follows as above that Jy o7* — 1; hence 
jf —Ty = Sluhy + Iyhy 8. 
Precompose both sides with A* to obtain 
fel] ol Se TN oh wl (4.2) 


Thus, setting h,, = ky — [yh,,A*, we find, on subtracting (4.2) from 
(4.1), that 
fo 7) = Shy Phys. 
Q.E.D. 


§2. Left invariant forms on a Lie group 


4.5. Left invariant differential forms. Consider the /eft action of G 
on itself by left translations. The differential forms on G that are invariant 
under this action will be called left invariant, and the graded subalgebra 
of left invariant differential forms will be denoted by A,(G). Thus 
® € A,(G) if and only if 


a-b=\'Mb=%, acG, 
or equivalently (when deg ® = p) if 
P(a; Lh, , ..., Lahy) = Ple; hy, ..., hy), h,,..,4,E€EF, aeG. 


Now let X, be a left invariant vector field (cf. sec. 1.2). Since, for 
each ae G, 
(Aa) aXn as Xn 
Proposition III, sec. 4.4, volume I, (or sec. 0.13) implies that the algebra 
A,(G) is stable under the operators 1(X,) and 9(X,). It is clearly stable 


under 6. The corresponding cohomology algebra H(A,(G), 6) will be 
denoted by H,(G). 


Proposition II: The correspondence, ®t» @(e), defines an_ iso- 
morphism, 
tp: A,(G) —> AE*, 


of graded algebras. In particular, the left invariant functions are constant. 


Proof: According to Proposition I, sec. 1.2, a strong bundle iso- 
morphism, 
G x E—> Tc, 


is given by (a, h) +» X,(a). It induces a strong bundle isomorphism, 
gy: G xX AEP SAT 
and so we obtain an isomorphism, 


9,4: S(G; NE*) —> A(G). 
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A simple computation (using the left invariance of the vector fields X,) 
shows that the diagrams 


S(G; NE*) +*> A(G) 


Aa AF 


S(G; NE*) *+ A(G), aeG, 


commute (cf. sec. 0.13). It follows that the left invariant forms corre- 
spond under 9, to the constant functions G—» AE*. The proposition 
follows. 


Q.E.D. 


Corollary: A,(G) is the exterior algebra over the vector space 


Al(G). 


4.6. The differential algebra AE*. Since A,(G) is stable under the 
operators 1(X,), 9(X,) (he E), and 6, there are uniquely determined 
operators 7,(h), 6,(h), and 6, in AE*, such that 


7p °U(X,) =ighh)or,, 7r°O(X,) = Oc(h)or,, hek, 
and 


7,°8 = bf°T,. 


1,(h) and 6, are antiderivations in AE*, homogeneous of degrees — 1 
and +1, respectively, while 6,(h) is a derivation, homogeneous of degree 
zero. 

From Proposition I, sec. 4.2, and Proposition II, sec. 4.3, both of 
volume I (or sec. 0.13), we obtain the relations 


te([h, k]) = O¢(h) te(k) — te(k) c(h), Be ([2, R]) = Oe(h) Oc(k) — Oe(A) c(h), 
Oe(h) = te(A) de + Sete(h) 
and 
&: = 0, h,keE. 


The second formula shows that 6, 1s a representation of £ in the vector 
space AE*. Since 6, is an antiderivation in AE* whose square is zero, 
(AE*, 6,) is a graded differential algebra. The corresponding cohomology 
algebra is called the cohomology algebra of the Lie algebra E and will be 
denoted by A(E). 
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It follows from the definitions that 
rp: Ay(G) —> AE* 


is an isomorphism of differential algebras. Thus it induces an iso- 
morphism 


(r1)4: Hi(G) — H(E). 
Now we shall determine the operators 1,(h), 8,(h), and 5, explicitly. 
Proposition III: The operators 7,(A), 9,(h), and 6, are given by 
(1) [te(h)®](h, , ..., hp) = O(h, hy, ..., hp_,). 


(2) [O(h)®](h, , ..., hp) = >? Blhy , 5 [hy Ag], «+5 Ay)- 


(3) [SeP](hg hy, --y hy) = Yo (1H, , hay), Ag yey Ay y ey Ay y oes Ay)s 


1<j 
®e NPE*, h, cE. 


Proof: (1) is immediate. To obtain (2) observe that, for ¥ ¢ A?(G), 


[O2(h) 7 P](hy , .-) Ap) = [0(.Xn) PF] (63 hy, «--5 Ap) 
= X(P(Xny 5 Xn,Me) — Yes hy vy [By Bi], «hy 
i=l 
Since ¥ is left invariant, so is the function P(X), , ..., .X,,). Thus this 


function is constant, and the first term in the above equation is zero. 


This proves (2). (3) follows in the same way. 
Q.E.D. 


Example: Let A* € E*. Then 


0,(h) h*, ky = —Ch*, [h, k]) = —Ch*, (ad h)RD 
and 


deh*, h A k> = —c¢h*, [h, k]>, h, k E E. 
Hence the restriction of @,(h) to E* is given by 


0,(h) = —(adh)*, he, 
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while the restriction of 5, to E* satisfies 
8*(h nk) = —[A, Rl. 


4.7. Homomorphisms. Let y: G— K be a homomorphism of Lie 
groups. Let F be the Lie algebra of K and recall that the derivative of 
gp at é, 

yg: EF, 


is a homomorphism of Lie algebras (sec. 1.3). 

For every he E, the vector fields X,€2,(G), Xjq,) €%,(K) are 
g-related. Thus Proposition III, sec. 4.4, volume I (or sec. 0.13) gives 
the relations 


(Xp) op* = p* ot(Xgq)), 
A(.X,) op* = p* o AXe), 
and 
60 g* = g* ‘o) }. 


On the other hand, the equation AX o p* = p* o AX), ae G, shows 
that m* restricts to a homomorphism 


gi: A(G) — A,(K). 


It is immediate from the definitions that the diagram, 


* 


A,(G) —4~ A,(K) 
|= = |71 


AE* — ——_— AF* ’ 
(Ae’)* 


commutes. 
But this yields the relations 


ip(h) o (Agp’)* = (Ag’)* 0 tr(p'(h)), 
Op(h) o (Ag’)* = (Ag’)* 0 Fx(e'(h)), 
and 
d-° (Ag’)* = (Ag’)* 0 bz, he E. 


In particular, (Ag’)* is a homomorphism of graded differential algebras. 
Thus it induces a homomorphism of cohomology algebras, which we 


denote by 
(p')*: H(E) — A(F). 
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It follows from the definitions that 


H (G) <“+— H,(K) 
(rr)s | = =|(Tr)» 
H(E) ———_ H(F 

(E) esr. (F) 


commutes. 


4.8. The adjoint representation in AE*. Consider the adjoint 
representation of G (cf. sec. 1.10). The contragredient representation, 
Ad’, of G in E * extends to a representation, \Ad* = >°, AP Ad’, of Gin 
the graded algebra AE*; it will be denoted by Ad*. Thus 


Ad*(a)(h*) a +++ A h¥?) = (Ad a) *h*! a ++ a (Ad am)* h*?. 
On the other hand, recall that in sec. 4.6 we defined a representation, 
6., of Ein AE*. 


Lemma III: @, is the derivative of the representation Ad’. 


Proof: Since 6(X,) is a derivation in A,(G), 6,(h) is a derivation in 
AE*. On the other hand, if 6* denotes the derivative of Ad’, then 


p 
OAR An h¥P) = YA Nn OA) BAER AP 
t=1 
(cf. Example 2, sec. 1.9). It follows that 6*(h) is a derivation in AE* 
as well. Hence we need only prove that 
Oh) h* = O(h)h*, heE, h*e E*. 


But this follows from the example in sec. 4.6. 
Q.E.D. 


Next, fix a € G. Since Ad a is the derivative of the inner automorphism 
7, , it follows that 
Ad‘(a) = A(z)*. 
Hence Ad*(a-!) commutes with 6, . In particular, the representation, 
Ad’, of G in AE™* induces a representation, 


at» Ad*(a), 
of G in H(E). 
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Lemma IV: If G is connected, then the representation Ad* is trivial, 


Ad*(a) = 1, aceG. 


Proof: It follows from Lemma III and Example 4, sec. 1.9, that the 
derivative of the representation Ad* is given by 


hi>6-(h)*, hel. 
But by the relations of sec. 4.6 


Oe(h) = tg(h) 8¢ + og te(h). 
Hence 6,(h)* = 0. 
Since G is connected, the lemma follows now from Proposition IX, 


sec. 1.8. 
Q.E.D. 


Proposition IV: If G is a connected Lie group, then 
det(. — Ad a) = 0, aeG. 


Proof: Elementary considerations from linear algebra (cf. sec. A.2) 
show that 


det(: — Ad a) = Y (—1)*tr A? Ada = Y (—1)? tr A? (Ad a)*. 
p=0 p=0 
We have seen above that 
Ad‘(a7!) = y A” (Ad a)* 
p=0 


is an automorphism of the graded differential algebra AE*. Hence the 
algebraic Lefschetz formula (cf. sec. 0.8) yields 


y (—1)? tr A? (Ad a)* = y (—1)? tr Ad‘?(a-), 


p=0 


where Ad‘?)(a—!) denotes the restriction of Ad*(a~') to H?(E). 
Now Lemma IV yields 


y (—1)? tr A? (Ad a)* = y (—1)? tr Ad(™(e)* 


p=0 


= y (—1)? tr A? (Ad e)*; 


0 


8 
I 
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det(e — Ad a) = det(s — Ad e) = det(0) = 0. 
Q.E.D. 


Corollary: Let ae G. Then of the normalizer, N,, of a (Example 
4, sec. 2.4) has at least dimension 1. 


Proof: It follows from the proposition that there exists a nonzero 
vector h € E such that 


(Ad a)h = h. 


Hence / is in the Lie algebra of N, (cf. Example 4, sec. 2.4) and so 
dim N, 2 1. 
Q.E.D. 


§3. Invariant cohomology of Lie groups 


4.9. Invariant forms. A differential form ®e€ A(G) will be called 
b1-invariant, or simply invariant, if 


A*P = D and *P = OD, aeG. 


The set of invariant differential forms is a graded subalgebra of A(G) 
which we denote by A,(G). Clearly A,(G) is stable under 5. 


Proposition V: ‘The invariant forms on G are closed. 
Lemma V: If v: G—>G is the inversion map of G, then 
v*h =(-1), Ge AAG). 
Proof: We have (cf. sec. 1.1) 
(dv) = —R,-10L7", aeG. 
Thus, for ae G, h,, ..., h, € E, 


a! 1°? 
= (—1)"(p* P(e; h, , ..., h,) 
— (—1)?®(a; Lh, ’ very Leghy). 


(v*®)(a; LA, ,...,Lh,) = O(a"; —R,-1h, , ..., —R,-sh,) 


Q.E.D. 


Proof of the proposition: Since A,(G) is stable under 6, the lemma 
yields 
(—1)?+18@ = v* 8 = 8 *S = (—1)98@, Se AG), 


whence 6® = 0. 
Q.E.D. 


It follows from Proposition V that the inclusion A,(G) — A,(G) 
induces a homomorphism of graded algebras 


A,(G) — H,(G). 
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Next we determine the subalgebra of AE* corresponding to A,G) 
under 7, (cf. sec. 4.5). 


Lemma VI: If ®¢ A,(G), then p*#® € A,(G) and (cf. sec. 4.8) 
ti(pa®) = Ad*(a)(7,®), aeG. 


Proof: That A,(G) is stable under pz , ae G, follows (cf. sec. 1.1) from 
the relation 


pe oaAx = A* ope, a,beG. 


Moreover, if ® € A,(G), then 
T (p2 ) = (p* A* ,O)(e) = (r* ,D)(e) 


(7,-1 1S conjugation by a—). Also 7,-:(e) = e and 
A(r,4)* = Ad*(a). 
Thus 
tT (prD) = (Az) 1)"(P(e)) = Ad*(a)(z,9). 
Q.E.D. 


Now let (AE*), denote the subalgebra of AE* invariant with respect 
to the representation Ad*. Lemma VI implies that the isomorphism 7, 
restricts to an isomorphism 1, : A,(G) =» (AE*),. Thus the diagram 


A,(G) ——— ae A,(G) 
7 |= =|/Tr 
(AE*); ——> AE* 


commutes (the horizontal maps are inclusions). 
In particular the elements of (AE*), are in the kernel of 5, , and we 
have the commutative diagram 


A,(G) —— H,(G) 
71 | = =1(7z)» 
(AE*); —~> H(E). 


Finally, if G is connected, then (AE*), = (AE*) -9 (cf. Lemma III, 
sec. 4.8, and Proposition IX, sec. 1.8). 
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4.10. Compact connected groups. Suppose G is connected. The 
inclusion A,(G)— A(G) induces a homomorphism H,(G)— H(G). 
Combining this with the diagram just above yields the commutative 
diagram 


AG) 


H(G) —_+ H(G) 
1 |= =|(tL), 


(AE*)5-9 —-> H(#). 


Theorem III: If G is compact and connected, all the above maps 
are isomorphisms (of algebras). 


Proof: It is sufficient to show that the inclusions 
AG) -> A(G), A ,(G) > A(G) 
induce isomorphisms A,(G) — H(G), H,(G) = H(G). 
Since A,(G) is the algebra of differential forms invariant under the left 
action of G on itself, Theorem I, sec. 4.3. implies that H,(G) > H(G) 
is an isomorphism. 


On the other hand, consider the right action, 7, of the compact 
connected group G x G on G given by 


T (a,s)(x) = a xb, a,b, xeEG. 

A,(G) is the algebra of differential forms on G which are invariant 
under this action. Since the forms in A,(G) are closed, Theorem I, 
sec. 4.3, implies that 4,(G) — H(G) is an isomorphism. 

Q.E.D. 


Corollary: The Poincaré polynomial, f,(¢), of a compact connected 
Lie group G is given by 


felt) = iB det(Ad a + t.) da. 


Proof: By definition (cf. sec. 0.14) 


(n = dim G and b, = dim H®(G)). 
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It follows from Theorem III that 
b, = dim(A?E*),,  p = 0,1, 02. 


Hence Corollary III to Proposition XV, sec. 1.16 (applied with P = Ad) 
yields 


Y. byt? = { det(Ad a + tr) da. 
G 


p=0 


Q.E.D. 


4.11. Noncompact groups. It can be shown that every connected 
Lie group contains a compact subgroup as deformation retract (cf. [9, 
p. 180]). Thus the computation of the cohomology of any Lie group is 
reduced to the compact case. In particular, as is shown in the example 
below, the group SO(n) is a deformation retract of GL*(n;R) (the 
l-component of GL(n; R)) and hence the cohomology algebras of these 
groups are isomorphic. 

It will be shown in volume III, that the map, 


A,(G) — H,(G), 


which is induced by the inclusion map is still an isomorphism if the Lie 
algebra of G is reductive. On the other hand, the homomorphism, 


H(G) — H(G), 


is mot in general an isomorphism if the group 1s not compact. 
In fact, as will be shown in volume III, if the adjoint representation of 
G is semisimple, then 


dim H7(G) = 1, n= dimG. 


(This holds in particular for G = GL+(n; R).) On the other hand, if G 
contains a compact subgroup K of lower dimension which is a deforma- 
tion retract of G (for example G = GL*(n; R), K = SO(n)), we have 


A"(G) ~ H"(K) = 0. 
Thus H"(G) and H7(G) are not isomorphic. 


Examples: 1. Let V be an m-dimensional Euclidean space, and 
denote the space of self-adjoint transformations of V by S(V). Then the 
map, 

a: SO(V) x S(V)—> GL+(V), 
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given by a(g, %) = m exp w is a diffeomorphism. In particular, SO(V) 
is a deformation retract of GL+(V). 

In fact, it was shown in Example !1, sec. 1.5, volume I, that exp maps 
S(V) diffeomorphically onto the open subset S+(V)C S(V) of self- 
adjoint transformations with strictly positive eigenvalues. In particular, 
since exp 2p = (exp ¢)*, p € S(V), it follows that the map 


o> o” 
is a diffeomorphism of S*(V). Denote its inverse by 
gt oll? 


and write (o7!)!/2 = g1/2, 
Then a smooth map 8: GL*+(V)-—» SO(V) x S(V) is given by 
Ble) = (p ° (p* © gp)”, exp" (p* o p)/”) 
and £ is inverse to «. Thus a is a diffeomorphism. 


2. Similarly, if W is an complex n-dimensional Hermitian space, 
then the map 


a: U(W) x S(W) > GL(W) 
given by 
ap, ) = p exp # 


is a diffeomorphism. (S(W) is the space of self-adjoint transformations 
of W.) 


§4. Cohomology of compact connected Lie groups 
In this article G denotes a compact connected Lie group. 


4.12. The primitive space and the main theorem. Since G is com- 
pact, we have the Kiinneth isomorphism (cf. sec. 0.14) 


k,: H(G) ® H(G) ——> H(G x G). 


Henceforth we shall identify H(G x G) and H(G) ® H(G) under this 
isomorphism. Thus, if u: G x G-—»G denotes the multiplication map, 
u* becomes a homomorphism 


ué: H(G) @ H(G) — H(G). 
i ji: G>G x Gandj,: G—>G x G be the inclusion maps given 
ila) = (a,e) and ja) = (@, a). 
In view of Example 2, sec. 5.17, volume I, if ye H+(G x G), then 
y =jtv@®1+8 +1 Sify, (4.3) 
where 8 € H*(G) & H*+(G). Observing that ps o 7, = po fg = t, we obtain 
pta =a ®l1+84+ 1 &a, a€Ht(G), BeH*(G)@®H+(G). (4.4) 
Definition: An element a € H*+(G) is called primitive if 
pta — ae @l +1 @a. 


The primitive elements form a graded subspace, P, , of H(G) (i.e., 
Ps = Xp-0 Pe A H?(G)) and P. A H?(G) = 0, if p is even. To see 
the latter, assume that a is primitive, and has even degree. Then the 
elements a ®) 1 and 1 ® « commute; whence 


wea) =(@@1L+1@ar= Y(F)ae@ar*, — m>0, 


k=0 


Now choose m to be the least integer such that «” = 0. Then 
mom : : 
® ak — Q, 
x 2) @a 
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It follows that 
ak &®am-* = 0, k =0,..., m. 


In particular, « ® «”-! = 0 and so a = 0. 

Since every homogeneous element of P, has odd degree, it follows that 
the square of a primitive element in H(G) is zero. Thus the inclusion 
map P, — H(G) extends to a homomorphism 


Agi APg > H(G) 
of graded algebras. The purpose of this article is to establish 


Theorem IV: Let G be a compact connected Lie group. Then A, 
is an isomorphism. Moreover, if 7 is the dimension of a maximal torus, 
then 


dimPg =r and dim H(G) = 2’. 
Definition: The number 7 is called the rank of G. 


Although the actual proof of Theorem IV does not come till sec. 4.17, 
the key steps are established in the preceding section (Propositions VIII, 
IX, and X). These in turn depend on the preliminary results on power 
maps which are proved in sec. 4.14 and sec. 4.15. 

However, before proceeding with the proof, we consider the case that 
our group 1s a torus. 


4.13. Cohomology of a torus. Let 7 be an r-dimensional torus with 
Lie algebra F. Since T is abelian, the adjoint representation is trivial, 
and hence (AF*), = AF*. Thus Theorem III, sec. 4.10, yields an 


isomorphism 
ap: AF* —+ H(T). 


Moreover, if S is a second torus with Lie algebra L and g: S —> T 1s 
a homomorphism, then the diagram 


H(S) <—— AL* 


g* Jace 


H(T) «— AF* 
ar 
commutes. 
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Now, since 7 is abelian, the multiplication map wp: T X T— T is a 
homomorphism. 

The derivative of » at e is the linear map, p': F OF > FP, given by 
p(h,k) =h-+ k. Hence (p’)* (h*) = h*¥ © 1 + 1 OA*, h* eF*. Thus 


the diagram above reads 


ar Oar 
oS 


H(T) @ H(T)<«——— AF* @ AF* 
| [awe 
H(T) — AF*. 


It follows at once that a; restricts to a linear isomorphism from F* 
onto the primitive subspace of H(T). (This proves Theorem IV for tori.) 


4.14. The power maps. The kth power map P,: G — G 1s defined by 
P,(x) =x", Pix) =e, Pylx)=(x) kD 1. 
In particular, P, is the identity and P_, is the inversion map, v. 


Example: The power maps, P,, for an r-dimensional torus, 7, 
are homomorphisms. Moreover Pj, is simply scalar multiplication by &. 
Thus it follows from sec. 4.13 that P§ is given by 


P¥a = kPa, aé€ H?(T). 


In particular, the degree and Lefschetz number of P, are given by 


deg P, =k" and L(P,) = y (—1)? (4) = (1 — ky’ 


p=0 


(cf. sec. 0.14, and note from sec. 4.13 that dim H?(T) = ().) 


In the next sections we generalize these results to arbitrary compact 
connected Lie groups G. 

Let p:G X G—G and o:G x G—G x G denote, respectively, 
the multiplication map and the interchange map o(x, y) = (¥, *). 


Proposition VI: With the notation above 


(1) v#¥(a) = (—1)Pa, a € H®(G). 
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(2) The diagram 
H(G) © H(G) 


o* H(G) 


A(G) © H(G) 
commutes. 
(3) The diagrams 
H(G) @ H(G) 4— H(G) 
PE @P; P* 
H(G) ® H(G)<— H(G),_ ke, 
commute. 


Proof: (1) This follows from Lemma V, sec. 4.9, and Theorem ITI, 
sec. 4.10. 


(2) Since the inversion map v,,, for the Lie group G x G ts given by 
vexa(4, 6) = (a, 6"), 
it follows that po ao vgyg = v0 p. Hence (1) yields, for «a € H®(G), 


(—1)?p¥a = p*vta = (véxG¢00" op") = (—1)?o"p*a. 


(3) Let 
pa GX eX G—-G 


(p factors) 
be the multiplication map and let o, be the diffeomorphism of 
G x -: x G that interchanges the ith and the (z + 1)-th component: 
OK i 5: te We = (Nia sey gg hy oes eg) 


Then (2) implies that of o u% = y%. It follows that if 7 is any permutation 
of the elements (1, ..., p) and if + also denotes the diffeomorphism 

T. (x, i sea Xp) +> (*,q) y eeey Xx(p))s 
then 


cae + i  £# 
r My — Bp> 
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Now fix k > 1 and define maps 
4,,44.:GxG>Gx:xG 
(2k factors) 
by 
AR) = (Rei sD) and A(x, y) = (x,y, ..., x, ¥). 
Then 
Hon 4) = eo(P, X P,) and pgp 0 Sn = Pho. 


Since, for a suitable permutation 7, 4, = 7°4,, and_ since 
v* o pk, = p3,, it follows that 


po PE == Ayo pg, = Ay o ug, = (Pe X Py)* om*. 


The case k < —1 can be treated in the same way and the case k = 0 
is obvious. 


Q.E.D. 


4.15. The Lefschetz class. In this section we assume that G is 
oriented. Denote its orientation class by w,¢H"(G) (cf. sec. 0.14). 
Define the quotient map 


gi}GxG—>G 
by g(a, b) = ab. 
Proposition VII: The Lefschetz class, A, , for G is given by 
Ag = grag 


(cf. sec. 10.3, volume I). 


Proof: Let 7, , 7m: G x G—G be the left and right projections. 
It has to be shown (cf. Corollary I to Proposition I, sec. 10.3, volume I) 
that 


f TT pi ; q*wg = a, XE H(G). 
G 
Let ¢ be the diffeomorphism of G x G given by 


g(a, b) = (a, ab). 


g is a fibre preserving and orientation preserving map of the trivial 
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bundle (G x G, 7, , G, G). Moreover, it induces the identity map in the 
base. Hence Proposition VIII, sec. 7.12, volume I, yields 


whence 
+ + 
} gp" (7RX* Jw) = f TRY Qrug, a€ A(G). 
G G 
But q° m = 7, and so this relation becomes 
+ + 
} p* Ro : TRWG = f TT pot : g*we ; ae H(G). 
G G 
It remains to prove that 
a= a p* Ra ; TRWG ; YE H(G). 
G 
Recall that we identify H(G) ® H(G) with H(G x G) via the Kiinneth 
isomorphism «x, (cf. sec. 0.14). It follows from Example 2, sec. 5.17, 
volume J, that if ye H(G x G), then 
y —Jiv @ le A(G) @ H*(G), 


where j,: G—G xX Gis given by j,(a) = (a, e). Since w, - H*(G) = 0, 
this yields 


ae __ ss ee ee 
Y TRG =JLY OG = TALLY | TRYG- 


Now set y = y*z%a. Observing that 7, ° moj, = we find that 
+ # + 
f p* mR ‘ TRWG = f Ti * TWRWG = a° | Wo = a 
G G G 


(cf. Example 2, sec. 7.12, volume 1). 
Q.E.D. 


Corollary I: Let M be a compact connected oriented manifold and 
let o, J: M—G (dim M = dim G = n) be smooth maps. Then the 
coincidence number (cf. sec. 0.14) for pm and y is given by 


Lip, #) = deg(p™ - #), 
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where go! - J: M — Gis given by 
(p* - d(x) = o(x)* $x), = xe M. 
Proof: Apply Proposition VII, sec. 10.7, volume I, noting that 


pb = qol(p x $)°o4y, 


where 4,,: M— M x Mis the diagonal map. 
Q.E.D. 


Corollary II: Let g: G—»> G be a smooth map and denote by 9"? 
the restriction of o* to H?(G). Then the Lefschetz number of ¢ is given 
by 


L(y) = >; (—1)? tro!” = deg g,, 


p=0 


where g, = gy! °u. 


Corollary III: Let keZ. Then the Lefschetz number of the 
power map P, is given by 


L(P,) = deg Py_y. 
In particular, the Euler—Poincaré characteristic of G is 0 (set k = 1), 


4.16. The spaces H,(G). Let T be a maximal torus in G and let 
r = dim T. Recall that a smooth map %: G/T x T—G is given by 


Ui(7a, y) = aya™, aeG, yeT, 


where 7: G— G/T denotes the projection (cf. sec. 2.17). 
Clearly, the diagrams 


G/T x p+ 


‘<P, P, (4.5) 
GITx T—+G, kel, 


commute, where P, denotes the power map for 7. 


4. Cohomology of compact connected Lie groups 173 


These yield the commutative diagrams 


H(G/T) ® H(T)<— H(G) 
Pt] jer (4.6) 
H(G/T) ® H(T)+— HG), ke. 


Proposition VIII: Let H,(G) denote the eigenspace of the linear 
map P 3 : H(G) — H(G) corresponding to the eigenvalue 2”. Then 


(1) H(G) = Lpao H,(G). 
(2) For every k 40, H,(G) is an eigenspace of the linear map, P; , 
corresponding to the eigenvalue k?., 


Proof: Recall from the example of sec. 4.14 that, for « € H®(T), 
P#(a) = hk? + 


Thus H(G/T)@® A(T) is the direct sum of the eigenspaces 
H(G/T) ® H*(T) of © Pf corresponding to the eigenvalues k? 
(p = 0, ..., 7). 

In view of the diagram above, Im * is stable under the map « © P#. 
This implies that 


Im y* = y Im $* A [H(G/T) ® H*(T)). 


p=0 


Next observe that, according to Proposition IV, sec. 2.18, deg 4 #0 
and so ys* is injective (cf. Corollary I to Proposition III, sec. 6.5, 
volume I). Hence the relation above shows that 


H(G) = ¥. (*)-(H(G/T) @ HT) 


and that P§ restricts to k? «ce in (p*)—'(H (G/T) ® H*(T)). In particular, 
it follows that 


H,(G) = (f*)-(A(G/T) © A(T) 


(consider the case k = 2), and so both parts of the proposition are 
obvious. 


Q.E.D. 
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Corollary: j* restricts to linear maps 


u*:H(G)—> >, H(G) @ HC). 


t+j=D) 


Proof: Apply Proposition VI (3), sec. 4.14. 
Q.E.D. 


Lemma VII: Each space H,(G) is graded, 
H,(G) = ), H;(G), 
q=0 


where H2(G) = H,(G)N H%G). Moreover, if p #q (mod 2), then 
Hi(G) = 0. 


Proof: The first part of the lemma is obvious. Now assume that 
a € H3(G). Then Proposition VI, (1), sec. 4.14, yields 


(~1)%a = v¥a = P*¥ an = (—1)%a. 


Thus, if p # q (mod 2), a = 0. 
Q.E.D. 


Proposition IX: The dimension of H,(G) is given by 


dim H,(G) = iG ), O0<p<r, 
where r = dim 7. 
Proof: First observe that, in view of the commutative diagram (4.5), 
deg w - deg(. x P,) = deg P, - deg 
so that (cf. Proposition IV, sec. 2.18) 
deg P, = deg P, = kr, keZ. 


Thus in view of Corollary III to Proposition VII, sec. 4.15, we have 


L(P,) = deg P,- = (1— ky = ¥ (—P (3). 


4. Cohomology of compact connected Lie groups 175 
On the other hand, Proposition VIII and Lemma VII give 


L(P,) = ¥. (—1)*k? dim HG) 


> (—1)? k? dim H5(G) = y (—k)? dim H,(G), keZ. 


Pd p=0 


These relations yield 


Ms 


kP (dim 11,(G) es ()) =0, k=1,2,.. 


p 


Since the Vandermonde matrix (Rk?) (k = 1, ...,7 + 1, p =0,..., 7) has 


nonzero determinant, we obtain 


dim H,(G) = @ ). 
Q.E.D. 


Corollary: H,(G) = HG) = R. 
Proposition X: The spaces H,(G) and P, coincide. 


Proof: Let a¢ P, . Then, if 4: G—-G xX Gis the diagonal map, 
P#(a) = A*pta = A*(a ®) 1 + 1 @®a) = 2a, 
whence a € H,(G). 


On the other hand, if «¢€ H,(G), the corollary to Proposition VIII 
implies that 


uta € H,(G)@R +R HG). 


Hence, by formula (4.4), sec. 4.12, ae P, . 


Q.E.D. 
4.17. Proof and consequences of Theorem IV. Lemma VIII: 
If a, , ..., x, € Pg are homogeneous and linearly independent, then 
k 
I] ay x 0. 
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Proof: Suppose deg a; = p; with p, <--- <p,. Then the com- 
ponent of p#(a, * ++: * a,) in H?1(G) ® HP2+"''+Px(G) 1s given by 


> (—1) O,; © (a, eee &; toate L,) 


2 


where the sum ranges over those indices 7 such that deg a; = p,. We 
may assume by induction that a, ° +: & +++ * a, #O( = I,..., Rk). Since 
the a, are linearly independent, it follows that 


y (—1)! Ow, ® (a, each a, sec’ Oty.) 4 0, 


2 


whence p*(a, * -** * a,) 4 0. In particular, «, * +--+ * a, 4 0. 
Q.E.D. 


Proof of TheoremIV: Lemma VIII implies that A, is injective. On 
the other hand, by Propositions IX and X, sec. 4.16, 


dim Pg = dim H,(G) =r and dim H(G) = 2°. 


Thus dim AP, = dim H(G), and so A, is an isomorphism. 
Q.E.D. 


Corollary I: The cohomology algebra of G is isomorphic to the 
cohomology algebra of the product of 7 spheres (r = dim 7) each of 
which has odd dimension. 


Proof: Choose a homogeneous basis of P, and denote by P, the 
subspace generated by the jth basis vector. Then P, is a graded one- 
dimensional vector space whose elements are homogeneous of degree g, 


(g; odd). Hence (cf. sec. 5.6 and sec. 5.20, volume I) 
H(G) = APg & AP, © +: @ AP, = A(S") © + © A(S”) 


a H(S" x ++ KS). 
Q.E.D. 


Corollary II: ‘The Poincaré polynomial of G is of the form 


felt) = (1 + t%) > (1 +t"), sg, odd. 
In particular 


(—1)*dim H(G)=0, )ig,=n, and n=r(mod2) (n= dimG). 


u=l 


Ma 


ll 
-_ 


g 
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Corollary III: The exponents g; are all equal to | if and only if 
G is a torus. 


Corollary IV: The isomorphism A, restricts to isomorphisms 
A2: A?Pg —> H,(G). 
Proof: Since Py is a homomorphism, it follows that 
H(G) - H;(G) C A,,;(G), 


Thus Proposition X, sec. 4.16, implies that A,(A?P,) C H,(G). But, in 
view of Proposition IX, sec. 4.16, 


dim H,(G) = (c) — dim A?P,. 
Q.E.D. 
Corollary V: Let g: G+ K be a smooth map between compact 
connected Lie groups such that 
(px)? = ox’), xEG. 


Then g* restricts to a linear map pp : Pg < Py and the diagram 


\Pg —2+ H(G) 


int We 


APx = H(K) 


commutes. In particular, if K = G, then 
L(g) = det(s — gp). 


Proof: Observe that P, = H,(G) is the eigenspace of the map PZ 
corresponding to the eigenvalue 2, and conclude that p*(Px)C P,. 
The commutativity of the diagram follows immediately. In view of 
Lemma VII, sec. 4.16, this implies that 


T 


L(y) = Y (1)? tr Atpp = det(s — 92). 


Q.E.D. 


§5. Homogeneous spaces 


In this article K denotes a closed q-dimensional subgroup of G with 
Lie algebra F. The left action of G on G/K is denoted by T: G x G/K > 
G/K . 


4.18. The representation Ad*. Since K is a subgroup of G, its 
Lie algebra F is stable under the operators Ady (yeXK). Thus the 
orthogonal complement, F', of F in E* is stable under Ad*( y) (y € K). 
The restrictions of these operators to F+ define a representation 


Ad: K > GL(F*). 


It extends to a representation, AAd+, of K in the exterior algebra AF“. 
Now consider the projection, 7: G— G/K, and recall (Corollary I, 
sec. 2.11) that (dz), induces a linear isomorphism 


E|F —+ T{G|K). 


Hence the dual map can be regarded as a linear isomorphism 


— 


(dr)f: T,(G/K)* —> Ft 
and A(dz)* is an isomorphism 
AT,(G/K)* —> AF, 
Since m( yxy!) = a( yx) = y+ n(x), ye K, x EG, we have 
(dr), Ad y = (4T,)z (dz), , 
whence 
AAd+(y-!) 0 A(dm)* = A(dr)* 0 A(dT,)S, ye K. (4.7) 
Next denote by A,(G/K) the algebra of differential forms on G/K 


invariant under the action of G. Since 7 is equivariant with respect to the 
left action of G on itself, 7* restricts to a homomorphism 


w*: A,(G/K) —> A,(G). 
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On the other hand, let (AF), denote the invariant subalgebra of the 
representation AAd?+. Relation (4.7) shows that if ® € 4,(G/K), then 


A(dn)*(B(2)) € (AF), 
Thus a homomorphism, o: A,(G/K) — (AF“),, is defined by 
o(6) = A(dn)5(0(2)). 
Recall the isomorphism, 7, , of sec. 4.5. 


Proposition XI: o isanisomorphism of graded algebras which makes 
the diagram, 


A,(G) ] AE* 


‘ | 
A(G/K) —> (AF*),_, 
commute (where 7 is the inclusion). 
Proof: Evidently, 


o(®) = (n*)(e) = (rif \($), BE A,(GIK), 


and so the diagram commutes. Since 7 1s a submersion, 7* is injective; 
it follows that o 1s injective. It remains to prove that o 1s surjective. 
Fix « € (AF), and let 8B €e AT,(G/K)* be the unique element satisfying 


A(dz)(B) = 
Since a is invariant we have, for y € K, 
A(aT,)e(8) = B. 
Thus a set map, ¥: G/K + ATZ),, 1s defined by 
Yn(x)) = A(4T,.)3(8), EG. 


To check that ¥ is a differential form, let ® € A,(G) be the unique 
left invariant form such that ®(e) = a. Then, for xe G, 


®(x) = A(dr)*¥(n(x)). 


Fix x € G/K and let gp: UG be a local cross-section, where U is a 
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neighbourhood of # (cf. Corollary II, sec. 2.11). The relation just obtained 
implies that, in U, p*@ = ¥. Hence ¥ is a differential form. 

Y is clearly invariant and satisfies o(¥%) =a. It follows that o is 
surjective. 


Q.E.D. 


Corollary: Assume that K is compact and connected. Then G/K 
can be oriented by an invariant (m — q)-form. 


Proof: Since K is compact and connected, det Ad+(y) = 1, for 
y € K (cf. the example of sec. 1.13). It follows that 


dim A?-(G/K) = dim(A*-"F), = 1. 


Every nonzero element of this space orients G/K. 
Q.E.D. 


4.19. Invariant cohomology. It is an immediate consequence of 
Proposition XI, sec. 4.18, that (AF+), is stable under the operator 6, 
defined in sec. 4.6. Thus we have the commutative diagram 


HAG) —*—> HE) 


ow 


* e 
Wy ly 


H(G[K) ——> H((AF*),, 8:)- 


Applying Theorem I, sec. 4.3, we obtain 


Theorem V: Suppose that G and K are compact and connected. 
Then, in the commutative diagram, 


H(G) <—— H,(G) +> H(E) 


H(G|K) <—— H,(G/K) ——> H((AF“))) 


all horizontal maps are isomorphisms. 


4.20. Invariant Euler-Poincaré characteristic. Suppose again that 
K 1s an arbitrary closed subgroup of the Lie group G. 
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Then the invariant Euler—Poincaré characteristic of G/K is defined by 
n—@q n—-@ 
X(G/K) = > (—1)? dim H»(G/K) = Y (—1)? dim H*((AF*+),). 
p=0 p=0 
Now assume that K is compact. Then there exists an inner product 
<, > 1n £, invariant under the transformations Ady, y € K (cf. Proposi- 
tion XVI, sec. 1.17). If we identify E* with F under this inner product, 
then F! becomes the orthogonal complement of F in E, and we have the 
direct decomposition E = F+ @F. Moreover, in this case Ad-+(y) is 
simply the restriction of Ady to F+. 


Proposition XII: If K is compact, then 
X(G/K) = | _det(« — Ad*(y)) dy. 
K 


Proof: It follows from Corollary III to Proposition XV, sec. 1.16, 
that 


hi det(. — Ad+(y)) dy = > (—1)? dim(A?F*+),. 


On the other hand, the algebraic Lefschetz formula (sec. 0.8) yields 


y (—1)? dim(A?F); = > (—1)? dim H®((AF*),) = X,(G/K). 


Q.E.D. 


Corollary: If K is connected, then X,(G/K) > 0. Equality holds if 
and only if, for every ye K, 


FLAT AN,) + 0, 
where N,, denotes the normalizer of y. 


Proof: Since K is compact and connected, Ad+(y) is a proper rota- 
tion with respect to a suitable Euclidean inner product in F+. Hence, 


det(. — Ad+(y)) > 0, ye. 


Now the proposition shows that X(G/K) > 0 and X,(G/K) = 0 if and 
only if 


det(, — Ad+(y)) =0, ye; 
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i.e., if and only if, for every y € K, there exists a nonzero vector he F+ 
satisfying Ad+(y)h =h. But these are precisely the vectors of 
Fi! a T{N,) (cf. Example 4, sec. 2.4). 

Q.E.D. 


4.21. Euler-Poincaré characteristic. Proposition XIII: Let K bea 
closed connected subgroup of a compact connected Lie group G. Then 
the Euler—Poincaré characteristic of G/K is given by 


= i) _ det(s — Ad(x)) de. 


In particular, X,;x > 0. Moreover, Xg/x > 0 if and only if G and K 
have the same rank, and in this case 


XGiK == | We /| Wx |. 


Proof: The first formula follows from Proposition XII and 
Theorem V, and shows that X¢;x > 0. 

Let S be a maximal torus in K, and let L, F, and E denote the Lie 
algebras of S, K, and G. Write 


EF=FO@F=LQ(L:NF)@F'*. 


Let Adj, Ad+, and Adg denote the representations of S in L! OF, 
F* and (L+ 0 F) © F+, induced by the adjoint representation of G; thus 


Adg(y) = Adx(y) @ Ad*(y), ye S. 


The Weyl integration formula (cf. Theorem IV, sec. 2.19) yields 
det(. — Ad*(x)) dx = | Wx|7? i det(s — Ad+(y)) + det(e — Ad#(y)) dy. 
K AY 


On the other hand, since Adg(y) = Adx(y) @ Ad+(y), it follows that 
det(« — Ad+(y)) - det(e — Add(y)) = det(e — Ad&(y)), ye S. 


Thus the first formula in the proposition applied to both G/S and G/K 
gives 


Xeixk = | Wel I. det(s — Adg(¥)) dy = |Wx|" Xess. 
Now assume that rank K < rank G. Then S is not a maximal torus in 


G. Hence the corollary to Proposition XII implies that %,/, = 0; it 
follows that X¢/x = 0. 
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On the other hand, if rank K = rank G, then Sis a maximal torus in G. 
Now the first formulain the proposition (applied when K = S) together 
with the corollary to Theorem IV, sec. 2.20, yields X¢/, = | Wg |. 

This shows that 
XGiK = | We [/| Wx . 
Q.E.D. 


Problems 


1. Left invariant p-vector fields. A p-vector field on an n-manifold 
M isa cross-section in the vector bundle A?r,,. Denote the space of 
p-vector fields on M by A,(M) (p = 0,..., n). 


(i) Given a Lie group G, use left multiplication to define a left 
action of G on 7, , A?z_ and on A,(G). A p-vector field @ is called left 
invariant, if it is invariant under this action. The space of left invariant 
p-vector fields on G is denoted by A;(G). 


(ii) Show that the map, 74: A4(G) — AE, given by evaluation at e, 
is an isomorphism. 


(111) Consider the space D,(G) of p-densities on G (0 <p <n) 
and let é: D,(G) — D,_,(G) denote the divergence operator (cf. prob- 
lem 8, Chap. IV, volume I). Show that an isomorphism, 


pu: A,(G)—> D,(G)  (p =0,..., 7), 


is defined by p(®) = D & 4, where 4 is a fixed nonzero left invariant 
n-form on G. Define an operator, @ : A,(G) > A,_,(G), by 


Og = ptoOop, 
Show that d, is independent of the choice of 4. Show that dg restricts 


to an operator in the space of left invariant multivector fields. 


2. Let G be a Lie group with Lie algebra E. 
(i) Use @, (cf. problem 1) to obtain an operator é, in AE. 
(ii) Show that @, 1s explicitly given by 
Op(hy A+ AA,) = y (—1)'+1 fh, , hj] A Ay A hh, sles h, wih. 
i<j 
(iit) Show that the operators 0; and —8,; are dual, where 5; is the 
operator in AE* defined in sec. 4.6. 
(iv) Establish the Koszul formula 


I 
bg = 52. u(e*’) o A-(e,), 
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where {e’}, {e*"} is a pair of dual bases for E and E*. Hint: Show that 
both sides are antiderivations in AE*. 


(v) Find an analogous formula for é, . 


3. Define ® e A'(GLt(n; R)) by O(a; ~) = tr(a! o g), «€ GLt(n; R), 
P E Lan . 


(1) Show that @ is biinvariant. 
(11) Construct a scalar function f on GL+(n; R) such that df = ©. 


4. Let T: M x G—M bea right action of a Lie group on a manifold 
M. Denote by 6(M) the subspace of A(M) that is linearly generated 
by the differential forms 0(h)®, he E, Be A(M). 


(i) Prove the formula 
6(h) o TX — T* 0 O(h) = Wh — Ad(a)h)o T*, acG, heE. 


Conclude that 6(/) is stable under TX, aé G. 
(ii) If Gis connected, show that 


T*® —@eWM), Pe A(M). 


(iii) Assume that G is compact and connected and let p: A(M) > 
A,(M) denote the projection defined by 


p() = | _T3o da. 


Prove that ker p = 6(M), so that 
A(M) = A(M) © &M) = A(M ong ® AM). 


5. Let G,, G, be Lie groups with Lie algebras £, , E, . 


(i) Establish a canonical isomorphism H(E£, @ E,) = A(E,) © A(E,). 
(ii) If £,is unimodular, show that multiplication in H(E,) determines 
nondegenerate scalar products, H(E,) x H"-°(£,) — R, where 2 = 
dim E, (Poincaré duality). 
(i1) Assume that G, and G, are connected and compact. Show that 
the Kiinneth isomorphism and the Poincaré isomorphisms correspond 
to the isomorphisms (1) and (ii) under the map of Theorem III. 
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6. Let HC K CG bea sequence of compact connected Lie groups. 


(i) Construct a subgroup Wx, of the Weyl group W, and a sur- 
jective homomorphism W x, — Ws, (cf. problem 25, Chap. IT). If K has 
the same rank as G, show that this is an isomorphism; 1.e., that Wx 1s a 
subgroup of W, . 

(ii) Show that Xg/, is the index of Wy in W,. Conclude that 
Xoin = Xoix Xin - 

(iii) If is a compact subgroup of G with |-component L°, show that 


XGiL ° | L/L? | = XG) 10 . 


7. (i) Usethe Weyl integration formula and residue calculus to show 
that the Poincaré polynomial of U(n) is the coefficient of (z, ° -- * z,,)?”— 
in the polynomial, P, given by 


n 
nm! P(z,,-,2n) = [] (tz, +2): T] (&—-2,) 
v,u=l] l<v#ucn 


(t, a parameter). Show that the Poincaré polynomials of U(2) and U(3) 
are respectively given by 


fit) = +2) 4+ &) and §=6f(t)=(1+24)0 + 4) + 2°). 


(ii) Compute H,(SO(3)) and verify that it coincides with H(RP%). 
(ii1) Compute H,(SL(2; R)), H,(SL(2; R)), and H(SL(2; R)). 


8, Let E be the Lie algebra of a compact connected Lie group G. 
(i) Show that H}(£) = Z# and that A(E) ~ AZE ® A(E’) (cf. 
problem 7, Chap. II). Interpret these statements in terms of H(G). 
(ii) Show that H3(G) = P, nN HG), if E = EL’. 
(iii) Assume that G is not abelian and let K denote the Killing form 
of E (cf. problem 7, Chap. II). Define a 3-linear function @ in E by 


D(h, , he, hg) = Kh, [Az , hs), hy € E. 


Show that © is skew-symmetric and depends only on the vectors in E’. 
Show that ©® is invariant, and conclude that it represents nonzero classes 


ag € H3(E’) and a, € HG). 
(iv) Show that the only spheres which are Lie groups are S! and S°. 


9. Conjugation. The set of elements in a Lie group G conjugate 
to a given element a 1s called the conjugacy class of a. The set of elements 
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in the Lie algebra E of G of the form (Ad x)h (fixed A, all x € G) is called 
the conjugacy class of h. 


(i) Show that each conjugacy class is an embedded homogeneous 
space. 


(ii) Show that “exp” maps the conjugacy class of h onto the conjugacy 
class of exp h. Identify the sets of conjugacy classes in G (respectively, 
in £) with an orbit space of an action of G. Denote the second orbit 
space by £/G. 

(iii) Assume G is compact and regard the elements of (VE*), as 
functions in E.. Show that, for such a function /, f(#) depends only on the 
conjugacy class of h. 


(iv) In volume III it will be shown that, if G is compact and con- 
nected, then (VE*), is a polynomial algebra over a graded subspace QO, 
with dim Q, = rank G. Use this fact to obtain an embedding of E/G 
in R’ (r = rank G). 

Show that the image of the embedding contains an open set of R’. 

(v) Assume G compact and connected. Show that an automorphism, 
7, of G determines a homeomorphism 7: E/G — E/G. Show that, for 
fe(VE*),, he E/G, 


f(th) = ((7'YF)(A). 


(v1) Let G, 7 be as in (v). In volume III we shall construct a linear 
isomorphism A: P, —> Og such that Ao r* = (r’)’oA. Use this fact to 
conclude that 7* is the identity map of H(G) if and only if is the identity 
map of E/G. 


10. Automorphisms. Let 7 be an automorphism of a compact 
connected Lie group G. 7 is called inner if, for some a € G, r(x) = axa, 


xeG. 


(1) Show that 7*(a¢) = ag, where ag is the class defined in 
problem 8, (111). 

(ii) Let Z2(7) = {x € G | r(x) = x}. Show that Z(r) is a compact Lie 
subgroup of G. If G’ # e, show that Z(r) contains a nontrivial 1-param- 
eter subgroup of G’. If S is a maximal torus of Z(7) conclude that its 
centralizer Z, is a maximal torus of G. 


(ii1) Suppose Z(7) contains a maximal torus of G. Prove that 7 is inner. 


(Hint: Use problems 28 and 29, Chap. ITI). 
(iv) Show that the following conditions are equivalent: (a) r* = t. 
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(b) + is inner. (c) for each xe G there is some a,€G such that 
r(x) = a,xaz'. (Hint: Use problem 9, (vi).) 


11. Toral actions. Let atorus, 7, with Lie algebra E act ona mani- 
fold M so that the isotropy subgroups are all different from 7. Choose 
he E so that the 1-parameter subgroup generated by / 1s dense in 7. 


(i) Show that the fundamental vector field Z, has no zeros. 


(1) Give M a T-invariant Riemannian metric. Define a 1-form w 
on M by 


w(X) = (Z,,2,>77«Z, , XD, X€4(M). 
Show that z(h)w = | and, forae T, ke E, 
Ttw =u, Oko = 0. 
(ii) Set 
A(M) iyo = ker i(h), — A(M)ainyao = ker O(h) 


and 
A(M);(n)=0,0()-0 = A(M)itmeo O ACM ono - 


Show that the multiplication induces an isomorphism, 
A(M)4(n)-0,00)-0 ® Aw —> A,(M), 


where Aw denotes the exterior algebra over the one-dimensional space 
spanned by w. 


(iv) Show that A(M),()~o, o(,)<0 18 Stable under 6 and that 
bw € AM )s(n)=0.0(n)=0 « 


Show that the differential operator din the tensor product, induced by 6 
under the isomorphism of (iii), is given by (p = deg VY) 


d(® @1+¥ @a) = 86 @1 + &¥ @w + (—1)? fw a SV Ol. 


(v) Obtain a short exact sequence of differential spaces 


A (h) 
0 —> A(M),»)~0,009-0 ——> 4M) ——> A(M),(a)<0,0(2)<0 —— 9, 
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where A is the inclusion map. Derive an exact triangle 


Ae 


H(A(M);(n)=-0.0(n)=0) H(M) 


D i(h), 
H(A(M);(n)=0,0(2)=0)- 
If +, € H?(A(M),(n) <0. 0()=0) 18 the class represented by dw, show that 
D(a) = th * «, a € H(A(M),(n)<0.0(n)<0)- 


(vi) Show that H(M) has finite dimension if and only if 
H(A(M),(4)=<0. 6(,)=0) has finite dimension. 

(vii) Assume that H(M) has finite dimension. Show that X,, = 0 
(even if M is not compact). Show that the Lefschetz number of an equi- 
variant map Is zero. 

(vill) If Mis compact and dim M = 4k, prove that M has signature 
Zero. 

(ix) Show that any toral action on R” has a fixed point. 


12. Action on homogeneous spaces. Let G be a compact connected 
Lie group and let K be a closed connected subgroup. Let 7 be the action 
of G on G/K. 


(1) Show that the isotropy subgroups are all conjugate to K. Hence 
show that each 7, has a fixed point if and only if 


() aKa" = G. 
aeéG 
(ii) Let abe a generator of a maximal torus in G. Show that the fixed 
point set of 7, is finite (possibly empty). Show that the set of elements 
aéG such that 7, has only finitely many fixed points, is dense in G. 
(iii) Obtain the results of the text and problem 6 on X,/x by con- 
sidering the Lefschetz number of 7, , where ais a generator of a maximal 
torus. 
(iv) If rank G =r, rank K = s, show that a subtorus of rank r — s 
can act almost freely on G/K. Show that this is the maximum dimension 
for such an action. 


13. Symmetric spaces. Let 7 be an automorphism of a compact 
connected Lie group G such that 7? = «. Let K be the 1-component of the 
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subgroup of G left pointwise fixed by 7. Then G/K 1s called a symmetric 
space of compact type with connected fibre. We refer to it simply as a 
symmetric space. Denote the Lie algebras of G and K by E and F. 


(1) Show that a compact connected Lie group is diffeomorphic to a 
symmetric space. 


(ii) Let G/K be a symmetric space. Show that the restriction of 5; 
to (AF), is zero and conclude that 


H(G/K) = (AF+),. 


(111) Assume G is compact and connected. Show that there are 
elements a € G such that 7, 4 ¢, 72 =, where 7, is conjugation by a. 
Let K be the I-component of the centralizer of a. Show that ae K 
and that 7, = —: in F+. Conclude that (AF+), and H(G/K) are evenly 
graded (1.e., (A?F+), = 0 = H?(G/K) if p ts even). 


14. The representation of W,. Gis a compact connected Lie group 
with maximal torus T. 


(1) By considering the projection G/T —> G/N; , construct a smooth 
bundle (G/T, 7, G/N; , Wg). 

(11) Show that G/N; is the orbit space (cf. problem 6, Chap. 3) 
for a suitable free action of W, on G/T. 


(11) From the action of W, on G/T obtain a representation of W, 
in H(G/T) © €. In volume III it will be shown that H?(G/T) = 0, p 
odd. Use this fact to determine the character of this representation (cf. 
problem 12, Chap. I). Conclude that it is equivalent to the left regular 
representation of W, (cf. problem 14, Chap. I). 


(iv) Let Wé be the subgroup of W, that acts in G/T by orientation 
preserving diffeomorphisms. Show that W¢ is a normal subgroup of 
index 2 in W, . Is it the only normal subgroup of index 2? 


(v) Show that H+(G/N;,) = 0. 


15. LetG, T beasin problem 14,andconsiderthemap %: G/T x T—+G 
of sec. 2.17. 


(1) Construct an action of W, on T (by conjugation). Hence 
obtain an action of W, on G/T x T and construct a smooth bundle 
(G/T xX, T, p, G/N; , T) (cf. problem 7, Chap. ITI). 

(11) Show that % factors to yield the following smooth map: 
$: G/T x y, T — G. Show that deg $ = 1. 
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(i11) Show that H(G/T x y_ T) is isomorphic to the subalgebra of 
H(G/T) &® H(T) whose elements are invariant under the action of W,.. 
Conclude that 4*: H(G) + H(G/T xy, T) is an isomorphism of graded 
algebras. 

(iv) Show that the cohomology algebra of the total space of the bundle 
in (i) is isomorphic tothe tensor product of the cohomology of fibre and 
base as algebras, but mot as graded vector spaces. 


16. Use the map ¢ of problem 15 to obtain a smooth map 
G/T x Sp _ Sr 


(S, and S, are the unit spheres in the Lie algebras of T and G). Compute 
the degree of this map. 


17. Let G be a connected Lie group with Lie algebra E. 


(1) Assume that G acts on M and WN and that g, ¥: M — N are 
equivariant smooth maps connected by an equivariant homotopy H. 
Conclude that the homomorphisms ¢7.9 6-9 and Wo oo (respectively, 
(p79), and (%*),) are homotopic. 

(ii) Let U bea suitable tubular neighbourhood of an orbit G/K of G 
under a proper action (cf. problem 11, Chap. III). Show that the orbit 
space U/G is homeomorphic to the cone over an orbit space S/K, where 
K acts on a sphere S by orthogonal transformations. (The cone over a 
space X is obtained from X x [0, 1] by identifying the points (x, 1), 
xe X.) 

(iii) Let U be as in (11). Construct an equivariant retraction p of U 
onto the orbit and show that zo p is equivariantly homotopic to the 
identity map of U. Hence find isomorphisms 


H,(U) = H,(G/K) =~ H((AF*),) 
and 


H((A(U),-o)1) = (point) 


(F denotes the Lie algebra of K). 

(iv) Establish a Mayer-Vietoris axiom and a disjoint union axiom for 
H,(M) and H(A(M),_,.9-9) (with respect to proper actions of a fixed 
Lie group). 

(v) Assume that G acts properly on M and that, for all isotropy 
subgroups K, H(G/K) = H,(G/K). Conclude that H(M) = H,(M). 
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18. Cech cohomology. Let G act on M. Establish a bijection 
between open coverings of M/G and G-stable open coverings of ™. 
If the action is proper, define an isomorphism 


H(M/G) —> H(A,(M) <0); 


where H(M/G) denotes the Cech cohomology of M/G (cf. problem 25, 
Chap. V, volume [). 


19. Equivariant cohomology of sphere and vector bundles. 
Generalize as far as possible the results of Chaps. VIII and [X, volume I, 
to the equivariant case (i.e., invariant cohomology and proper actions). 
In particular, define equivariant Gysin and Thom classes. 


20. Give an elementary example where the orbit space of an action 
of a compact connected Lie group on a compact connected manifold 
does not satisfy Poincaré duality. 


21. Represent S! in C” by 
ef - (2, «5 Zn) = (en, , ..., en*z,), 2,€C, OER, 


where the &, are integers with greatest common divisor 1. Obtain an 
action of S!on S?"-1, Find the fundamental vector field and determine 
H(A(S?"-!),_9, 9=9). Show that any equivariant smooth map g: S27-! + 
S2"-! has degree |. 


Chapter V 


Bundles with Structure Group 


§x. Principal bundles 


5.1. Definition. Let G be a Lie group. A (smooth) principal bundle 
with structure group G is a pair (Y, T), where 


(1) Y= (P, 72, B, G) is a smooth fibre bundle. 
(ii) 7: P x G— Pisa right action of G on P. 
(iii) P# admits a coordinate representation {(U, , %,)} such that 


w(x, ab) = w,(x, a) - b, xEeU,, a, beG. 
(Note that we write T(z, a) = 2: a.) 


The action T is called the principal action and a coordinate representation 
satisfying condition (111) is called a principal coordinate representation. 
Condition (i11) implies that 


m(z-a) = n(2), zeP, aeG. 


Moreover, it follows that the action 7 1s free and that the orbit of G 
through a point ze P 1s the fibre containing z. In particular, the orbits 
are submanifolds of P. They will be denoted by G, = 77~(x) (x € B), 
(since the action is free there is no confusion with the notation for isotropy 
subgroups). Note that G,+» x defines a set bijection between the orbits 
and B. 

Let # = (P, 4, B, G) be a second principal bundle with principal 
action 7. A smooth equivariant map ¢: PP is called a homomorphism 
of principal bundles. Such a homomorphism is orbit preserving, and hence 
fibre preserving. Thus it induces a smooth map %: B-»B such that 
fiom = hom (cf. sec. 1.13, volume I). 

Moreover, ¢ restricts to smooth maps 9, : G, > Gy) (x € B). The 
relations 


y,(2 °a) = 9,(2) - a, zeEG,, aeG, 
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imply that each ¢, is a diffeomorphism. It follows that ¢ is a diffeomor- 
phism if and only if ¢% is. In this case gy! is also a homomorphism of 
principal bundles and ¢ and g™! are called zsomorphisms of principal 
bundles. If B = B and ¢ ~., then ¢is called a strong isomorphism of 
principal bundles. 


Examples: 1. The product bundle: The trivial bundle, 
(B x G, 7, B,G), 
together with the right action 
(x, a)-b = (x, ab), xEB, asbeG 


is a principal bundle. It is called the trivial, or product bundle. 


2. Homogeneous spaces: Let K bea closed subgroup of G. Then 
the fibre bundle (G, 7, G/K, K) (cf. sec. 2.13), together with the action of 
K on G by right multiplication, is a principal bundle with structure 
group K. 


3. Frame bundles: Let € = (E, p, B, F) be a vector bundle, and, for 
x € B, let G, denote the set of linear isomorphisms from F to F,. We 
shall construct a principal bundle, (P, 7, B, GL(F)), where P = (), G, 
and 7 is the projection which carries G, to x. 

In fact let ((U, , %,)} be a coordinate representation for €. The iso- 
morphisms #, , : F = F,, determine set bijections 


P,.2: GL(F)— G, , xe U,, 
by 
Px, x(P) = Bao - ?; YP E GL(F). 


Thus set bijections gy, : U, x GL(F) — 7~1(U,) are given by 
PAX, P) = Ya2°P xvEU,, pEGL(F). 
Evidently 
(pa © Pa)(%, ) = (%, Pale ° Ya, ° ®)s 
xeU,AU,, ~€GL(F). 


It follows that py'og, is a diffeomorphism of (U, A U,) x GL(F). 
Hence (cf. Proposition X, sec. 1.13, volume I), there is a unique smooth 
structure on the set Psuch that (P, 7, B, GL(F)) becomes a smooth bundle. 
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Finally, define a right action of GL(F) on each set G, by setting 


Pr’ P=F2°P, G2EG,, pEeGL(F). 


These actions define a right action of GL(F) on the set P. Moreover, 


Pol; ?) "Fy = Pal, P° 7); xE U, > YP, Fi € GL(F). 


It follows that the action of GL(F) on P is smooth and _ that 
P = (P,7, B, GL(F)) is a principal bundle. 

Fix a basis é, ,..., e, of F. Then a bijection from G,, to the set of bases 
(or frames) of F,, is given by 


PI> (Heys o> Per) 


For this reason F is often called the frame bundle associated with &. 
Frame bundles are discussed again in article 5 of this chapter, and then 
extensively in article 7 of Chapter VIII. 


5.2 Elementary properties. Let FY = (P, 7, B, G) be a principal 
bundle admitting a cross-section o over an open set U C B. o determines 
the homomorphism g: U x G — P of principal bundles, given by 


g(x, a) = o(x)- a, xeU, aeG. 


g may be regarded as a strong isomorphism from the trivial bundle to 
the restriction of A to U. In particular, if A admits a cross-section, it is 
the trivial bundle. 

If ris asecond cross-section over a second open set V, then there is a 
unique smooth map 


fuy. UNV-+G 
such that 9(x, yy(x)) = 7(x). We have 
t(x) = o(x) -gur(x), xEeUn'T, 
and this equation determines gyy . 


Lemma I: Let # = (P, 7, B, G) be a smooth bundle. Let T be a 
smooth free right action of G on P, whose orbits coincide with the fibres 
of the bundle. Then FY is a principal bundle with principal action T. 
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Proof: Let {U,} be an open cover of B such that each U, admits a 
cross-section o,: U,— P. Define %,: U, x G—=a7(U,) by setting 


p(x, a) = ,(x)* a. 


Then {(U, , %,)} is a coordinate representation satisfying condition (ii1). 
Q.E.D. 


Next, let F = (P, #, B, G) be a principal bundle, and let %: B +» B 
be a smooth map. We shall construct a principal bundle (P, 7, B, G) 
together with a homomorphism, go: P— P, of principal bundles 
which induces ¥. 

In fact, let P be the disjoint union, 


P —_ () ({x} Xx Gy(x)); 


xEeB 


and define 7 by setting a({x} x Gy ,)) = x. Define a right action, 7, of 
G on the set P and an equivariant set map y: P > P by 
T((x, 2), a) = (x, 2+ a) and g(x, 2) = 2, 
Z2E€Gya), «EB, aeG. 
Give P a smooth structure, as follows. Choose an open cover {V,} of B 


such that each V,, admits a cross-section o, : V, > P. Set U, = p“(V,) 
and define bijections X,: U, x G—>7—(U,) by 


X(x, a) = (x, o,((%)) - a). 
Then for xe U, A U,, 


(XZ Xx, a) = (x, Buvlb(x))a), 


where g,,: V, A V,— G is the smooth map satisfying 


o(y) =a,(y)-guly) YEVLOV,. 


We can thus apply Proposition X, sec. 1.13, volume I, to obtain a 
unique smooth structure on P such that F = (P, 7, B, G) is a smooth 
bundle with coordinate representation {(U,, X,)}. Since the maps X, 
are equivariant, 7 is a smooth action and (PY, T) is a principal bundle. 
Moreover, ¢ is a homomorphism of principal bundles. 

FP is called the pull-back of to B via ys and it is often written p*F. 
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Let FY, = (P,, 7,, B, G) bea second principal bundle over B which 
admits a homomorphism 9,: P,—> P of principal bundles inducing 
us: B > B. Then a strong isomorphism q,: P => P, is defined by 


p(z) = (pie ops(z), E72 *(x). 


Note that 9, om, = ¢. 


§2. Associated bundles 


Notation convention: In this article 7 = (P, 7, B, G) denotes a fixed 
principal bundle with principal action 7. Moreover, 


S:GxF-F 


will denote a fixed left action of G on a manifold F. 


5.3. Associated bundles. Consider the right action, O, of G on the 
product manifold P x F given by 


Q,(2, y) = (2, y)° a = (z+ a, a" -y), zeP, yeF, aeG. 


O will be called the joint action of G. The set of orbits for the joint 
action will be denoted by P x, F and 


q:.PxF-+Px,F 


will denote the corresponding projection; 1.e., g(2, y) is the orbit through 
(z, y). 

The map g determines a map p: P xX, F — B via the commutative 
diagram 


PxF—1+Px,F 


| |; (5.1) 
P 


+ 


7 
where 7rp 1s the obvious projection. Denote p—1(x) by F,, xe B. 
Proposition I: ‘There is a unique smooth structure on P xX, F such 
that 


(1) €=(P xGF, p, B, F) is a smooth fibre bundle. 


(2) g: P x F— P X,F isasmooth fibre preserving map, restricting 
to diffeomorphisms 


92:2 X F —> Fy, zeP, 


on each fibre. 
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(3) (Px F,q,P x, F,G) is a smooth principal bundle with 
principal action Q. 
(4) «mp is a homomorphism of principal bundles. 


Definition: €& is called the fibre bundle with fibre F and structure group 
G associated with P; q is called the principal map. 


Proof of Proposition I: If a smooth structure satisfies 3, it makes 
P xX, F into a quotient manifold of P x F under q. Hence, by the 
corollary to Proposition V, sec. 3.9, volume I, it is uniquely determined. 


Proof of (1): We construct a smooth structure on P x, F for which 
€ is a smooth bundle. Let {U,} be an open cover of B and consider 
cross-sections o,: U, —» P. These are related by 


o9(x) = 0,,(x) * Zap(X), xe U, " Us ’ 
where g,,: U, (1 Ug + G are smooth maps. Define set maps, 
Pa: U, xX F + p-“(U,), 


by setting 
P(X, y) = q(o,(x), ¥), xE U, » y eF. 


Then p(¢,(x, y)) = x and so gq, restricts to set maps 
Pax: F — p-\(x), xe U,. 


Moreover, to each orbit in p—}(x) there corresponds a unique y €F such 
that the orbit passes through (¢,(x), y). Hence g,., 18 bijective, and so 
@, 1s byective. 
Further, the relations q(z - a, y) = q(z, a y) imply that 
Pa ° Pa(%,¥) = (% Sre(*)*y), xEU,NUs, yeF. 


Thus Proposition X, sec. 1.13, volume I, yields a smooth structure on 
P X¢F for which € is a smooth bundle with coordinate representation 


t( U, ’ Pa)}- 


Proof of (3): Toshowthat(P x F,g, P x, Ff, G), is asmooth princi- 
pal bundle with principal action Q consider the commutative diagrams, 


U,xG x FP A(U,) x F 


«S| | (5.2) 
U, x F = e-XU,), 


a 
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where u(x, a) = o,(x) + a. Set V, = p-(U,); then 
q'(V.) = (we mp)? (U,) = 7 (U,) x F. 
Thus diffeomorphisms X,: V, x G = q-(V,) are given by 
X (Pal, ¥), 4) = (Pa(*, 2), a-* * ¥)- 
They satisfy the relations 
(q°X,)(w, 2) = w, and = X,(w, ab) = O(X,(, a), 5), weV,, a,beG 
(cf. diagram 5.2). (3) follows. 


Proof of (2): The commutative diagram (5.1) shows that gq is fibre 
preserving, while the commutative diagrams (5.2) imply that the maps 


qz: F—- F(z) 
are diffeomorphisms. 


Proof of (4): This is obvious. 
Q.E.D. 


5.4, Equivariant maps. Assume #¥ = (P,%,B,G) is a second 
principal bundle and that S is a left action of G on a manifold F. Suppose 
further that 


g:P+P and a:F>F 


are smooth equivariant maps. 

Then the map o X a: P x FP x F is equivariant with respect 
to the joint actions of G; i.e., it is a homomorphism of principal bundles. 
Thus it induces a smooth map, 


? xga:Px,F>Px,F, 


which makes the diagram, 


pxa 


PxF + Px Ff 


| | 


P x¢F ——Px<¢F ’ 
pxGga 


commute. 
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Let 4: B > B be the smooth map induced by gy. Then the diagram, 


Px, FS". Px,F 


| (: 


B 
y "3 


commutes; 1.€., @ Xg «1s a fibre preserving map between the associated 
bundles. The commutative diagrams 


F F 
|= = | Fp(z) 
F, F ia) ; x = (2), zeEP, 


(9X G @)z 
show that, if « is a diffeomorphism, then so is each (p X, @), . 

The case that 7 = Y and m = ,, is of particular importance; in this 
case we obtain a fibre preserving map, 


( XG %) me XxgGFo P x ¢F, 
which induces the identity map in B. 
5.5. Examples: 1. F = {poimt}. Then P x, F = B and the prin- 
cipal bundle (P x F, q, P X,_ F, G) coincides with F. 


2. Assume the action of G on Fis trivial. Then € = (B x F, p, B, F) 
is trivial. Also, if the principal bundle F is trivial, then so is &. 


3. Suppose y €F is fixed under the action of G:a-y = y,aeéG. 
Then the inclusion 7: {y}—> F is equivariant. It induces (sec. 5.4) a 
smooth commutative diagram 


P xe6{y} 
oe p 
B,; 


Co 


Px¢F 


thus o is a cross-section in &€. 


4. A-extension: Let A: G—> K be a homomorphism of Lie groups. 
Then G acts from the left on K by 


a-y = X(a)y, aéeG, ye. 
Thus we obtain a bundle Y, = (P x, K, p, B, K). 
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On the other hand, the multiplication map of K determines a right 
action 


(Px K)x K>Px K. 
This map factors over g to yield a free right action 
T,:(PX¢K)X K>P xgK. 


The orbits of 7, are precisely the fibres of P x, K. Thus it follows 
from Lemma I, sec. 5.2, that(W,, T,)is a principal K-bundle. It is called 
the A-extension of F. 

Next, define a smooth map g,: P— P x, K by setting »,(z) = q(z, e). 
The diagram, 


uxAa 


PxG PXxXkK 
| \ 
P ul Px 6K (5.3) 
B 


commutes (cf. diagram 5.1, sec. 5.3). This shows that q, 1s a fibre 
preserving map from P to P x, K, inducing the identity in B. 

In particular, consider the case that G = K and A =; thus G acts 
on itself by left multiplication. In this case y, is a strong isomorphism of 
principal bundles, and the diagram shows that (P x G,q, P x, G, G) 
is the trivial principal bundle. 


5. Reduction of structure group: Again, let A: G—>K be a homo- 
morphism of Lie groups. Assume that # = (P, 4, B, K) is a principal 
bundle. A reduction of the structure group of ? from K to G via d is a 
principal bundle # = (P, z, B, G) and a smooth fibre preserving map 
yp: P — P, inducing the identity in the base, and satisfying 


g(z* a) = 9(2) - A(a), aeG. 


Such a reduction induces an obvious isomorphism of principal bundles 
from the A-extension of F to # (cf. Example 4). Conversely, if 
P=-(P,7,B,G) is any principal bundle with A-extension 
A = (P x, K, p, B, K), then the homomorphism g, of Example 4 
is a reduction of the structure group of & from K to G. 
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5.6. Associated vector bundles. Assume now that F is a finite- 
dimensional (real or complex) vector space and S is a representation of G 
in Ff. In this case P <, F is a vector bundle. 

In fact, for each x € B, z€ (x), the diffeomorphisms q,: F > F, 
are connected by 


Qz-a — Fz ° S(a), aeG. 


Since each map S(a) is a linear isomorphism, there is a unique linear 
structure in F, for which the maps g, are linear isomorphisms. The zero 
vector of Ff’, is given by 0, = q(z, 0), 2 € 771(x). 

Each 9,., of the coordinate representation {(U, ,@,)} for € defined 
in sec. 5.3 1s a linear isomorphism. Hence € is a vector bundle with 
vector bundle coordinate representation {(U, , m,)}. Since q restricts 
to isomorphisms in the fibres, the trivial bundle (P x F, 7p, P, F) is 
the pull-back of € to P via z (cf. sec. 2.5, volume I). 

To the trivial representation S corresponds the trivial vector bundle. 

Next, consider a representation of G in a second vector space H and let 
a: # —» H be an equivariant linear map. Then the induced map (cf. sec. 


5.4), 
uXga:Px,GF->P x<e¢d4, 


is linear in each fibre, and so it is a (strong) bundle map. 
Denote the vector bundles corresponding to F and H by € and 7 and 
consider the induced representations of G in the spaces 


F@H, F@H, LFH), F*, AF. 


The associated vector bundles corresponding to these representations 
are given, respectively, by 


fOn €On Lin) &%, AE. 


The various canonical maps between these vector spaces, such as 


evaluation: L(F; H) ® F—> H, 
composition: Ly & Le —> Lex 
projection: FOH >  £=*#, 
trace: Ls > R, 


commute with the representations of G. Thus they induce maps between 
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the corresponding vector bundles. For the four examples above we 
have (cf. sec. 2.10, volume I). 


evaluation: L(é; 7) ® & > ue 
composition: L@k —- kk, 
projection: ED» ae g, 


trace: L, > S(B). 


§3. Bundles and homogeneous spaces 


In this article K denotes a closed subgroup of a Lie group G. Their 
Lie algebras are denoted by F and E(F C E£). The corresponding principal 
bundle (cf. Example 2, sec. 5.1) is denoted by Fy = (G, my , G/K, K) 
and we write €é = 7,(e) (e, the unit element of G). The left action of G 
on G/K 1s denoted by 7. 


5.7. Bundles with fibre a homogeneous space. Let 7 = (P,7, B, G) 
be a principal bundle with principal action R. The left action of G on 
G/K determines an associated bundle 

f= (P XG (G/K), Ps B, G/K) 
(cf. sec. 5.3). To simplify notation we shall write 


P x¢(G/K) = PIK. 


Consider the commutative diagram, 


P x G/K —> PIK 


“| | 


and define p: P—» P/K by p(z) = q(2, @). 


Proposition II: With the notation above, (P, p, P/K, K) is a princi- 
pal bundle whose principal action is the restriction of R to K. 


Proof: It is sufficient to show that each w € P/K has a neighbourhood 
W such that (p-"(W), p, W, K) is a principal bundle. 

Let {(U, , y)} be the coordinate representation for € defined in sec. 5.3. 
Set W = p—1(U,), where « is chosen so that we W. Then 


p-(W) = a (U,). 
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Finally, let j; G+ G x G/K be the inclusion opposite @. From 
diagram (5.2) of sec. 5.3 we obtain the commutative diagram 


ux7 


U,xG U, x G x G/K 2225 9U, x G/K 


nr| Jar a 


U, x G/K ——> U, x G/[K ————— p“(U,). 
t Pa 


It restricts to the commutative diagram, 


U, x G+ p(w) x {8} 


tX 1K p 


U, x G/K — W, 


a 


where # = (#, X t)o(e X 7). 

Now 2, is a principal K-bundle, and % is equivariant with respect to 
the given actions of K. It follows that (p—-'(W), p, W, K) is a principal 
K-bundle. 

Q.E.D. 

Next, fix z¢€P and write 7(z) =x. Then the fibre inclusion, 
Iolx » G/K — P/K, for the bundle € is given by 


joi = Ga: GIK —> p\(). 
Let jg: G — P and j,: K —» P denote the fibre inclusions given by 
jco(b) = 2°b and = x(a) = 2° a, beG, aeéK, 


and let :: K + G be the inclusion map. Then the diagram, 


K = K 

| li 

Gu 22 pet SF (5.4) 
re [2 | 
G/K rg PIK a B, 


commutes. Moreover jg is a homomorphism of principal K-bundles. 
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5.8. Subgroup of a subgroup. Assume now that G is a closed sub- 
group of a Lie group H, and apply the results of sec. 5.7 to the principal 
bundle FY = (H, 7, H/G, G). We obtain an associated bundle, 


€ = (H x<¢G/K, p, H/G, G/K), 
and a principal bundle 
PY = (H, p, H x¢G/K, K). 
The left action of H on H/K restricts to a smooth map, 
H x G/K > HIK, 
which factors to yield a diffeomorphism 
H x¢G/K —> H/K 


(equivariant with respect to the left actions of H, cf. sec. 5.9). We 
identify these manifolds via this diffeomorphism and write 


€ = (H/K,p, H/G,G/K), PD = (H,p, H/K, K). 
Then F is the standard principal bundle, while p is given by 
p(aK)=aG, aeH. 
Moreover, diagram (5.4) reads 


| 


H —+H/G (5.5) 


le 


G/K ——» H|K ——> H|G. 
p 


Now suppose that K is normal in G. Then a smooth free right action 
of the factor group G/K on H/K is given by 


X°@=X-a, xE€H, aeG. 


The orbits of G/K under this action coincide with the fibres in the bundle 
€ = (A/K, p, H/G, G/K). It follows from Lemma I, sec. 5.2, that € is a 
principal G/K-bundle. 
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5.9. Bundles with base a homogeneous space. Let K act from the 
left on a manifold N. There is a unique left action, 


A:Gx(Gx,N)>G xxQN, 
of G that makes the diagram, 


GxGxN+4.GxN 
al 
G x (G xxN)—>G xXx N, 
commute. Clearly A, together with 7, is an action of G on the bundle 


—€=(G xX, N,p, G/K, N) associated with Y,; 1.e., G acts on the total 
and base spaces and the projection is equivariant: 


poA = Tole X p). 


Let N, = p—(é). Since a: @ = @(ae K), it follows that A restricts 
to a left action 


K x Nz — Nz . 
The projection q restricts to a K-equivariant diffeomorphism, 
Je: N 22% Nz 


(cf. Proposition I, (2), sec. 5.3). 

Conversely, assume that 7 = (M, p,,, G/K,Q) is a smooth bundle 
over G/K and that A (with T) 1s a left action of G on 7. Then we can 
construct the bundle, 


€ =(G XxQz,p, G/K, Qe), 


via the induced action of K onQ,. 
A restricts to a smooth map G x Q,—> M. This factors over q to yield 
an equivariant fibre preserving diffeomorphism, 


b: G XxQ.—> M, 
which induces the identity map in G/K. 


5.10. Vector bundles. In this section we apply the results of sec. 5.9 
to vector bundles. Each representation of K in a vector space N yields 
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a vector bundle over G/K associated with P, (cf. sec. 5.6) in which G 
acts by bundle maps. Conversely, if G acts by bundle maps in a vector 
bundle 7 over G/K so as to induce the standard action in G/K, then the 
action restricts to a representation of K in the fibre over @. 

If these two constructions are applied consecutively, starting off with 
a representation of K (respectively, a vector bundle over G/K acted on 
by G), we obtain a representation (respectively, a vector bundle acted 
on by G) which is equivariantly (respectively, equivariantly and strongly) 
isomorphic to the original. 


Examples: 1. Ifthe representation of K in N is trivial, then 


Gx,N=G/KxN 
and & is trivial. 


2. Assume that the representation of K in N extends to a representa- 
tion of Gin N. Define a diffeomorphism g of G x N by setting 


p(b,y) = (6,5), bEG, yeN. 
Then (letting O denote the joint action of K in G x N) 
P°(pa X ) =Qaeg, aek 


(p, denotes the right translation of G by a). It follows that » induces a 
diffeomorphism 


w: GIK x N—>G xxN. 
Evidently & is a strong vector bundle isomorphism. Moreover, 
u(b-2,b-y) = b- (2, y), beG, 2z€G/K, yen, 
(where G acts on G X, N as defined in sec. 5.9). 


5.11. Tangent bundle of a homogeneous space. Recall that the Lie 
algebras of K and G are denoted by F and E. The adjoint representation 
of G restricts to a representation, Ad, x , of K in E. Since the Lie algebra 
F is stable under the maps Ad, ,(a@), a€ K, we obtain a representation, 
Ad+, of K in E/F. The sequence 


0 +F > E+ E|/F 0 


is short exact and K-equivariant with respect to the representations 
Ad, Ad, x, and Ad+ of K. 
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Now form the vector bundles 
E =(G Xx (E/F), p,, G/K, E/F) and n =(G XxF, p,, G/K, F). 


G acts on both € and 7. On the other hand, the left action, 7, of G 
on G/K induces a left action, dT, of G on the tangent bundle 7¢/, (cf. 
Example 7, sec. 3.2). 


Proposition III: With the hypotheses and notation above 


(1) &1s strongly and equivariantly isomorphic to 7¢/x . 
(2) The vector bundle € @ 7 1s trivial. 


Proof: (1) According to sec. 2.11, (dz), induces a linear isomorphism 
E|F —> T,G/K). 
Since 7x° A, = T,,° 7x and 7x ° pg = 7x (a € K), we have 
(dx), Adg x(a) = dT,0(drx),,  a€K. 


Thus this isomorphism is equivariant with respect to Ad+ and dT, 
Now apply sec. 5.10. 


(2) Since the sequence F + E-» E/F is K-equivariant, it determines 
a sequence of strong bundle maps 


poeG phe 
For each z € G/K, the restriction, 


0+ F,— E, — (E/F), > 0, 
is short exact. 
Hence, there is a strong bundle map o:€-»G X,xE such that 
poo = (cf. Lemma III, sec. 2.23, volume I). Thus a strong bundle 
isomorphism, 


gp: Oy —> G xxE, 
is defined by 


g(u, v) = o(u) + iv), uc(E/F),, vEeF,, z¢€G/K. 


On the other hand, the representation Ad, , of Kin £ isthe restriction 
of a representation of G. Hence, by Example 2 of sec. 5.10, G xXx Eisa 
trivial bundle over G/K. Thus & @ 7 1s trivial. 

Q.E.D. 
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5.12. Tori. Suppose now that G is compact and connected, and that 
K is a torus in G. Then the adjoint representation of K is trivial and 
hence, so is the bundle 


7 =(G xxF,p,, G/K, F). 


Thus, by Proposition III, sec. 5.11, the Whitney sum of 7¢/x with a trivial 
bundle is trivial. This implies (as will be shown in sec. 7.19) that the 
Whitney sum of 7,/x with the trivial bundle of rank one is trivial, 


to kDeleet, r=dimG/K. (5.6) 


Now we distinguish two cases: 


Case I: K is a maximal torus (cf. sec. 2.15). Then the Euler— 
Poincaré characteristic of G/K is positive (cf. sec. 4.21). Hence 
Theorem II, sec. 10.1, volume I, implies that every vector field on G/K 
has at least one zero. In particular, the tangent bundle of G/K is non- 
trivial. 


Case II: K is not maximal. Then K is properly contained in a 
maximal torus, JT. Since JT is compact and connected, the factor group 
T/K is again a torus (cf. Proposition XIII, sec. 1.12). 

Thus according to sec. 5.8 we can form the principal 7/K-bundle 


PY = (GIK, 7, GIT, T/K). 


Write To /x = Heix ® Vejx, where Vgjx is the vertical subbundle and 
Hix is a horizontal bundle (cf. sec. 0.15). 

Since # is a principal bundle, the vertical subbundle is trivial (as will be 
shown in sec. 6.1), 


Ven =e™  m=dimT/K. 


By hypothesis, A 1s properly contained in T and so we have m > 1. On 
the other hand, H,/x is the pull-back of 7,/7 under 7. 

It follows that 7¢/x is the pull-back of 7¢;, © «”. In view of relation 
(5.6), with K replaced by 7, the bundle 7,/7 @ e! is trivial. Hence so 
IS Tg /K - 

Thus if K is a nonmaximal torus, then the homogeneous space G/K has 
trivial tangent bundle. 


§4. The Grassmannians 


5.13. The Grassmann manifolds. Let I be one of the fields R, C, 
or H and consider the vector space 1” = I'@-- @I’. Introduce a 
positive definite inner product ¢ , > in I” which is Euclidean, Hermitian, 
or quaternionic according as [’ = R, C, or H. In the case J’ = R also 
choose an orientation in J™. 

A k-plane in I is a I’-subspace of I-dimension k. The set of all 
k-planes in J is denoted by G,(n;k). An ortented k-plane in R” is a 
k-plane F together with an orientation of F. The set of oriented k-planes 
in R® will be denoted by G(n; k) if k <n. Finally, we define G(n; 7) 
to be the set consisting of a single element, namely the oriented vector 
space R”. 

This article deals with each of the four cases listed below. In each 
case, I’, I(n), G(n; k) is to be interpreted as described below. 


G(n; k) 


Ga(n; k) 


G(n; k) 
Ge(n; R) 
Gu(7; R) 


Observe that in each case the Lie algebra of J(m) consists of the 
I-linear transformations of J” that are skew with respect to the inner 
product ¢ , >. The Lie algebra of J(m) is denoted by &(7). 

The set G(n; k) is made into a manifold in the following way: First 
define a transitive left action of the Lie group J() on G(n; k) by setting 


(yp, F) ++ of F), gy El(n), Fe G(n; k). 
This yields a surjection, a: I[(n) — G(n; k), given by 
ap) = 97"), pel(n) 


(where I™ is regarded as the subspace of I consisting of those vectors 
whose last 7 — k components are zero). 
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Denote (J*)+ by [-*: [7 = I* @I-*, This decomposition deter- 
mines an inclusion, [(k) x J(m — k) > I(n), and clearly 


a“) = I(k) x I(n — B). 
Hence « induces a commutative diagram, 
I(n) 
I(n)|(I(k) x I(n — k)) > G(ns b), 
and f is an equivariant biection. Give G(n;k) the unique manifold 
structure such that B is a diffeomorphism. The manifold so obtained 1s 
called the Grassmannian of k-planes in I. Since B is equivariant the action 


of I(n) on G(n; k) defined above is smooth. 
Observe that the canonical isomorphism 


I(k) x I(n — kh) —> I(n — k) x I(k) 
induces, via f, a diffeomorphism 
2: G(n; k) —> G(nin — k). 
If F € G(n; k), then 2(F) is the orthogonal complement of F in J”. 
5.14. Examples: 1. The Grassmannian of k-planes in R”: Assume 
that 0 < k <n. Thenan involution, w, of G(n; k) is defined as follows: If 


F is an oriented k-plane, then w(F) is the same k-plane with the opposite 
orientation, On the other hand, a projection, 


p: G(n; k) > Ga(n; k), 


is defined by forgetting the orientations of the elements of G(n; k). 
Evidently, p is a double covering and w is the involution that inter- 


changes the two points in each p71(F). 
To see that p and w are smooth note that SO(m) acts transitively on 


Gx(n; k), and that the isotropy subgroup at R* is the group 


K = SO(n) 2 (O(k) X O(n — B)). 
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This group consists of two components, 


Ky = {(g, %) | det p = 1, det 4 = 1} = SO(R) x SO(n — &), 
and 
Ky = {((7, $) | dete = —1, det’ = —I}. 


The commutative diagram, 
SO(n)|(SO(k) x SO(n — k)) ——> G(n; k) 


m p 
SO(n)/K = Ga(n; k), 


shows that p is smooth, a local diffeomorphism and a double covering. 
Hence w is also smooth. 
The dimension of Ga(n; Rk) is given by 


dim Ga(n; k) = (5) 2 (5) = (” . *) — k(n — R). 


2. Real projective space: Assume that > 2 and consider the mani- 
fold G(n; 1). Its points are the oriented lines in R” through the origin. 
Identifying each such line with its positive unit vector, we obtain an 
SO(n)-equivariant bijection between G(n; 1) and S*-!. Since SO(n) 
acts smoothly on S”-!, the commutative diagram (cf. Example 2, sec. 3.6) 


SO(n)/SO(n — 1) 


~ ~ 


Gn; 1) = Sr 


shows that this identification is a diffeomorphism. 

Moreover, the involution, w, in G(n; 1) defined in Example 1 corre- 
sponds under this diffeomorphism to the antipodal involution of S”—". 
Thus we obtain a diffeomorphism 


Ga(n; 1) —> RP? 


(cf. Example 2, sec. 1.4, volume I). Hence Ga(n; 1) is diffeomorphic 
to the real projective space of dimension n — }. 


3. Complex and quaternionic projective space: Let n>2. The 
manifolds G,(n; 1) (respectively, Gy(n; 1)) of complex (respectively, 
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quaternionic) lines in C” (respectively, H”) through the origin are called 
complex (quaternionic) projective space and are denoted by CP”~! and 
HP" respectively. 


4. Complex and quaternionic projective lines: We shall construct 
diffeomorphisms 


“= 


CP! =. §? and HP! —— S4, 


Define a map C — CP! by sending z € C to the one-dimensional complex 
subspace of C? generated by the pair (1, z). This is a smooth embedding. 
Since dim C = 2 = dim CP', it is a diffeomorphism onto an open subset 
of CP!. The only point which 1s not in the image is the one-dimensional 
subspace of C? generated by (0, 1). Since CP! is compact, it is the one- 
point compactification of C; i.e., CP! is diffeomorphic to S?. 

Similarly, HP! is the one-point compactification of H and hence it is 
diffeomorphic to S*. 


5.15. Canonical vector bundles over G(n; k). Recall that in secs. 2.1 
and 2.22, volume I, we defined real and complex vector bundles. Quatern- 
ionic vector bundles are defined in a similar way, and the definition of 
all three may be given simultaneously as follows: A I°-vector bundle is a 
smooth bundle € = (M, z, B, F),in which F and F, (x € B) are [’-vector 
spaces, and which admits a coordinate representation {(U, , #,)} such that 
each map, 


tae: F —>F,, 


is a J-linear isomorphism. 

We shall construct canonical [’-vector bundles over G(n; k). It will be 
important to distinguish between a k-plane, F, as a subspace of I, and 
as a point in G(7; R). 

Consider the disjoint union 

M= \ F. 
FEG(n;k) 
Thus a point of M is a pair (F, v) with v EF. Let p: M — G(n; k) be the 
projection given by 
o(F, v) = F. 


Observe that a left action of J(m) on the set M is given by 


PF, v) = (p(F), 7(2)), P eE I(n), (F, vye M. 
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We shall make &, = (M, p, G(n; k), ’*) into a I’-vector bundle so that 
this action becomes a smooth action. 
Consider the representation of J(k) x I(n — k) in I* given by 


(p, #4) = ou), peEel(h), pel(n—k), uel. 
It determines a J"-vector bundle (cf. sec. 5.10), 
Ex = (Un) X rapxrin—w T*, p, Mn)|(1(A) x In — 8), T), 


which admits a canonical left action of J(z). Now define a surjective set 
map, 
®: I(n) x T# > M, 
by setting 
P(p, v) = (p(Z™), Pv), pEt(n), vel”. 
Factoring through the joint action, we obtain the commutative diagram, 


YM 


[(n) X 10)x1n-10 T™ 
p p 
I(n)|(I(R) x I(n — B)) > Gs B) 


where 8 is the equivariant diffeomorphism of sec. 5.13 and ¥ is an J ()- 
equivariant bijection restricting to linear isomorphisms on the fibres. 

Give M the manifold structure for which ¥ is a diffeomorphism. Then 
€, becomes a vector bundle acted on by J() and 


be é,—> Ey, 


is an equivariant isomorphism. 
Similarly, we obtain a vector bundle € = (M4, p, G(n; n — k), P™-*) 
by setting 
M¢+= \) F. 


FeG(n:k) 


It admits an action of J(”) and is equivariantly isomorphic to the bundle 
(Z(#) X payxrn-w PE, p, U(n)/(U(R) x 1(n — R)), P-*). 


(Replace I* by ['"-* = (I)+ in the discussion above.) €, and &{ are 
called the canonical k-plane and (n — k)-plane bundles over G(n; k). 
The direct decomposition, 


re @ [n-k male rm, 
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determines a strong bundle isomorphism 
E, D & —> Gny hk) x I. 


Finally, the actions of J(m) on &, and &% defined above, together with 
the standard actions of /(z) on G(n;k) and I define actions on the 
bundles €, @ €; and G(n; k) x I”. Moreover, the isomorphism defined 
above is equivariant. 


5.16. The tangent bundle of Gin; k). Given two /-vector bundles € 
and 7 over the same base B, we can form the (real) vector bundle L,(€; 7) 
whose fibre at x € B consists of the J’-linear maps between the fibres of 
and 7 at x. 


Proposition IV: The tangent bundle of G(n; k) satisfies 
TG(n;k) = L(x: &). 


Proof: Identify G(n; k) with I(n)/(I(k) x I(n — k)). According to 
sec. 5.11 its tangent bundle is obtained from the representation Ad+ 
of I(k) x I(m — k) in E(n)/(E(R) @ E(n — R)). 

On the other hand, Z,(£,; &{) is obtained from the representation of 
I(k) x I(n — hk) in L,(I*; '"-*) given by 


(o, Tp) = Togpoad, oel(k), rel(n—k), peLlAl*; £"-*), 
Thus we must construct an (J(k) x J(a — k))-linear isomorphism 
L(D*; Pe") = E(n)/(E(R) © En — &)). 


Recall that E(7) is the real vector space of J’-linear skew transformations 
of I, and that ["-* = (I)1+. The Lie algebras E(k) of I(k) and E(n — k) 
of I(m — k) (considered as subalgebras of E(m)) are given by 


E(k) = {ae E(n){a(f"-*) = 0} and = E(n — k) = {ae E(n) | a(I*) = 0}. 
Define a subspace L C E(n) by setting 
L = {ae E(n) | o(f*)C L"-* and a(I"-*) C I}. 


Then 
E(n) = E(k) @ E(n ~ k) OL. 


Moreover, since the adjoint representation of /(7) is given by 


(Ad o)a = goaca™, acel(n), ae E(n), 
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it follows that L is stable under J(k) x I(n — k). In particular, there is 
an isomorphism of (/(k) x I(m — k))-spaces 


L = E(n)|(E(k) ® E(n — &)). 
Finally, define a linear isomorphism, 
®: L(I*; P"-*) => L, 
by setting 
P(a)l(x By) = a(x) —a(y), aeLps rr"), xe, ye Lr, 


where & denotes the adjoint of «a. Since J(k) and J(n — k) consist of 
isometries, it follows easily that ® is (1(k) x I(m — k))-equivariant. Hence 


L(I*; De") = L & E(n)/(E(R) © E(n — &)), 


which completes the proof. 
Q.E.D. 


Corollary: There are isomorphisms 
* 
TER(n;k) = E, @r & » TO(n:z) & fe Or &, and TE C(n;k) = Ex Oe & 


(where €, is interpreted as a vector bundle over the appropriate manifold, 
and é% is the complex dual of &;,). 


§5. The Stiefel manifolds 


We continue the notational conventions of article 4. 


5.17. Stiefel manifolds. An orthonormal k-frame in I™ is a sequence 
of k vectors, (u,,..., u,), such that 


An n-frame in the oriented space, R”, is called positive, if it represents 
the orientation of R”. 

We extend the conventions of this article by letting V(n; k) denote 
any one of the sets p(n; k), Va(n; k), Ve(n; k), and Vu(n; k) defined by: 


Case I V p(n; k) Orthonormal k-frames in R*. 


Case II V a(n; k) Orthonormal k-frames in R® if k < n; 
positive orthonormal n-frames in R* if k = n. 


Case III V c(n; k) Orthonormal k-frames in C*. 
Case IV V o9(n3 R) Orthonormal k-frames in H"*. 


A transitive left action of /(m) on V(n; Rk) is given by 


Pp? (uy, +, Ux) = (Ply), P(Ux)), 
peli(n), (u,,.--, Ux) € V(n; R). 


In particular, write [" =I* ®I-* and let (e,...,e,) be a fixed 
orthonormal! basis of J*. Then the subgroup of /(m) which fixes the 
k-frame (e, ,..., e,) 1s exactly I(n — k) (cf. sec. 5.13). Thus the action 
of I(n) on V(n; k) determines an equivariant biyection 


I(n)|I(n — k) ——> V(n; k). 


Assign V(n; k) the unique manifold structure such that this bijection 
is a diffeomorphism. (Then the action above is smooth.) The manifold 
V(n; k) is called the Stiefel manifold of orthonormal k-frames in n-space. 
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5.18. The universal frame bundle over G(n;k). A canonical 
principal bundle, 


P(n; k) = (V(n; k), 7, , Gln; R), T(A)), 


is defined as follows: 

If (uy ,..., u,) € Vin; k), let 7,(u, ,..., u,) be the (oriented) k-plane with 
U, y---y Uy, aS (positive) basis. Then z,: V(n; k) —> G(n; k) is a well defined 
map. Moreover, we have the smooth commutative diagram, 


I(n)|I(n — k) ———> V(n; k) 
p Ty 
I(n)|(I(k) x I(n — k)) —> G(n; ), 


where the horizontal diffeomorphisms are defined in sec. 5.17 and 
sec. 5.13 respectively, and p(o-J(n — k)) =o: (I(k) x I(n — k)), 
o El(n). 

We can apply sec. 5.8 to obtain a smooth principal bundle 


(1(m)/I(n — k), p, 1(n)/((R) x I(n — )), 1(A)). 


Thus the diagram above shows that 7, 1s the projection of a smooth 
principal bundle, A(n; k) = (V(n; k), 7, , G(n; k), [(k)). Note that, if 
F € G(n; k) then 7;'(F) consists of the (positive) orthonormal k-frames 
in F. For this reason A(n; k) is called the universal frame bundle over 
G(n; k). 

The inclusion maps, 


bd 
determine smooth commutative diagrams, 


V(n; k) —> Vin + 1; 2k) — 
G(n; k) —> G(n + 1;k) ——*-—", 
which are, in fact, homomorphisms of principal /(2)-bundles. 
The vector bundle, 7, , associated with A(n; k) via the action of I(R) 


in I, is canonically isomorphic to the bundle £, = (M, p, G(n; k), I’*) 
of sec. 5.15. Indeed, fix a (positive) orthonormal basis (e ,..., €,) of I. 
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Define a map, 
q: Vin; k) x P*> M, 
as follows: 


q(t; , --5 Mx), ¥ Ate) = VA, A ET, (uy), .., uy) © V(x; R). 
i i 


It is easy to check that g induces an /(m)-equivariant, strong isomorphism 


Vn; R) Xie) rt —> M. 


5.19. The manifolds I(n; k). Let I(n; k) denote the set of isometric 
inclusions [* — I (except in case II when k =n; then I(n; 7) will 
denote the set of orientation preserving isometries of R”). Note that 
I(n) and I(k) act, respectively, from the left and right on J(n; k) via 


eb =pod 
and : 
b:-o = oa, gpeéel(n), pel(n;k), o Elk). 
Now fix a (positive) orthonormal basis, e,,...,¢,, of I. Then an 


I(n)-equivariant bijection, 
I(n; k) + V(n; k), 


is given by pt>(gé,,..., pe,). We use this biection to make I(n; k) 
into a smooth manifold, and to identify it with V(n; ). 
In particular, we may write 


P(n; k) = (I(n; k), 7, , G(n; R), I(A)). 


Then 7,(~) = (1), p €1(n; k). Moreover the principal action of [(k) 
is the right action given above. 5 
Finally, observe that the isomorphism I(n;k) X;Q) [*— &, of 
sec. 5.18 is induced by the map, q:J(n;k) x I’ — M, given by 
gy,v) =v) pel(n;k), vel 


Proposition V: Let A = (P, a, B, 1(k)) be a principal bundle. Then, 
for some n > k, there is a homomorphism of principal bundles 


p—*-+ I(n; k) 
7 Ty 


B age G(n; k). 
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Definition: ¢ is called a classifying map for the principal bundle F. 


According to the proposition, F is the pull-back of A(n; k) to B via ¥. 
Before proving the proposition we establish 


Lemma II: Let € = (P x ,,pl™, p,, B, [) be the vector bundle 
associated with # via the action of J(k) on I*. Then, for some n > k, 
there is a strong bundle map o:€— 8B x I™ restricting to J-linear 
injections on the fibres. 


Proof: This lemma is proved in sec. 2.23, volume I, in case I and 
case II. The same argument holds in cases III and IV, using Hermitian 
and quaternionic inner products. 


Q.E.D. 


Proof of the proposition: Let o be the bundle map constructed in 
Lemma II and let 


gq: P x T*¥ > P Xx I* 


be the principal map(cf. sec. 5.3). Then a smooth map g: P— I(n; k) is 
defined by the relation 


(7(z), p(z)u) = o(q(2, 2)), zeEP, uel*, 
Clearly, 


92 : T)u = ¢(2)(7(z)) = (¢(2) ° T)u, ZE PP, T e I(k), uel, 


Hence (2-7) = o(2)°7 and so ¢ is equivariant; 1.e., m is a homo- 
morphism of principal bundles. 


Q.E.D. 


5.20. Examples: 1. Hopf fiberings: A point of V(n;1) is just a 
unit vector in J. Thus, if 2 > 1, 


Vain; 1) = SS", Ve(n3 1) = S31, Vy (n; 1) = S47. 


Moreover, the left action (cf. sec. 5.17) of O(n), U(n), and Q(7) on these 
spheres is the standard one. 

Next observe that in cases I, III, and IV, 7(1) can be identified with 
the unit sphere of I’ (J° = R, C, or H) as follows: For each unit vector 
aeél’, define np, € (1) by 


Bg(z) = za7), zel, 


5. The Stiefel manifolds 223 


Then at> p, 1s an isomorphism of Lie groups (cf. Example 2, sec. 2.6 
and Example 3, sec. 2.7). Thus the universal 1-frame bundles become 


(S", 7, RP*-1, S$), (S?"1,7,CP*1, $1), and = (S41, 7, HP*-4, 53), 


Notice that the first bundle is simply the double covering of Example 2, 
sec. 5.14. Moreover CP! = S? and HP! = S*‘ (cf. Example 4, sec 5.14). 
Thus the bundles A,_(2; 1) and Ay(2; 1) can be written 


(S3, 2, 52,5!) and — (S7, m7, S4, S¥), 


Consider the right action of S® (respectively, S1, S%) on R®” (respec- 
tively, C”, H”) given by 


(2) 5 ca 2 a)? SS Siig. eS), z,E1. 


This action restricts to an action of S® (respectively, S?, S3) on S”-} 
(respectively, S?”—1, S*"-1). We shall show that these actions are the 
principal actions of S°, S!, and S3 on the |-frame bundles. 

In fact, let o € L(n; 1) and write o(1) =(2,, ..., 2,). Then o(1) € V,(n; 1) 
and the principal action of /(1) is given by (cf. sec. 5.19) 


o(l) +z = (cop,)(1) = o(z-1) = (27a, , ..., 2-12,). 


2. The Stiefel manifold Vj(n; 2): Let [’=R and consider the 
Stiefel manifold V,(m; 2). Its points are the isometries a: R* — R”. 
An embedding ¢: Va(n; 2) > R” @ R” is defined as follows: Choose 
an orthonormal basis e, , é, in R? and set g(a) = (a(e), a(é.)). The 
image of consists precisely of the pairs (x, y) satisfying 


IxJ=1, [yl =1, GY =O. 
On the other hand, consider the bundle (M, z, S"“!, S"~?), of unit 


tangent vectors of S"—!. Then the map, 


Yb: 2H (x(z), 2), ze M, 


defines an embedding of M into R” @ R® and the images of % and 
coincide. Composing ¢ with the inverse of y yields a diffeomorphism of 


V,(n; 2) onto M. 


§6. The cohomology of the Stiefel manifolds and 
the classical groups 


The notation conventions of articles 4 and § are continued in this 
article. We shall frequently make the identifications 


V e(n; k) = U(n)/U(n — k) and Va(n; k) = SO(n)/ SO(n — R). 


The tensor product of graded algebras is always the anticommutative 
tensor product. 


5.21. Complex and quaternionic Stiefel manifolds. Theorem I: 
The cohomology algebras of the manifolds V¢(n; k) and Vy(n; k) are 
exterior algebras over oddly graded subspaces (i.e., subspaces whose 
homogeneous elements all have odd degree). ‘The Poincaré polynomials 
are given by 


k 
fen; k) = I] (1 -+ ¢2(n-k+i)-1) 
i=1 


and 


k 
Sala; k) — I] (1 + ey 
i=] 
Corollary: ‘The Poincaré polynomials for U(m) and Q(m) are respec- 
tively given by (since V¢(n; 2) = U(n) and Vy(n; 2) = QO(n)) 


n 


fon =[JU +e) and fow = [] (i 4 t#). 
i=] 


t=1 


Proof: We consider the complex case; the argument in the quatern- 
ionic case is identical. The proof is by induction on k (for fixed 7). 

since V¢(n, 1) = S?"—!, the theorem is clear for k = 1. 

Suppose it holds for some k. From sec. 5.8, we obtain a bundle 


§& = (U(n)/U(n — k — 1), p, U(n)/U(n — Rk), Un — B)/U(n — k — 1). 


Since U(n — k)/U(n — k — 1) = S*™-*)-1, € is a sphere bundle. 
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Moreover, since U(m — k) acts on the sphere by orientation preserving 
diffeomorphisms, the bundle is orientable. Thus its Euler class, 


Xe H*™(U(n)/U(n — R)), 


is defined. 
On the other hand, by our induction hypothesis, the theorem holds for 
k, and so the formula in the theorem shows that 


H®"-k( U(n)/U(n — k)) = 0. 


Thus X, = 0. Now it follows from Corollary II to Proposition IV of 
sec. 8.4, volume I, that 


H(U(n)/U(n — k — 1)) = H(U(n)/U(n — k)) @ H(S%#-)) 


(as graded algebras). This closes the induction. 
Q.E.D. 


5.22. The Stiefel manifolds V,(n; 2). Proposition VI: The co- 
homology algebra of Vg(n; 2) (for m > 3) is given by 


A(V (2m; 2)) ~ A(S?"™-) © A(S?™-*) and A(Vg(2m + 1; 2)) ~ A(S*™-?). 


Proof: Recall from Example 2, sec. 5.20, that the sphere bundle 
associated with the tangent bundle of S"—! is given by 


E = (Va(n; 2), 7, S™-1, S"-*), 
Moreover (cf. Example 1, sec. 9.10, volume I) 


0, n — | odd 
xX,= 
: aon, , m—] even, 


where w,_, denotes the orientation class of S”—!. 

Case A: n=2m,m> 1. Then since X,=—O there is a class 
w € H®m-2(V7 (2m; 2)) such that ff>w—1 (cf. sec. 8.4, volume I). 
Moreover, the map, 


a@1 +B @ wom. ma +n*B-w, «0, BE H(S2-), 
defines a linear isomorphism 
H(S2"~1) @ H(S2"-2) + H(V_(2m; 2)). 


In particular, H4"-4(Vg(2m; 2)) = 0, and so w* = 0. It follows that 
this isomorphism is an isomorphism of graded algebras. 
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Case B: n=2m+1,m2>1. The Gysin sequence for & reads 


v . * 
H*(S?™) caer Hi(V g(2m + 1; 2) fs Hi-2m+1(,52m) 


D 
His?) —, 
(cf. sec. 8.2, volume I). This shows that, for: 4 0, 2m— 1, 2m, 4m — 1, 
H*(Vy(2m + 1; 2)) = 0. 


Since D(1l) = X, = 2w.,,, D restricts to an isomorphism 
H S2m) =, H2m(S2m), 
Now the exactness of the Gysin sequence yields 


H?™(V 92m + 1;2)) = 0 = H2™-(V,(2m 4+ 1; 2)). 
Q.E.D. 


5.23. Bundles with fibre V,(2m +1; 2). Let » = (F,7, B,F) be 
an oriented bundle with F = V,(2m + 1; 2). In view of sec. 5.22, 


H(F) ~ H(S*"-), 


Now the proofs of the results for sphere bundles established in article 1, 
Chap. VIII, volume I, depend only on the cohomology and compactness 
of the fibre; in particular, the identical results hold for 7. 

This implies that there is a class X,¢ H*"(B), depending only on », 
and determined by the following condition: Let ®e A*"(B) represent X, . 
Then, for some 2 € A*"~"(E), 


7*® —8Q, and f Q=-1. 
F 


Moreover there is a long exact sequence, 


++ —» Hi(B) fee H‘(E) fF Hi-4m+1/ B) an H#+1(B) ies 


9 


where Da = a-X, . If X, = 0, then there is an isomorphism of graded 
algebras, 


H(E) = H(B) @ H(S*"-2). 
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5.24. The real Stiefel manifolds V,(n;k). Theorem II: The co- 
homology algebra of V y(n; k) (k < m) is an exterior algebra over a graded 
vector space. The Poincaré polynomials are the polynomials given below. 


i 
n = 2m, R=2U+h, I>0 | Q+e [TC + oe) 
t=1 


l 
n=2m+1, k= 21, [] a + e438) 


t=1 


1-1 
(1 + g2m—21)(] fe t2m—1) I] (1+ tam—4i-1) 
i=l 


i-1 
n=2m+1,k=U+l,m>1>0) (+e )[] (1 + tees) 
t=1 


Theorem III: The Poincaré polynomials for the groups SO(n) 
are given by 


m—l 


from = (1 +") [] Cl + 7) 


i=1 


and 


fsotemy) = I] (sea) 
t=1 


Proof of Theorem II: Since Vg(n, 1) = S"~!, the theorem 1s correct 
for k = 1. If 2 =k <n the theorem is contained in Proposition VI, 
sec. 5.22. Now we use induction on k. Assume the theorem holds for 
Vp(m; 2), 2 < k, and consider two cases separately. 


Case A: n— kisodd. Write n — k = 2g — |. Consider the bundle 
(SO(n)/SO(n — k), p, SO(n)|SO(n — k + 2), Va(2q + 1; 2)). 


By induction the theorem holds for SO(n)/SO(n — k + 2). It follows 
that 


H*(SO(n)/SO(n — k + 2)) = H?"-?*+2(SO(n)/SO(n — k + 2)) = 0. 
Hence it follows from sec. 5.23 that 
H(SO(n)/SO(n — k)) = H(SO(a)/SO(n — k + 2)) & S22) 


and the induction is closed. 
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Case B: n—k=2q and q>0. Since (always) k >1, we have 
2q <n. Now consider the sphere bundle 


(SO(n)/SO(n — k), p, SO(n)/SO(n — k + 1), S*-*). 
Since 2 — k is even, we have a linear isomorphism, 
H(SO(n)/SO(n — k)) ciao H(SO(n)/SO(n — k + 1)) & A(S*-*), 


of graded vector spaces (cf. Corollary II to Proposition IV, sec. 8.4, 
volume I). 
It follows from our induction hypothesis that 


H®(n-®(SO(n)/SO(n — k + 1)) = 0. 


This, as in the proof of Proposition VI, implies that the isomorphism is 
an isomorphism of graded algebras. 
Q.E.D. 


Proof of Theorem III: Let (v,,..., v,_,) be an orthonormal (n — 1)- 
frame in R”. Then there is a unique vector, v,, € R®, such that (7, ,..., v,) 
is a positive orthonormal n-frame. This provides a diffeomorphism, 
Va(n;n — 1) > SO(n). Now apply Theorem II. 

Q.E.D. 


Problems 


1. Free actions. (i) Let G be a Lie group that acts freely and 
properly on a manifold M (cf. problem 5, Chap. III). Show that 
(M, 7, M/G, G) is a principal bundle (cf. problem 6, Chap. III). 

(ii) Apply this when G is discrete and the action is discontinuous 
(problem 21, Chap. HI). Show that the universal covering projection 
for any connected manifold is the projection of a principal bundle 
(problem 18, Chap. I). 


2. (i) Show that the closed proper subgroups of S? are finite, and 
are in |—1 correspondence with the groups Z, = Z/pZ, p = 1, 2,... . 

(ii) Construct principal bundles (S', z, S’,Z,), where Z, acts by 
multiplication. Let (S! X75), p, S', S') be the associated bundle 
(same action of Z,). Identify it as a principal S'-bundle, and show that 
it is the trivial bundle. 

(iii) Construct a principal bundle (R?, z, S! X75), ZX Z), where 
Z x Z acts on R* by 


(x,y) + (m,n) = (x + pm +n, y +n), x yeR, mneZ. 
(iv) Let Z, act on S? via et» e~®. Show that S' x7 S? is not diffeo- 
morphic to S$? x S!. 
3. Let M(n, m;k) denote the set of linear maps from R” to R™ of 
rank k. 


(i) Make M(n, m; k) into a smooth manifold. 
(ii) Show that composition defines a smooth map 


p: M(n, k; k) x M(k, m; k) > M(n, m; Rk). 
(111) Show that p is the projection of a principal bundle. 


4. Let A = (P, 7, B, G) bea principal bundle. Let G act on itself by 
conjugation. Show that the resulting associated bundle is a bundle over B 
with fibre G. Construct an example in which this bundle cannot be made 
into a principal bundle. 
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5. Let (P, 7, B, G) bea principal bundle. Assume that G acts on an 
ry-manifold, Y, and let (M, p, B, Y) be the associated bundle. Let 
€ = (V,,, p, M, R’) be the vertical subbundle of the tangent bundle 7,, . 


(i) Show that (Vy ,p°p, B, Ty) is a smooth bundle. Identify it with 
the bundle P x, T, > B. 

(ii) Assume that Y = G/K, where K is a closed subgroup of G. 
Identify € with the bundle (P x, E/F, p, , P/K, E/F), where E and F 
denote the Lie algebras of G and K. 


6. (i) Let &=(M,7a, B,F) be a Riemannian vector bundle. 
Construct a principal O()-bundle whose fibre at x is the set of isometries 
F — F,, . Show that € is the associated vector bundle. 

(ii) Make similar constructions for real vector bundles, oriented 
real bundles, oriented Riemannian bundles, complex bundles, Hermitian 
bundles, and quaternionic vector bundles. 

(11) Apply (i) and (ii) to the tangent bundle of a manifold. Show that 
the resulting principal bundle has trivial tangent bundle. 


7. Flag manifolds. A flag in R” (respectively, C”, H”) is a sequence 
of subspaces, 
OCF,CF,C CF, =R*, 
such that dim F, = 7 (1 <j <n). 
Make the flags into a compact manifold (in each case) and identify 
it with a homogeneous space. 


8. Grassmann manifolds. (i) Define an action of GL(n;R) on 
G,(n; k). Determine the orbits and isotropy subgroups. 


(ii) Make a similar construction in the other three cases. 


9. Projective vector bundles. Let € = (£, 7, B, F) be a real vector 
bundle. 


(i) Define a manifold M whose points are the one-dimensional 
subspaces of the fibres F, . 

(ii) Show that M is the total space of a fibre bundle over B with the 
real projective space as typical fibre. Represent this bundle as an 
associated bundle. 

(111) Show that the pull-back of € to M can be written in the form 
n @ ¢, where ¢ is a vector bundle of rank |. Is € necessarily trivial ? 

(iv) Establish analogous results in the complex and quaternionic 
cases. 
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10. Actions on principal bundles. A Lie group K acts on a principal 
bundle P = (P, 7, B, G) if it acts from the left on P and B so that the 
projection 7 and the right translations 7, (a € G) are K-equivariant. 


(1) Show that an action of K on F induces an action of K x G 
on P. 
(ii) Show that an action of K on F induces an action of K on all the 
associated bundles. 
(ui) If K acts on #, show that it acts on associated vector bundles 
by bundle maps. Obtain a geometric description of its action on the 
corresponding associated bundles with fibre a Grassmannian. 


11. Parallelizable homogeneous spaces. Recall that a mani- 
fold M is parallelizable (respectively, stably parallelizable) if the 
tangent bundle 7,, is trivial (respectively, if 7,, @ e! is trivial). 

(i) Suppose HC K CG is a sequence of closed Lie groups. If 
G/H is stably parallelizable, show that so is K/H. 

(ii) Let G bea Lie group with Lie algebra FE. Then Ad: G > GL(E), 
Show that GL(£)/Im Ad is stably parallelizable. 

(iii) Let K be a closed subgroup of a Lie group G. Assume the Lie 
algebra F of K satisfies 


F=1,D1,D-D1,=0, 


where [/, , /,] C J,,, . Show that G/K is stably parallelizable. 

(iv) Show that the real and complex Stiefel manifolds V(n; k) are 
parallelizable if k > 2. (Notice that Vg(”; 2) requires special attention.) 
Discuss the quaternionic case. 


12. Vector fields on homogeneous spaces. Let K be a closed sub- 
group of a Lie group G. Let FC E be the corresponding Lie algebras. 


(i) Establish an isomorphism ft» Y, between the space of K-equi- 
variant functions f: G —> E/F and vector fields on G/K. Given f, and f, , 
describe the function f, satisfying Y, = [Y, , Y;,]. 

(ii) Show that the zero sets f-1(0) and Y;*(0) are related by f-1(0) = 
a1Y>(0) (7: G— G/K). 

(iii) Show that the isomorphism of (i) determines an isomorphism 
from (E/F), to the space of G-invariant vector fields on G/K. Describe 
the corresponding Lie product in (£/F), . 

(iv) Let S be a g-dimensional torus in U(n). Construct a family of 
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(n — q)*, U(n)-invariant, vector fields on U(n)/S, linearly independent at 
each point. 


13. Division algebras. Let E be an n-dimensional Euclidean space 
and let e € E bea fixed unit vector. Assume that a bilinear map (x, y) > xy 
is defined, subject to the following conditions: (a) xe = ex = x. (b) 
The maps, y+» xy and yt» yx, are isomorphisms if x 4 0. Then E is 
called a real division algebra. Assume E is a real division algebra, and 
let S?”-! be the unit sphere in E' @ E (with respect to the induced inner 
product) and let S” be the one-point compactification of E with 2, as 
compactifying point. If y 4 0 define y~! by yy—! = e. 


(1) Show that the map 7: S?"-! ~ S” given by 


eal 249 
is a smooth submersion. 

(11) Construct a smooth bundle (S?"71, 7, S$", S"~!). (Hint: cf. 
problem 12, Chap. VII, volume I). 

(111) Show that in the cases E = C, H this is a principal bundle. 


(iv) Use the Cayley numbers to show that such a multiplication 
exists for 2 = 8 and construct a fibre bundle (S$, z, $8, S’). Show 
that this is mot a principal bundle (cf. problem 5, Chap. III, volume I). 


14. Consider the principal bundles (SO(n), 7, S"-1, SO(n — 1)), 
where z is given by 7(r) = 7(e) (e, a fixed unit vector in R”). In the case 
n = 4 and n = 8 show that this principal bundle admits a cross-section 
and conclude that it 1s trivial. Conclude that S? and S” are parallelizable. 


15. Coordinate representations. Let # = (M, p, B, F)beasmooth 
bundle, and assume that G is a Lie group acting on F from the left. 


(1) Suppose @ is the associated bundle of a principal G-bundle. 
Show that there is a coordinate representation (U, , %;) for @ such that 


Yi" 0 oi(x, ¥) = (x, yi) *y), 
where y,, : U; A U; > G are smooth maps satisfying 
Vis) VielX) = vixl*), xeU,NU, 0 U,. 


(1) Conversely, assume @ has such a coordinate representation. 
Construct a principal bundle for which @ is the associated bundle (via 
the given action of G on F). 
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(iii) If the action is effective show that the first equation of (i) implies 
the second. 

(iv) Show that the constructions in problem 6 are special cases of the 
construction in (11). 


16. Let H, and H, be closed subgroups of a Lie group G such that 
H, C H, . Consider the fibre bundle 


B = (GIH, , 7, G/H, , He/H,). 
Define H, by 
Hy = () xAyx. 
reH, 

(1) Show that H, is the largest subgroup of H, which is normal in 
H,. Conclude that H, is a closed Lie subgroup of H,. 

(ii) Show that (G/H,, 7), G/H,, H,/H>) is a principal bundle, 
and that 4 is an associated bundle. 

(iii) Show that # = (Va(n;7), 7, Va(n; k), Va(n — R37 — k)) 15 asso- 
ciated with the principal bundle (SO(), 7, Vg(n; k), SO(n — k)) and 
use problem 14 to conclude that @ is trivial if 7 > 1 and m = 4 or 8. 


17. Vector fields on fibre bundles. Let #4 = (M, a, B, F)bea fibre 
bundle. A vector field, Y,on M is called basic, if there is a vector field, 
X, on B such that 


bet 
a 
mo 


A vector field, Z, on M is called vertical, if 
(drr),Z(z) = 0, zeM. 


(i) Show that the Lie product of vertical vector fields is vertical. 

(ii) Show that the Lie product of a vertical and a basic vector field 
is vertical. 

(111) Show that the Lie product of two basic vector fields 1s basic. 

(iv) Show that the Y(M)-module 2(M) is generated by the basic 
and vertical vector fields 

(v) If @ is a principal bundle, show that Y is basic if and only if 
Y — (T,),4 Y 1s vertical for each a in the structure group. 


18. Differential forms on fibre bundles. Consider the homo- 
morphism 7*: A(M) < A(B) (4 = (M, a, B, F), a bundle). 


234 V. Bundles with Structure Group 


(i) Show that z* is injective. 

(ii) Show that, if ®eIm 7*, then 7(Z)® = 0 and @(Z)® = 0 for 
every vertical vector field. Show that if F is connected, then the converse 
is true. 


(iii) Show that if @ admits a_ cross-section, then the map, 
a7*: H(M) <— H(B), 1s injective. 
19, Let E and F be the Lie algebras of GL(n; R) and U(n). 
(1) Construct an isomorphism of graded differential algebras 
(AE* @C, 8p @1) & (AF* @C, - ®1). 
(ii) Compute H,(GL(n; R)) and compare it with H(SO(n)). 
(11) Compute H,(O(~, q)) (cf. problem 12, Chap. II). 


20. Outer automorphisms. Construct an automorphism of U(n) 
which is not an inner automorphism. Determine its action on H(U(n)). 
Do the same for SO(2n). 


Chapter VI 


Principal Connections and the Weil Homomorphism 


In this chapter G denotes an 7-dimensional Lie group with Lie 
algebra FE. PY =(P,7,B,G) denotes a fixed principal bundle 
(dim B = n). T: P xX G — P denotes the principal action of G on P. 
The fibre over x € B is denoted by G, ; note that this is not an isotropy 
subgroup. 

For every he E, Z, denotes the fundamental vector field generated 
by h. The operators i(Z,), 0(Z,) in A(P) are denoted by 2(h) and 4h) 
(cf. sec. 3.13). The Lie algebra of invariant vector fields on P is denoted 
by 2(P). 

The vertical subbundle of 7, will be denoted by V>, ; we use the 
boldface notation to avoid confusion with the notation for a principal 
connection (cf. sec. 6.8). A cross-section of V> is called a vertical vector 
field; thus a vector field, Z, on P is vertical if and only if Z ~ 0. The 
module of vertical vector fields is denoted by %(P). " 
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§1. Vector fields 


6.1. The vertical subbundle. Recall that the vertical subbundle is 
the subbundle V;, of the tangent bundle+t, of P whose fibre at 2 is given 
by 

VAP) = ker(dz),,  2€P, 


(sec. 7.1, volume I). 
Since G acts freely on P, we also have the fundamental bundle 


Fp C Tp (cf. sec. 3.11). 
Proposition I: The fundamental and vertical subbundles coincide. 
Proof: Since dzodA, = 0, it follows that 


FpoC Vp. 
On the other hand, 


rank (Fp) = dim G = rank(Vp). 


Hence 


Fp — Vp . 
Q.E.D. 


Corollary I: The map P x E — Tp» given by (2, h) +> Z,(z) defines 
a strong bundle isomorphism 


Px E— Vp. 


Proof: Apply sec. 3.9 and sec. 3.11. 
Q.E.D. 


Corollary II: The map S(P) ® E — &(P) given by 
f@hf-Z,, feS(P), hee, 


defines an isomorphism of W(P) @ E onto #,(P). In particular, Z)(P) 
is a free S(P)-module, generated by the fundamental vector fields. 
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Proof: Apply Corollary I. 
Q.E.D. 


Corollary III: An isomorphism “(P; E)=>%,(P) is given by 
ft> Z,, where 
Z,(2) = Z4()(2)- 


Proof: This is the isomorphism of Corollary II. 
Q.E.D. 


Example: Suppose B is a single point and P = G. Then 
Vp=Tp= Te 
and the isomorphism, 


Gh. 7... 
is given by 
(a, h)++ X,(a), 


where X, is the left invariant vector field generated by A. 


6.2. Invariant vector fields. Recall from sec. 3.10 that the action 
of G on P determines the action (Z, a)» Z-a of G on Z(P), where 
Z:a=(T,), Z.1f Z-a = Z,ae€G, then Z is called an invariant vector 
field and the space of invariant vector fields is denoted by 2%(P). 


Example: Recall from Example 3, sec. 3.10, that 
Z,-at=Z,,, fEeY(P;E), aeG, 
where a : f is the E-valued function defined by 
(a+ f\(2) = (Ada) f(z a), 


In particular, the vector field Z, is invariant if and only if the function f 
is equivariant. 


Proposition II: Let Z be an invariant vector field on P. Then there 
is a unique vector field X on B such that Z ~ X. The correspondence 
Zt» X is a surjective Lie algebra homomorphism 


4: EP) > 2(B). 
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Its kernel is given by 
ker 7, = E(P)N 2X (P). 
Proof: Since Z is invariant, 
Z(z:a) = (dT,) Zz), aeG, zeP. 
It follows that 
(di) Z(z - a) = (dz) Z(z), aeG, zeP. 


This shows that, for each x € B, there 1s a unique tangent vector X(x) 
at x satisfying 


(dm) Z(z) = X(x), 2€G,. 


The correspondence xt» X(x) defines a set map X: B—> T,. To 
show that X is smooth, let o: U — P be a cross-section over an open 
set U. Then X = (dm) o Zo, and so X is smooth in U (and hence in 
B). Hence it is a vector field on B. Clearly, Z ~ X. Since 7 is surjective, 
X is uniquely determined by Z. " 

To prove the second part, consider the map z,: 2'(P) > 2(B) 
defined by Z+»> X. It follows directly from Proposition VIII, sec. 3.13, 
volume I, that 7, is a homomorphism of Lie algebras. Moreover, 
7,2 = 0 if and only if (dz) Z(z) = 0, 2 € P; 1e., if and only if Z is 
vertical. This shows that 


ker 7, = £UP)A £y(P). 


It remains to show that 7, is surjective. Let X € 2(B) and choose a 
principal coordinate representation {(U,, #,)} for #. Let {p,} be a 
partition of unity for B subordinate to the covering {U,}. Define vector 
fields, X,,in U, X G by 


X,(x,a) = X(x), w«xeU 


a % 


aeG. 


Then (%,),X, € £'(7-( U,)) and so an invariant vector field Z on P is 
given by 


Z = » a : (ba) x XxX, 


Evidently, 7,Z = X. 
Q.E.D. 
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Corollary: If Ze 2"(P) and Ye %,(P), then 
[Z, Yje XP). 
Proof: Since Z ~ 7,Z and Y ~ 0, it follows that 
[Z, ¥] ~ [74Z, 0] = 0. 
Q.E.D. 


§2. Differential forms 


6.3. The homomorphism n*. A differential form, ®, on P is called 
invariant if it is invariant under the right action of G. The algebra of 
invariant forms is denoted by A,(P). 

A differential form ® on P is called horizontal if 1(Y) ® = 0, Y e Zy(P). 
Since the fundamental bundle coincides with the vertical bundle (Pro- 
position I, sec. 6.1), @ is horizontal if and only if it is horizontal with 
respect tothe action of G (cf. sec. 3.13). The algebra of horizontal forms 
is denoted by A(P),_,. 

Now consider the homomorphism 7*: A(P) <— A(B). 


Proposition III: The homomorphism 7% is injective. The image of 
m* consists precisely of the differential forms which are both invariant 
and horizontal. 


Proof: Since the maps z and (dz), (2 € P) are surjective, 7* must be 
injective. Moreover, the relations, 


Tx on* = 7%, aeG, 
and 


(dr) Z,(z)=0, he, zeP, 


imply that the differential forms in Im 7* are invariant and horizontal. 

Now assume ¥’ € A(P) is invariant and horizontal. Choose a principal 
coordinate representation {(U,, ¥,)} for A Since ¥, is equivariant, 
px € A(U, x G) is invariant and horizontal with respect to the action, 
((x, a), b) ++ (x, ab), of G on U, x G. It follows that there is a unique 
®, € A(U,) such that 


®x1=d¢7¥. 


This uniqueness implies that ®, and ®, agree in U, NM U, . Hence there 
is a unique differential form, ® ¢ A(B), such that 


O(x) = ®,(x), xeU,. 


Clearly, 7*® = ¥. 
Q.E.D. 
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Definition: The differential forms which are both invariant and 
horizontal are called basic. They form the basic subalgebra, A,;(P), of A(P). 


Remark: Proposition III shows that 7* can be considered as an 
isomorphism 


7*: A(B) —> A;(P). 


Finally recall that A(P),_) denotes the subalgebra of A(P) consisting 
of differential forms, ®, satisfying 


Ah) =0, he. 


Set A(P);-6 A A(P)oeg = A(P)iH0.029 (cf. sec. 3.13). If G is connected, 
Proposition VI, sec. 3.13, shows that A(P),_» 9-9 1s the basic subalgebra. 
Thus in this case we can write 


m*: A(B) —> A(P):x0,0-0 


6.4. Homomorphisms. Let J = (P, #, B, G) be a second principal 
bundle with the same group G and let g: P — P be a homomorphism of 
principal bundles inducing ¥: B > B. Since @ is equivariant, the 
fundamental vector fields on P and P generated by the same vector, 
he E, are g-related, 


Zi. i Z,,  hekE 
(cf. sec. 3.9). This yields the commutation relations (cf. sec. 3.14) 
pt ob(h) = O(h)og*, ptoi(h)=i(h)og*, he, 
where 6(h) = 0(Z,) and i(h) = i(Z,). Moreover, 
oto T* =Troo*, acG. 


Hence the homomorphism g*: A(P)—» A(P) restricts to homo- 
morphisms A,(P) — A,(P) and A,(P) — A,(P) and we have the commu- 
tative diagram 


A,(P) <2— A,(P) 


a* ~ me an* 


A(B) —— A(B) . 
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6.5. Integration over the fibre. An orientation of E (the Lie algebra 
of G) determines an orientation in the fibre bundle F (cf. sec. 7.4, 
volume I) as follows: Give the trivial vector bundle, P x E, the induced 
orientation, and then use the bundle isomorphism, 


Px E—V>, 


(Corollary I to Proposition I, sec. 6.1) to orient Vp. Finally, recall from 
sec. 7.4, volume I, that an orientation of Vp determines an orientation 


of F. 


Example: If B is a point, P = G, then Vp = Tp = 7, and the 
induced orientation of F is simply an orientation of G. It 1s the left 
invariant orientation induced by that of E (cf. sec. 1.13) as follows from 
the example of sec. 6.1. 

More generally, if P = B x G, then Vp = B xX Tg and the orien- 
tation of Vp is that obtained from the orientation of 7. Thus the 
orientation of {x} x G induced from that of F is simply the orientation 
of G just defined. 


Now, let f — (P, #, B, G) be asecond principal bundle, and suppose 
gp: P — P is a homomorphism of principal bundles inducing ys: B — B. 
Then (since ¢ is equivariant) the diagram, 


PePe SPE 


[= 


Vp Vp ’ 


commutes. It follows that y preserves the induced bundle orientations. 
In particular, if {((U,, ,)} is a principal coordinate representation 
for Y, then 


Waa (G, Pp, {x}, G) as (P, Wy B, G) 


can be considered as a homomorphism of principal bundles. It follows 
that the maps , ,: G — G, are orientation preserving, where G, is 
given the orientation induced from the orientation of 7. 

Next, assume that G' is compact and connected. Since F is orientable, 
the fibre integral (cf. sec. 7.12, volume I) is defined, depending of course, 
on the orientation of F. 
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On the other hand let 4 € A’(G) be the unique invariant r-form such 
that f; 4 = | (cf. sec. 1.15). Let « € A’E be the element satisfying 


<A(e), > = 1. 
Write « = h, a -:- Ah, (h; € E). The operator, 
(ey 2a(hae 0 ah), 
in A(P) depends only on e. Moreover, since 
i(h)o TE = T¥10i((Ad a)h), aeG, heE 
(cf. diagram (3.1), sec. 3.9), it follows that 
i(e)o TH = Ti 0i(det Ada-e) = TX10i(e), aeG. 


Since h n « = 0 (he E), we also have i(h) o 1(e) = 0. These relations 


show that z(e) restricts to an operator 
i(e): A,(P) > Ag(P). 


Proposition IV: ‘The diagram, 


inclusion 


A,(P) ————> A(P) 


wit | li 
A,(P)——- A(B), 


commutes, where w is the involution defined by 
w(®) = (—1)"®, Ge APP). 


Proof: It is clearly sufficient to consider the case that F is the product 
bundle: P = B xX G. We must show that 


mf B= ali), Ge AP). 


Recall the bigradation of A(P) = A(B x G) (cf. sec. 3.20, volume I). 
Evidently, A,(P) is a bigraded subalgebra of A(P), 


r 


A(P) = YY, APP). 


p=0 q=0 
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Moreover, the operators i(e) and 7* of, are both homogeneous of 
bidegree (0, —r). Hence it is sufficient to consider the case that 
that Be A?P(P). 


In this case a simple computation shows that 
P = (—1)" ie) Ban 7GS 


(where zo: B x G—G is the projection). Since (ce) elm n*, it 
follows that (cf. Example 2, sec. 7.12, volume I) 


a f © = (=) = afi(0)9), 


as desired. 


Q.E.D. 


6.6. Vector-valued differential forms. We recall, for convenience, 
some facts from volume I, and from Chap. III. Let W be a finite- 
dimensional vector space. Then A(P; W), the space of W-valued 
differential forms in P, is a graded left module over the graded algebra 
A(P), and an isomorphism, A(P) ® W— A(P; W), is given by 
D&® wr Pf aw, we W. (Here w also denotes the constant function 
P— w.) 

The operators 1(Z), 0(Z), TX, and 6 (where Ze 2(P) and ae G) 
extend to operators 7(Z) ® 1, 0(Z) ® 1, Ti & 1, and 6 @ cin A(P; W), 
again denoted by 2(Z), 0(Z), Tx and 6. In particular, 7(h) and 6(h) (h € E) 
are regarded as operators in A(P; W). 

A W-valued differential form, 9, is called horizontal if 1(h)Q = 0, 
heE (cf. sec. 6.3). The horizontal forms are a graded subspace of 
A(P; W), denoted by A(P; W),_,. The isomorphism, 


A(P) @ W —> A(P; W), 
restricts to an isomorphism 
A(P):29 © W + A(P; W);20 - 


Now suppose that R is a representation of G in W, and let R’ be the 
derived representation of EF in W. The operators « ® R(a) and 
L® Rh) (ae G,he E) in A(P; W) are denoted simply by R(a) and 
R’(h). 

Thus (cf. sec. 3.15) a W-valued form @ is equivariant if 


Ti®=R(a')®, aeG. 
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According to Proposition VII, sec. 3.15, if G is connected this is 
equivalent to 


O(h)\> = —R'(h)b, he E. 


The space of equivariant forms is written A,(P; W). 

On the other hand, a W-valued form, ®, is called invariant if 
TZ® = ©, aeG. Thus @ is invariant if and only if ®€ A,(P) ® W. 
If the representation is trivial, then the definitions of equivariant and 
invariant forms coincide. 

Finally, the space A(P; W),_, A A;(P; W) 1s called the space of basic 
W-valued differential forms and is denoted by A;(P; W). If W = R and 
R is the trivial representation, this reduces to the definition of sec. 6.3. 
A generalization of Proposition III of that section to vector-valued forms 
will be given in sec. 8.22. 


6.7. Multilinear maps of vector-valued forms. Recall that if W, 
and W are finite-dimensional vector spaces, then a linear map g: W, ~ W 
induces the (P)-linear map, 


px =+@¢: A(P; W,) > A(P; W), 

given by 
PZ, y 0) Zp) = AMZ, Zy)), WEA(P|W,), Z,,.,Z,64(P). 
More generally, let p: W, x --+ <x W, — W be a k-linear map of 


finite-dimensional vector spaces. Then qm determines the k-linear map 
(over SA(P)), 


9,: A(P; W,) x ++ x A(P; W,) > A(P; W), 
given by 


px(Py y teey PiMA1 yeeey Zm) == Y eg(P(Z,1) pase) y oats Pieces, Zo(m)))s 


pi! +> Dy! pare 
where 
Ye A™(P;W,) (i = 1,..., 2), Z,E2(P) (v=1...., m), 


If we identify A(P; W,) with A(P) ® W, , we can write 


Pu(Py & Wy , «+, Py © Wy) = (Dy a A Dy) © Y(%,, «., Wy); 
®,¢ A(P), w,eW,, 1 =1,2,...,k. 
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In particular,if R represents Gin W,then a bilinear map,E x W— W, 
is given by 
(h, w) +> R'(h)w. 
The corresponding map of differential forms is written 
(O,P)+O(¥), DBeA(P; EE), We A(P; W). 
Thus if # € E and h also denotes the constant function P — h, then 
h(Y) = R'(h)¥. 

As a special case suppose W = E and R'1s the adjoint representation. 
In this case the original bilinear map 1s given by (A, k) +> [A, k] (A, k € E) 
and the corresponding map of differential forms is written 

(, ¥) + [®, ¥]. 
The relation, R’((h, k]) = R'(h) > R'(k) — R'(k) o R'(h), leads to the 


formula 
[P, , P,](P) = O(P(%)) — (— 1)" ,(O(¥)), 
@,¢ AXP; E), ®,¢ AP; E), Ye A(P; W). 


In particular, if ® € A(P; EF) has odd degree, then 
[6, BYP) = 20(0(Y)), Fe A(P; W). 


§3. Principal connections 


6.8. Connections in a principal bundle. The right action of G on P 
induces a right action, dT, of G in the tangent bundle 7, . It is given by 


aT(t,a)=(aT,)l, aeG, eT, 
(cf. Example 7, sec. 3.2). The equations 7° T, = 7 (aé€G) yield 
dro dT, = dr. 
Thus the vertical subbundle V> is stable under dT. 
Definition: A principal connection in F is a strong bundle map 


V: Tp — Tp> satisfying the conditions: 
ai) V?= PS. 
(i) Im V, = VP), 2 ¢ P. 
(111) V is equivariant; 1.e.. 
dT,0V=VodfT,, aeG. 


Remark: We remind the reader of the following notation conven- 
tions: 


(1) V, is the vertical bundle with fibre V,(P) at z«¢ P. 
(2) V is a principal connection restricting to linear projections 


V,:T(P)>VAP),  zeP. 


Examples: 1. For the trivial bundle P = B x G, the vertical 
subbundle is B x Tg, and a principal connection, V, is given by 


V(E,n) = (0,0), €eT,(B), 71 € TAC). 


2. Let {U,} be an open cover of B and let V, be a principal connection 
in the bundle (7-!U, , 7, U, , G). Let {U,} be a locally finite refinement 
of the open cover {U,} and suppose that { p,} is a family of smooth 
functions on B such that carr p, C O, and >, p, = 1. (Note that 
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{ p,} need not satisfy p,(x) = 0.) Then a principal connection, V,in F 1s 
given by 
Vi) pe Vas 


Remark: Examples | and 2 show that every principal bundle 
admits a principal connection. 


6.9. Horizontal subbundles. Let V be a principal connection 
in J. The subspaces ker V, C T,(P) (2 € P) are the fibres of a subbundle, 
Hp, of rp. Evidently 


Tp = Hp © Vp; 


i.e., Hp is a horizontal bundle (cf. see 7.2, volume I). It is called the 
horizontal bundle associated with the connection. Its fibres are called the 
horizontal subspaces and are written H,(P). 

The bundle H, is stable under the action of G. Moreover the map, 
V +> Hp, is a bijection between principal connections and G-stable 
horizontal bundles. 


Examples: 1. The horizontal subbundle corresponding to the 
principal connection of Example 1, sec. 6.8, is given by Hp = Tz X G. 


2. Suppose a Riemannian metric has been defined in P so that the 
bundle maps dT: Tp — Tp (a € G) are all isometries. Then Hp = V> 1s 
a G-stable horizontal subbundle. The corresponding principal connec- 
tion is simply the orthogonal projection TP) + V,(P) at each point 
ze P. 


Now let V be a fixed principal connection in # and let Hp be the 
corresponding horizontal subbundle. Then 


H=.t—V:Tp— Hp 


is the projection with kernel Vp. 
Since V and H are strong bundle maps, they determine module 
homomorphisms, 


V,:2(P)+>2(P) and Ay: 2(P)—> 2 (P), 
given by 
(V,Z)(z) = V(Z(z)) and (H,2Z)(z) = H(Z(z)), ZeEeX(P), zeP. 
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The cross-sections in Hp are called horizontal vector fields, and the 
module of horizontal vector fields is denoted by 2,(P). It is, in general, 
not stable under the Lie bracket. The decomposition tp = Hp @® Vp 
leads to the direct decomposition, 


A(P) = Fu(P) © FP), 
which 1s given explicitly by 
Z ZV eZ). 


Since the operator V is equivariant with respect to the action of G, 
so is H. It follows that H, and V, commute with the isomorphisms, 


(T,)x: Z(P) —> 2(P),  aeG. 


In particular, if Z is invariant then so are H,Z and V,Z. Thus the direct 
decomposition above restricts to a direct decomposition, 


RNP) = FilP) © LP), 
where 
GP) = 2(P)A2(P) and SYP) = 2(P)NZY(P). 
Now consider the surjective homomorphism, 
my: LP) —> £(B), 


of £(B)-modules (cf. sec. 6.2). Since ker 7, = 2%(P), it follows that 7, 


restricts to an isomorphism 
4: Bi(P) —> 2(B). 


The inverse isomorphism, A: 4(B) > Z)(P), is called the horizontal 
lifting isomorphism for the principal connection V. 


Proposition V: ‘The lifting isomorphism satisfies 
A(X, , Xe]) = Hy([AX, , AX]), X,, X,€ 4(B). 
Proof: In fact, 
mATX], Xe]) = [M1 , Xe] = [4 AX1 TAM.) = 74 ([A] , AX), 


whence 77,(A((X, , X2]) — [AX,,AX,]) = 0. 
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Thus A([X, , Xe]) — [AX, , AX,] is vertical. It follows that 


A(X, ; X}) ie H,A(X, ’ Xo) = H((AX, ; AX9]). 
Q.E.D. 


6.10. The connection form. Let V: Tp—» Tp be a principal con- 
nection in FY. In sec. 6.1 we obtained a strong bundle isomorphism 


Px E—>Vp>. 


Composing V with the inverse of this isomorphism gives a strong bundle 
map 


a; Tp —+ P x E. 
The isomorphism, P x E => Vp, is given by 
(z, h) > Z,(z) = (dA,)e(h), 2EP, hek. 


It follows that, for € € TP), «(f) = (2, (dA,),1V 0). Thus an E-valued 
1-form, w, on P is given by 


w(z;¢) = (dA,);" (V,£). 
Definition: w is called the connection form associated with V. 


Recall from Corollary III to Proposition I, sec. 6.1, that every E- 
valued function f on P determines a vertical vector field Z,. In particular, 
suppose Y € 2(P) and consider the function w(Y). It follows from the 
definition of w that 


ZY) = Ver, 
Thus, w( Y) = 0 if and only if Y is horizontal. 


Proposition VI: ‘The connection form has the following properties: 
(1) thw =hhe E. 
(2) Tw = (Ad a)w, ae G. 


Conversely, if co € A'(P; E) satisfies these conditions, there is a unique 
principal connection in FY for which it 1s the connection form. 


Remark: Note that (2) asserts that w is equivariant with respect to 
the adjoint representation of G. 
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Proof: Suppose first that w € A\(P; EF) is derived from a principal 
connection V as described above. Then 


(i(h)w)(z) = w(z; Z,(z)) = (dA, (dA, hh =h, EP, he€, 


whence (1). 


Moreover, according to sec. 3.1, T, 0 A, = A,., ° T,-1. Hence 


dT,0(dA,), = (dA,.).cAda, aeG. 
Since V is equivariant, it follows that for ae G, z € P, Ce TP), 


w(z-a;(dT,) FC) = (Ad a“) w(z; 6), 
whence (2). 
Conversely, assume that o is an E-valued |-form on P which satisfies 
(1) and (2). Thus each o(z) is a linear map 7,P) — E. Define 
V: Tp — T;, by setting 


V(z) = (dA,),oo(z), EP. 


Then V is the unique principal connection inducing o. 


Q.E.D. 


Corollary I: The connection form satisfies the relations 
i(hw =h and (hw = —(adhjw, hEE. 


Conversely, let o be an E-valued !-form on P which satisfies these 
relations. Assume that G is connected. Then o 1s a connection form 
on P. 


Proof: ‘This is an immediate consequence of the proposition and 


Proposition VII, sec. 3.15. 
Q.E.D. 


Recall from Proposition V, sec. 3.10, that the Lie product of a funda- 


mental field and an invariant field is zero. On the other hand, we have 


Corollary II: The Lie product of a fundamental field and a 
horizontal field is horizontal. 


Proof: We must show that w([Z,, Y]) = 0, where Z, is a funda- 
mental field and Y is horizontal. Since Y is horizontal, 


1(Y)w = w(Y) = 0. 
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Thus, by Corollary I, 
i(Y) O(h)w = —i(Y)(ad A)w = —(ad h)i(Y)w = 0 


and so 
w([Zn» Y]) = i((Zn, Vw = (A) i(Y)w — i(¥) (hw = 0. 
Q.E.D. 


§4. The covariant exterior derivative 


6.11. The operator H*. Fix a principal connection, V, in A and set 
H =. -— V. Consider the space A(P; W), where W is a finite-dimen- 
sional vector space. The operator, H*: A(P; W) > A(P; W), defined by 


(H*22)(z; 0), >) = Q(2; Ht,,...,. Ho), zEP, 6 eT AP), Qe AP; W), 
is called the horizontal projection associated with V. 


Lemma I: The operator H* has the following properties: 


(1) A*(S a Q) = A*® vn H*Q, GE AP), Qe A(P; W). 
(2) H™* is a projection on the subspace of horizontal forms: 


(H*)? = H* and ImH* = A(P; W)iny- 
(3) Beet aTreh*; ae. 
(4) H* 0 Oh) = Oh) H*, he E. 


(5) H*w =O (w, the connection form). 


Proof: Property (1) is obvious. Properties (2) and (3) follow from 
the relations 


H?=H, HoV=VcH=0, HodT, =dT, oH. 


(4) is a consequence of (3) and Proposition X, sec. 4.11, volume I, and 
(5) is obvious. 
Q.E.D. 


6.12. Covariant exterior derivative. The covariant exterior deriva- 
tive associated with a principal connection, V, is the linear map, 


V: A(P; W)— A(P; W), given by 
V = A* 0d, 
Proposition VII: The covariant exterior derivative has the following 
properties: 


(1) W® a Q) = VG vn H*Q + (—1)PH*® vn VQ, 
® < AP), Qe A(P; W). 
253 


254 VI. Principal Connections and the Weil Homomorphism 


(2) i(h)oV =0, hEE. 

(3) VoT*= TOV, acG. 
(4) Vo A(h) = Wh)oV, he. 
(5) Vort =8on*. 


Proof: (1): Apply H* to the formula 
8(@ 1 Q) = 8H nL 4+ (—1)@ v 8Q. 


(2), (3), and (4) follow from Lemma I, and (5) is a consequence of the 
relation H* o 7* = 7*, 


Q.E.D. 
Corollary: V restricts to a map Vy: A(P; W);.. ~ A(P; W),> - 
Remark: In general, V? + 0. 


Proposition VIII: Let 9: W, x -- x W,— W be a k-linear map 
and let ©, be a W,-valued differential form of degree p,(z = I, ..., R). 
Then 


k 
V[ p(y, ®,)] = Yo (—1)47471 9 (H*O, , ..., VO, ..., H*D,). 


i=l 


Proof: It is sufficient to consider the case ®, = ¥, @w, with 
Y, ¢ Ap(P) and w, e W,. Then 


Px(P, yoeeey ®,) == (¥; A‘. A P, ®) p(w, y oeey Wy) 


and so the proposition follows from Proposition VII, (1). 
Q.E.D. 


Applying the covariant exterior derivative to functions on P we obtain 
an operator 


V: S(P) > AP) 

which satisfies the relations 

(1) Vif-g)=Vf-g+f- Va, fee S(P). 

(2) i(h)oV=0, he. 

(3) TKoV=V0TX, aeG. 

(4) Vf = of, fe FP). 

Conversely, assume that an operator V: Y(P) — A}(P) which satisfies 
these equations is given. Then there is a unique principal connection 
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on F such that V is the corresponding covariant exterior derivative. 
In fact, with each vector field Z on P associate the map 


Oz: S(P) > S(P) 
given by 
O2(f) = (Z)Of — Vf). 
In view of (1),Qz is a derivation in the algebra Y(P). Hence there is a 
unique vector field, Y,, on Psuch that Q,( f) = Y,(/f). The operator 


Zit» Y, in &(P) is S(P)-linear, and hence it determines a bundle map, 
V: Tp — Tp, such that 


V.(Z)=Yz, ZeXP). 
Condition (4) implies that each Y, is vertical and so V maps T>p into 
Vp. On the other hand, if Z is vertical, condition (2) implies that 
Y,=Z, Ze#,(P); 
thus V restricts to the identity on Vp. Finally, (3) shows that 
dT,°V=VodfT,, aeG. 


Hence the bundle map, V, is a principal connection in F. 
Now set H =. — V. Then 


H,(Z)(f) = Z2(f) — V4(Z)(f) 
=i(Z)Vf, ZeX(P), fe S(P). 


Hence H*5f = Vf. It follows that V is the covariant exterior derivative 
of f with respect to this connection. 

Finally, if V, is any connection on # such that the corresponding 
covariant exterior derivative coincides with V, then we have 


Vi(z; 0) = of(z; Ht), EP, CeTP), fe S(P). 


This relation shows that the operator H, (and hence the connection) 1s 
uniquely determined by V. 


6.13. Basic forms. Let R be a representation of G in W. It follows 
from Proposition VII, sec. 6.12, that the space A,(P; W) of basic forms 
(cf. sec. 6.6) is stable under the covariant exterior derivative of a prin- 
cipal connection. 
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Proposition IX: Let V and w be the covariant exterior derivative and 
connection form of a principal connection. Then (cf. sec. 6.7) 


VS =86 + w(%), Ge A,(P; W). 


Proof: Since @ is horizontal, 
i(h) 8@ = O(h)B and __i(h) (w()) = (i(h\w)(), he E. 


Moreover, according to Proposition VI, sec. 6.10, 7()w is the constant 
function P+>h. Thus (cf. sec. 6.7) 


(1(h) w)(P) = Ri(h) ®. 


Since © is equivariant, these relations yield (cf. Proposition VII, 
sec. 3.15) 
i(h\8H + w(%)) = Hh)O + R(h)SH=0, hE, 


and so 6® + w(®) is horizontal. It follows that 
8D + w() = H*(8@ + w()) = VO + (H*w)(H*S) = VO, 


(because H*w = 0). 
Q.E.D. 


Corollary: If W = Eand Rs the adjoint representation, then 


VS =86+[w, 4], Gc A,(P; E). 


§5. Curvature 


In this article V denotes a principal connection in the principal bundle 
Y. The corresponding connection form, horizontal projection, and 
covariant exterior derivative are denoted by w, H*, and V, respectively. 


6.14. Curvature. The curvature form of the connection V is the 
E-valued 2-form, 2, on P given by 
Q = Vw. 


Proposition X: The curvature form has the following properties: 


(1) 2 is horizontal: 7(h)Q =O, he E. 

(2) 2 is equivariant: TQ = (Ad a)Q, aeG. In particular, 
O(h)922 = —(ad h)Q, he E. 

(3) Let Y,, Y,€%x(P) be horizontal vector fields. Then 


VAY. , Yel) = —Zay,.y,) - 


(Recall, from sec. 6.1, that Z, denotes the vertical vector field generated 


by fe S(P; E).) 


Proof: (1) is obvious. (2) follows from the equivariance of w (cf. 
Proposition VI, sec. 6.10). To prove (3) observe that, since Y, and Y, 
are horizontal, w(Y,) = w(Y,) = 0. Thus 


Q(Y,, Ye) = d0(¥,, Y2) = —o([Y¥,, ¥2)). 


According to sec. 6.10, V,Y = Z,y), Y € &(P). Now (3) follows. 
Q.E.D. 


Recall that A: ¥(B) = 21(P) denotes the horizontal lift (cf. sec. 6.9). 


Corollary I: If X,, X,¢2(B), then the decomposition of 
[AX, , AX,] into horizontal and vertical parts is given by 


[AX, »AX,) = A(X, ’ X]) = Z (AX, ,AXq) . 
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Proof: Apply Proposition V, sec. 6.9, and part (3) of the proposition 
above. 


Q.E.D. 


Corollary II: The curvature is zero if and only if the Lie product 
of any two horizontal fields is horizontal. 


Next, consider the real bilinear map, 
[ ,]: A(P; E) x A(P; E) > A(P; EB), 


induced by the Lie multiplication in EF (cf. sec. 6.7). The differential 
form, [w, w] € A(P; E), is given by 


[w, w](z; 6), be) = 2[ezs ¢)), (25 be)], Sa, Se € TL(P). 


Proposition XI: The curvature form satisfies the structure equation 
of Maurer—Cartan 


(1) 2 = & 4+ $f[o, w] 
and the Bianchi identity 
(2) V2 =0. 
Proof: To verify (1) it is sufficient to check that 
1(h)922 = 1(h)(dw + 4[w, w]), he, and H*Q = H*(dw + 3[w, w]). 


Proposition VI, sec. 6.10, implies that 2(h)w is the constant function 
P — h. Hence 


i(h) dw = O(h)w = —ad(h)w, he E. 
On the other hand, 
i(h)[w, w] = 2[i(h)w, w] = 2[h, w] = 2 (ad h)w. 


Thus i(A)(8w + 3[w, w]) = 0 = i(h)Q. 
Since, clearly, H*([w, w]) = [H*w, H*w] = 0, we have 


A*Q = 2 = H*bw = H*(dw + $[w, w]) 
and so (1) 1s proved. 
To verify (2) apply H* © 6 to the structure equation just established. 
This gives 
V2 = H*6h[w, w] = A*[dw, w] = [H*bw, Hw]. 
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But H*w = 0 and so we obtain (2). 
Q.E.D. 


Proposition XII: If R is a representation of G in a vector space W 
and ® € A;(P; W), then 


VO = 24). 
Proof: In view of Proposition IX, sec. 6.13, 
VO = 86 + w(4). 
Since V@ is again basic, the proposition can be applied a second time to 
yield 
VD = 5(u(B)) + w(3B) + wo(w(H)) 
= 6u(P) + 3[w, w]}(P) = 2() 


(cf. sec. 6.7). 
Q.E.D. 


Corollary: If fe ~(P; W), then V?f = Q(f). 


6.15. Induced connection. Let ¥ = (P, #, B, G) be a second prin- 
cipal bundle with the same group G and let 9»: PP be a 
homomorphism of principal bundles. Then a principal connection PV in 
FY induces a principal connection in F. 

In fact, if & is the connection form in Y corresponding to V, then 
m*w 1s a connection form in ¥. The principal connection V determined 
by w 1s called the connection induced by ¢:. It makes the diagram 


Tp Bae Tp 
vy} [P 
ae a Tp 


commute. (These results follow easily from sec. 6.4 and sec. 6.10.) 
The following relations are immediate: 


H* og* = o* o H*, Vogt = of oV, Q = ¢*Q. 


§6. The Weil homomorphism 


V continues to denote a principal connection in the principal bundle F. 
Its connection and curvature forms are denoted by w and 22, while H* 
and V denote, respectively, the horizontal projection and covariant 
derivative. 


6.16. Multilinear functions. Recall that we may regard an element 
I’ e @* E* as the real-valued k-linear function in E given by 


Ph,» = nO Oh, hy, .., he E. 
Thus J° determines a map 


Ty: A(P; E) x + x A(P; E) > A(P). 


(k terms) 
We shall denote I’, simply by J’, and write 
TY, Be) = TY Gd Yes Ye APS BD. 


As an immediate consequence of the definitions of sec. 6.7, we have 


Lemma II: Let JI; € @? E*, rg, € &* E* and form 
lr, ® f,€ &?t? E*. Then 


(Ty ®& Py)(Y, ee Foie) a rv, seeey Y,) A PCP 541 y. 22:9 Y ote) 
Wc A(P;E), i=1,..,p +4. 


6.17. The homomorphism y. Recall that VE* is the symmetric 
algebra over E*,. The purpose of this section is to construct a 
homomorphism 

y: VE* > A(P). 


Recall that the curvature form is a 2-form on P with values in E. 
Define a linear map, 
B: &) E* + A(P), 
by 
A) =F (Q,..,2), Te@’E*. 
(P arguments) 
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Lemma III: (1) £8 is a homomorphism of algebras. 

(2) B(@? B*) C A%(P). 

(3) Let ms: @E*— VE* be the canonical projection given by 
m7 (h¥ @ + @ ht) = hv wv Ae, 


Then f factors over zs to yield a homomorphism y: VE* — A(P) 
making the diagram, 


&) E* 
\ 
ins A(P) 
A 
VE* 
commute. 
Proof: (1) follows from Lemma II (set ¥) = --- = ¥,, = 9). 


(2) is a consequence of the fact that 22 is a 2-form. To prove (3), simply 
observe (via (2)) that 
Im BC ¥. A?*(P) 
p 


and that this is a commutative algebra. 
Q.E.D. 


The adjoint representation of G in E determines the representation, 
Ad’, of Gin VE* given by 


Ad™(a)(h* v «+ v h*) = (Ad a7})* ht vv (Ad a7)* hy 
aeG, h*¥ceE*, 1 =1,...,p, 
cf. sec. 1.9. Since G acts via homomorphisms in the graded algebra 


VE*, it follows that the invariant subspace ( VE*), is a graded subalgebra 
of VE*; (VE*), = Dee (V*E*), . 


Proposition XIII: The homomorphism y defined in Lemma III has 
the properties: 


(1) ImyC A(P);2o - 
(2) TKoy =yo Ada), aeG. 
By VT ae =O. 
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Proof: (1) Since y is a homomorphism of algebras and since VE* 
is generated by E%, it is sufficient to show that 


Wh*)€ A(P),9, hte E*. 


But for he E, i(h) (y(h*)) = ith) (h*(Q)) = A*(a(h)Q) = O (cf. Proposi- 
tion X, (1), sec. 6.14). 


(2) Since both sides of (2) are algebra homomorphisms we need only 
verify that 


(T* 0 y)(h*) = (yo (Ad a)*)(h*), a eG, h*e E*. 

But since {2 is equivariant (cf. Proposition X, (2), sec. 6.14), 
(Ts 0 y)(h*) = h*(T#Q) = h*(Ad(a7)Q) 

= (Ad(a-")* h*)(Q) = (y © Ad(a~?)*)(h*). 


(3) Every element I’e V? E* can be written in the form 7z;(I,), 
where I’; € @? E*. Then 


V(y(L)) _ V(T(2, .. ., Q)) a y PQ, .. ris etre 2) 


(cf. Proposition VIII, sec. 6.12). 
The Bianchi identity (Proposition XI, sec. 6.14) states that V2 = 0. 
Thus 
VAT) =0, lev E*; 
1e., Voy = 0. 
Q.E.D. 


Corollary: y restricts to a homomorphism, 

yr (VE*); > Ap(P), 

and the differential forms in Im y, are closed: 
Soy, = 0. 


Proof: Clearly »((VE*),) C AP) A A(P);-9 = Aa(P) (cf. sec. 6.3). 
Moreover, Proposition VII, (5), sec. 6.12, shows that V reduces to 6 in 
the basic subalgebra. Thus, So0y,= Voy, =0. 

Q.E.D. 
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6.18. Explicit formulae for 8 and y. Identify ®? E* with the space 
T?(E) of p-linear functions in E (cf. sec. 6.16). Then, if [e 7?(E) and 
Z,€2(P), we have 


I 
B(\(Z, gooey Zo) = ap x. el (2(Z,(1) ) Zo(2))s oeey 22(Z5(2-1) ’ Za(2y))): 


A) 


Moreover, Lemma III, sec. 6.17, shows that B(J") depends only on the 
symmetric part of I’. 

Next, identify V?E* with the space S?(E) of p-linear symmetric 
functions in E by writing 


(Ax vv AEA, ..,4,) = perm(<hF, h,)). 


Then the projection @? E* —%> V? E*, interpreted as a map 
T?(E) — S?(E), is given by 


(mT \(hy phy) = VY Pheu » +++ hotp))- 
oe SP 


On the other hand, the inclusion zs: S?(E) — 7T?(E), interpreted as a 
map V?E* — @? E*, is given by 


1 (As Voeyv h*) = 3 h*,) ©: & h* oy 
o€ §? 
Hence, for I’ € V?E*, 
Tots" = p! rT. 


It follows that, for Te V°E*, 
I I ; 
AL) = (FP) rersil)) = (sr) Bsr) 


oe 
= (=r) (isI”)(Q,..., Q). 
Interpret Jas a symmetric p-linear function; this equation then yields 


I 
yl (Z, di Zo) ss p! 2? Y gl (Q(Z54) ’ Zo(2))s ewes £2(Z5 (2-1) ’ Za(20))) 
aE S?? 
Z,624(P). 


6.19. The Weil homomorphism. Recall from sec. 6.3 that 
a*: A(B) — A(P) may be considered as an isomorphism 


a*: A(B) —> A,(P). 
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Hence the corollary to Proposition XIII, sec. 6.17, shows that there is a 
unique homomorphism, 
yp: (VE), — A(B), 
such that 7* oy, = y,. It satisfies 6 o yg = 0. 
Thus, composing yg, with the projection Z(B) > H(B), (Z(B) = ker 8), 


we obtain an algebra homomorphism 
hg: (VE*), > H(B). 


Observe that hg(( V?E*),) C H?(B). 
Note that we needed only the principal bundle, together with the 
principal connection, V, in order to define hg. 


Theorem I: /g is independent of the choice of connection. Thus it is 
an invariant of the bundle F. 


Proof: Assume that two principal connections are defined in #7 
and let w,, w, be the corresponding connection forms. Consider the 
principal bundle A xX R= (Px Rw x1, Bx RG). Let fe A(R) 
be the function given by f(t) = ¢. Then the E-valued |-form, w, on 
P x R, given by 

w= X (l—f) +a, xf 
is a connection form (cf. Example 2, sec. 6.8, and Proposition VI, sec. 
6.10). 


Next consider the injections, 
jiP>PxR and 21:B>BxR (v=0,1), 
given by 
Jol?) = (2,0) lz) =(2, 1) ze P, 
and 
1g(x) = (x, 0) 1(x) = (x, I), xe B. 


Then j, and j, are homomorphisms of principal bundles. Evidently, 
Jow =m and  jfw =a, 

whence (cf. sec. 6.15) 
$2 =2, and FFQ=Q, 


(2, 22, , 82; denote the curvatures corresponding to w, wy , and w)). 
Now let (yo), (¥1);, vy; denote the homomorphisms defined via wz, , 
w,, and w. Clearly 


(Yo) = jo o¥r and (Yi)r = Kr oy. 
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It follows that (vo)p = 70 ove and (y1:)p = t* ov,. Hence hy = i¢h 
and h, = i¢h. But 2, and 2) are homotopic and so (cf. sec. 5.2, volume I 
or sec. 0.14) i = 2}. It follows that hy = h, . 

Q.E.D. 


Definition: hg is called the Weil homomorphism for the principal 
bundle #. The subalgebra Im hg is called the characteristic subalgebra 
of H(B) and its elements are called the characteristic classes for FP. 


Remarks: 1. Imihg is a graded subalgebra of the commutative 
algebra >\, H??(B). 

2. Ifthe bundle A admits a connection with curvature zero, then the 
Weil homomorphism is trivial and the characteristic subalgebra is zero 
in positive degrees. In particular, the Weil homomorphism of a product 
bundle is trivial (cf. Corollary II to Proposition X, sec. 6.14). 


3. If G is connected, we have (VE*), = (VE*),_,, where @ is the 
representation of FE in VE* given by 


D 
wh) (hit vo VAS) —= — Yong vv ad(hyt hE ve VAS, Boy BEE EY, 


(cf. Example 2, sec. 1.9). Hence, in this case, hg is a homomorphism from 
(VE*),_, into H(B). 

4. Suppose G is compact and connected. Then the cohomology 
algebra H(P) is determined by the graded differential algebra (4(B), 5) 
and the Weil homomorphism hg. Moreover, given A(B) and hg it is 
possible to determine H(P) explicitly. This will be done in volume III. 


Theorem II: Let o: A-»>¥Y be a homomorphism of principal 
bundles with the same group G and let 4: B — B be the induced map. 


Then the diagram, 
H(B) 


H(B), 


commutes (hg and hg denote the Weil homomorphisms for F and 9). 
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Proof: In fact, let é be a connection form for F and let w = p*d be 
the induced connection form for F (cf. sec. 6.15). Then 2 = o*Q. 
This relation implies that 


whence 


Q.E.D. 


Corollary: Let Aj denote the restriction of hg to (V+E*),. Then 
m ohy = 0. ((VtE*), = Lys0 (VE*), -) 


Proof: Regard the action T: P x G—» Pasa homomorphism from 
the product bundle # = (P x G, zp, P, G) to FY, inducing 7 a: P>B 
between the base manifolds. Since hs is trivial, we have hg = 0 (cf. 
Remark 2, above), whence 7*hZ = 0. 

Q.E.D. 


6.20. Change of connection. Let w,) and w, be connection forms in 
Ff and set 6 = w, — w,. Then 


i(h)9 = w,(Z,) — w(Z,) =h—h=0, heF, 
T*0 = (Ad a>), acG, 
and 
6(h)o = — (ad hyO, he BE. 
In narticular, 6 is a basic E-valued 1-form on P (cf. sec. 6.6). 


Now adopt the notation established in the proof of Theorem I, sec. 
6.19, and observe that the connection form win P xX Rcan be written 


w=wX14+6xf. 


Theorem I implies that, for each ['e(V? E*),, there exists a 
®@ € A*P-1(B) such that (y,),l° — (vo)al' = 8@. 

In this section we construct an explicit ®. Use i,: VPE* — ®?E* to 
identify V°E* with the p-linear symmetric functions in E (cf, sec. 6.18). 
We shall use the notation 


Cavey wy = T(% bore: ce: P,); 


arguments) argu ental 


Te VPE*,,,.... ¥. € A(P; E), cf. sec. 6.16. 
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Proposition XIV: With the notation and hypotheses above, 


(viel — (yo)al = 89, 
where @ is the (2p — 1)-form on B determined by 


I 


aw*D = os 
sets t+ 2j a I 


] | a | 
CP, 8 3 (Wo)! v= (HLS, OY v ay (Q)AD 
Proof: Since the homotopy connecting 7) and 7, is just the identity 
map of B x R, we have is — 16 = kod + 6 ok, where 
1 
(RP) (2; &, 0) 1) = | W(x, t3 dldt, 4 y..5 &5-3) dt, 
0 
Pe A(BxR), €,€T,(B), 


(cf. sec. 0.14). It follows that 


(viel — (yo)al’ = (i — tt )yal = 89, 


where 
P(x; £1, &op-3) = { “(yal Yt, 5 dt, £4 5 Sapa) dt 


Hence (cf. sec. 6.16) 
(w*D)(z; C1 +s Sop a) = [. (yiT)(2, t; d/dt, 0), ...5 Sap) dt 


1 | 
— | By PCD 1 VCRs H5 ddt, yoy Lopea) at 
On the other hand, the Maurer—Cartan formula (Proposition XI, sec. 
6.14) applied to the relation above for w yields 
Q=2, x 1+ (86+ [e,,4]) x f+ 46, @] x fF—-— 8 x of. 


Since @ is basic, we obtain from the corollary to Proposition IX, sec. 6.13, 
that 


Q=2,x14 V0 xf +4[6, 6] x f?—-éx 
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This implies that 


PQ. Q=- TAT 5p (Ts 8 (V0) v £8, OP v BY x [OBS 
i+j+k=p~-1 


+ vhs whas Ai <I, (V, 6) V [0, 6) Vv Qky 4 f it?s, 


It follows that 


+ — l yyy 2 iv | (ay 
P= YTB v Fy (Vol)! v = (MA, OD? v 5p (20)*) 


itj+k=p-1 


x J (r488f) (6S) a 
But 


: 1+2j , a — : +2) — oa 
[ (£786) (6 7 el al dt = Tee ye 
The proposition follows. 
Q.E.D. 


Corollary: Suppose 7 admits a connection form wo whose curvature 
Q, is zero. Let w, be any connection form in F and set @ = w, — ag. 
Then, for Pe (V?E*),, (y,)af = 5®, where 


*Dp — I, 6 V,0)' v — (4[0,0 
OY Sap Ov (a) v 5 (0.41) > 
Example: Let # = (P, 7, B, G) be a principal bundle. Let w be a 
connection form in FY with curvature form 2. Consider the trivial 
bundle # = (P x G, ap, P, G) and let wy denote the connection 
form on Y corresponding to the horizontal subbundle Tp x G. Then 


wo(2, a; £, 0) = La"(n) 


and the corresponding curvature form is zero as follows from Corollary II 
to Proposition X, sec. 6.14. 

On the other hand, since 7: P xX G-» P is a homomorphism of 
principal bundles inducing 7: P— B, it follows that w, = T*w is a 
connection form in # with curvature 2, = T*Q. 

A straightforward calculation shows that, in this case, 


6(z, a) = ((Ad a“)w x 1)(2, a), zeEP, aeG, 
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(6 = w, — w,). It follows that 


V,9(2, a) = ((Ad a-)(6w) x 1)(z, a) 
and 
[6, 6](z, a) = ((Ad a~)[w, w] x 1)(2, a). 


Now let [’'€ (V?E*), (p > 0). Then, since I’ is invariant, the corollary 
to Proposition XIV reads 


-Cywv 7 (6x) v= = (ile. w}) »>x]}; 


ps p . 


a*y,D = y IT = $ CI, w + (dw)? v a (AL, ol) >| 


wttaP +I Pp 1 
Substitution of the relation Q = dw + }$[w, w] yields the formula 
™*(y—l) = yP 


-t— 5} — })P-1-k es a ') Cr, wv Rey [w, wyP-}-*y ; 


(The calculation is long but elementary except for the observation that 


A a el aie ar 


6.21. Formal power series and the Taylor homomorphism. Consider 
the infinite sequences 


=(I,,T,,..) with ye VtE*. 
Define addition and multiplication by 


r+h,=%+h, ad W-ePy,= ¥ rev, (k=9,1,...). 
t+j=k 
The associative algebra so obtained is called the algebra of formal power 
series in E* and is denoted by V** E*. 

Next, recall from sec. 1.9, volume I, that .4(£) denotes the algebra 
of smooth function germs at 0. That is, an element of “~(£) is an 
equivalence class of functions f € Y(E) under the following equivalence 
relation: f ~ g if f — g is zero in a neighbourhood of 0. If U is a neigh- 
bourhood of 0 in E and ge Y(U), then there is a unique germ, 
[Z]lo € %(£), such that any fe [g], agrees with g sufficiently close to 0. 
We say g is a representative of [g],. 
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Now let fe A(U) (U, a neighbourhood of 0 in £). Then the kth 
derivative of f is the smooth map/“) e A(U; V*E*) defined inductively 
by 

f=f 
and 
f (x5 hy yee hy) = lim fx +- th; he ,..., m*) — fPU(x5 Ag ,..6) Ay) 


(Note that we identify V*E* with S*(E) viazt, as described in sec. 6.18.) 
The Leibniz formula states that 
(f= D fP@ ve, fgeeS(U); 
t+j=k 
i.e., the map, 
fr (fF), £0), F°O), +»), 


is a homomorphism of .“(U) into V**E*. Since the derivatives of f 
at 0 depend only on the germ of f at 0, this homomorphism determines a 
homomorphism 

Tay: A(L£) > V**E* 


called the Taylor homomorphism. 
Next recall that G acts on E by the automorphisms Ada. Thus an 
action of G on “~(E£) is defined by 


a‘(flo=[(Ada")* fl,  fe(k), aeG. 


The corresponding invariant subalgebra is denoted by “(£),. On the 
other hand, we have an induced action of G on V**E™*. Clearly, the 
Taylor homomorphism is equivariant with respect to these actions and 
hence it restricts to a homomorphism, 


Tay,;: SE), > (V**E*),, 


called the invariant Taylor homomorphism. 


6.22. The homomorphisms 43* and sg. Let AP =(P, 7, B, G) bea 
principal bundle over an m-manifold B and consider the Weil homo- 
morphism 

hg: (VE*), + H(B). 


Since H?(B) = 0, p > n, hg extends to a homomorphism 
hh*: (V**E*), > H(B). 


Clearly the image of h3* coincides with the image of hg. 


6. The Weil homomorphism 271 


On the other hand, we have the invariant Taylor homomorphism 
(Tay): %(E)) > (V**E*), 
Composing these homomorphisms we obtain a homomorphism 
Sg: AE); > A(B). 


Explicitly, sa[ fo = Lp-o hol f'?'(0)). 
If o: P—P is a homomorphism of principal bundles inducing 
4: B+ B, then f* o h3* = hg* and y%* o sg = sg as follows from 


Theorem II, sec. 6.19, and the definitions. 


Remark: The advantage of using h3* or sg rather than hg is the 
following: Let [f]o € A(Z),, Fe (V**E*),, « € H(B). These elements 
are invertible in their respective algebras if and only if f(0) 4 O (respec- 
tively [, 4 0, a # 0, where a, is the component of a in H%B)). More- 
over, if (0) ~ 0, then 


sa([ flo") = (sof ]o))™- 


On the other hand, an element I’ € ( VE*), is only invertible if , + 0 
and I’, = 0,1 > 0, while hg(I’) is invertible whenever I, 4 0. Hence, 
if Ty #0, and I’; # 0 for some 7 > O, then (ha(I’))—! exists but it is 
expressible in the Ag(I’;) only via a complicated polynomial. To obtain 
simple expressions it 1s necessary to introduce (V**E*),. 
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6.23. Principal bundles with abelian structure group. Let 
P = (P,7, B, G) be a principal bundle whose structure group G 1s 
abelian. Let w be a connection form in FY with curvature form 9. Then 


1(h)2 = 0 and T*Q = Q, aeG. (6.1) 


Moreover, the Maurer—Cartan equation (Proposition XI, sec. 6.14) 
reduces to bw = QQ. In particular, it follows that 62 = 0. 

In view of Proposition III, sec. 6.3, relations (6.1) imply that there is a 
(unique) E-valued 2-form 2, on B such that 2 = 7*Q, . Since 


ar* 62, = 67 *Q2, — 822 = 0, 


it follows that 62, = 0. 
Next observe that, since G is abelian, (VE*), = VE* and so y, and 
yg become homomorphisms 


yy: VE* > A,(P) and —yg: VEX > A(B). 


Evidently (cf. sec. 6.18) 


sry = 5 T'(Qp yy Q5), De VEX, 


In particular, 
ya(h*) = €h*, 25),  h* e EX. (6.2) 


Proposition XV: For every h* € E*, let X,+ denote the |-form on 
P given by 
Xn(Z) = Ch*, w(Z)), ZeER(P). 
Then 
OXye = 1 *y9(h*), 
Proof: In fact, 


mr *yp(h*) = m*Ch*, Qzy = Ch*, Q) 


= (h*, Su) = SCh*, w) = 8X yo. 
Q.E.D. 
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Remark: In volume III it will be shown that Proposition XV 
generalizes to principal bundles with compact connected structure group. 


Example: Assume that G = S!. Let e* be the basis vector of E* 
which generates the invariant 1-form whose integral over S! equals 1. 
Then X,« is a 1-form on P satisfying 


X, =] and 5X. = m*yz(e*). 
si 
Hence, —+y,(e*) represents the Euler class, Xg, of the circle bundle P 


(cf. sec. 8.2, volume I). 
This shows that Xg = —hg(e*) and that Xg is represented by the 


2-form 
@D — —e*, Qe). 


6.24. The cohomology of CP”. Recall from sec. 5.20 the Hopf 
fibration A = (S?"+1, 7, CP”, S!). The principal action of S! is the 
restriction to S?"+! of the representation R of S! in C"*! given by 


Ree) eer es. -eencest, 


Next we define a connection in FY. Identify the Lie algebra of the 
principal S!-bundle FY with R so that the invariant |-form generated 
by 1* has integral 1. Let Z (respectively, Z) denote the fundamental 
fields generated by | on S?"*! (respectively, C"+1). Then 


Z(z) = Z(z), se O°ntt. 
and 
Z(z) = (z, 2ni2), ge C"}, 


Define a 1-form @ on C”*! by 
| 
Az; 6) = — > Imca, >» 


where < , > denotes the Hermitian inner product. Then @ is S}-invariant 
and 
6(z; Z(z)) = <z, 2), ge Cnt, 


Thus, if w denotes the restriction of @ to S2"+!, 


w(Z) = 1, 
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and so w is a connection form in Y. Since S? 1s abelian, the corresponding 
curvature form is given by 22 = éw, and (cf. sec. 6.23) we have 
dw = 1* QQ, ° 


Proposition XVI: Let Xg denote the Euler class of the S!-bundle F. 
Then (1) the classes 1, Xg,..., (Xg)” form a basis for H(CP"). 


(2) (Xg)” is an orientation class for CP”. 


Proof: (1) Recall the Gysin sequence 
Fea _ D 
H?(.S2"+1) _", HP 1(CP*) eee H?+1(CP*) 
H?+1(S3nt1) >, 
from sec. 8.2, volume I, where D is given by 
Da =a-Xg, ae H(CP*). 


Observe that, if «¢ H*(CP”), then ae€ pe Hi(CP*). It follows that 
mae Diy H7(S?"+1) and so m*«—=—0. Hence the Gysin sequence 
yields the exact sequences, 


0 —» H1(CP") — 0 
and 


0 —+ H*(CP") —> H*#(CP") +0 (O<p<2m-—2). 


This shows that the elements |, Xg,...,X% form a basis for H(CP*). 
(2) We must show that for a suitable orientation of CP”, 


Orient the bundle FY by w and give CP* the orientation such that the 
induced local product orientation in S?"+! (cf. sec. 7.6, volume I or 
sec. 0.15) is the standard orientation. Then 


fel 
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and so the Fubini theorem together with Stokes’ theorem (cf. sec. 4.17, 
volume I, and sec. 7.14, volume I) imply that 


| Qe = | (7*Qz)” Aw 


cp” g2ntl 
= w A (8w)" = | (80)"+1, 
g2ntl B 


where B is the unit ball in R2"+2, 
Next we show that 
(n + 1)! 


antl 


(S6)n+} = A, 
where 4 denotes the normed positive determinant function in R?"+2, 
In fact, fix an orthonormal basis e, (v = 1, ..., 2 + 1) in C*+! and let 
X,, Y,(v = 1,..., 2 + 1) be the constant vector fields corresponding to 
the vectors e, , ze,. Then, if a vector z € C”+! is written 


2=) &4+Y rie)  & eR, 


we have 
l 
Qn 


ly oand 6, Y,(2) = 


<6, X,>(2) ans an 


se 
These relations yield 
86(X,,X,)=0, 86(Y,,Y,)=0, and 8(X,,Y,)= = aa 
It follows that 
(S0)"#2 (X,, Yy, 0) Xana, Vena) = (2 + IaH, 


whence (68)"*2 = [(m + I)!/m" Jd. 
Finally, recall from Example 2, sec. 4.15, volume I, that 


| i(T) 4 = 2n+1/n!, 
g2ntl 


where T is the vector field in C+! given by 7(z) = (z, 2). Moreover, 
61(T)4 = &T)4 = 2(n4+-1)4. 


These relations yield 


cof per aa Or aya 
j.& r J (68) +1 — rae = Fn bly J na) 4 a F 
Q.E.D. 
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Corollary I: The Euler class of the Hopf fibration (S°, 7, S?, S') 
is an orientation class of S?. 


Corollary II: The inclusion maps, 1: CP* + CP" (k <n), induce 
linear isomorphisms 


i*: H®(CP*) <— HCP") (0<p< 2k). 


6.25. Reduction of structure group. Let 7 =(P, #, B, K) be a 
second principal bundle over the same base. Assume that o: K > Gis a 
homomorphism and that gy: P + P is a smooth fibre preserving map 
inducing the identity in B and satisfying 


g(z° a) = 9(2) « ofa), zeEP, aeKk; 

thus, (P, ~) is a reduction of structure group from G to K via o (cf. 
Example 5, sec. 5.5). 

Denote the Lie algebra of K by F. The derivative o’: F — E induces a 
homomorphism 

(o')": VF* <— VE*. 
Since 
Ad o(a)oo’ = o’o Ada, ae kK, 

(o’)” restricts to a homomorphism 


o,: (VF*), — (VE*),. 


Theorem III: With the notation and hypotheses above, the diagram, 


commutes. 


Corollary: Let A: G — H be a homomorphism from G into a Lie 
group H with Lie algebra L. Let A, be the A-extension of F (cf. Example 
4, sec. 5.5). Then 


hgo A, — hg,. 


The proof of Theorem III is preceded by three lemmas. 
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Lemma IV: There are principal coordinate representations 
{(U,, #,)} and {(U, , 4,)} for F and for F such that the diagrams, 


Uk 3G 


i. |= : [+ 
YP 


ie 


commute. 


Proof: Let {(U, , ¢,)} be any principal coordinate representation for 
Y., Consider the cross-sections U, — P defined by 


xt» o(if,(x, €)) 


and define maps y,: U, x G— P by 


a(x, b) = o(ya(, €)) + 6, 


Then {(U,, %,)} is a principal coordinate representation for FY, 


xeU,, beG. 


Moreover, 


pyp,(x, a) = o(ip,(x, €) + a) 


= (a(x, e)) ; o(a) — p(x, o(a)), ack, xeB, 


Q.E.D. 


as desired. 


Lemma V: There are principal connections V for J and V for P 


such that. 
dp o V = Vodg. 


In particular, if W is a vector space the operators A*, V in A(P; W) 


and H*, V in A(P; W) satisfy 
H*og* =g*oH* and Vogt =g*oV. 
Proof: If the principal bundles are trivial, P = B x K,P=BXG 
and if @ is given by p =. xX o, then the connections 


V(é, n) = (0, n)s Ee T,(B), HE TK), 
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and 
V(E, ¢) ae (0, ¢), Ee T,(B), Ce T,(G), 


satisfy the conditions above. 

In the general case let {U,} be the covering of B used in Lemma IV. 
Then, in view of that lemma, there are principal connections Vand V, 
in the restrictions of P and Y to U, which satisfy 


dpo V, = V, od. 


Choose a partition of unity {p,} in B subordinate to the open covering 
{U,} and set 


D=SV*p)V., V=L(n*p)V.. 
Q.E.D. 


Lemma VI: Let V, PY be principal connections in and F satisfying 
the condition of Lemma V. Then the corresponding connection forms, 
w and «&, and curvature forms, 2 and Q, are related by the equations 


(1) (0'),@ = p*w 
and 


(2) (0), 2 = p*2. 


Proof: (1) It follows from Lemma V that both sides of (1) give zero 
when applied to horizontal vectors. Thus it is sufficient to check that 


(o1,)(2,) = (p*w)(Z,), he F. 
The equations (z - a) = 9(z) - o(a) (z € P, ae K) imply that 
Zr > Za: 
Hence (for h € F) 
(o,)(Z,) = o'(h) = w(Z,-~) = (p*w)(Z;). 
(2) In fact, 
(0')4 2 = (0'), Vd = V(0') 4d 


= Vp*w = 9*Vw = p*Q. 
Q.E.D. 
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6.26. Proof of Theorem III: Choose V, w, 2 and V, 4, 2 as in the 
lemmas above. Let 


B: @E*— A(P), 8: @F* > A(P) 


be the corresponding homomorphisms as defined in sec. 6.17. Then 
for Te &? E* 


p*(BL) = p*(I(Q, ..., Q)) = P(p*Q, ..., p*2) 
== I((0’), Q, ..., (0’)4 @) = (@" (o’)* PQ, ..., 2). 


It follows that p* o B = Bo &(o’)*. 
Thus the homomorphisms y, y, , 7 and ¥, (cf. sec. 6.17) are connected 
by the relations 


proy=yo(o and ptoy, = f° 07. 


Since 7#* = m*o7m*, we have ys = Ygoo, and the theorem follows. 


Q.E.D. 


6.27. Example. Given a principal bundle, A = (P, z, B, G), let K 
be a closed subgroup of G and consider the principal bundle 
FP, = (P, p, P/K, K) (cf. sec. 5.7) and its A-extension 


PY =(P xx G, #, P/K, G) 


(cf. Example 4, sec. 5.5), where A: K — G is the inclusion. Then we 
have the commutative diagram, 


PxG 


YTS 


PoP Gs P 


P| |* |. 


P/K ——+ P/K B, 


where 9, is inclusion opposite e and T is the principal action. Thus ¢ is a 
reduction of structure group with respect to the inclusion map, 
A: K — G, and ¢% is a homomorphism of principal bundles. 

Let E and F be the Lie algebras of G and K and let 


Ay: (VEF*); <— (VE*), 
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be the homomorphism induced by A. Then, Theorem III, sec. 6.25, and 
Theorem II, sec. 6.19, yield the commutative diagrams 


(VF*), «<—" __ (VE*), (VE*), 
hg hg and "9 4 
H(P{K) H(P[K) H(B). 


Combining these we obtain the commutative diagram 
(VF*), —— (VE), 


hg, hg 
H(P/K) —— H(B) . 


Remark: Assume in addition that G is compact and connected and 
that K is a maximal torus. Then the map p* is injective, as will be shown 
in volume III. Moreover (cf. sec. 6.23) since in this case F is abelian, 
the diagram above becomes 


VF* <_ (VE*), 
hg, hg 
H(PIK)—— HB) 


Because of the simple structure of VF*, the following becomes an 
important technique: first establish properties of Ag; then use the 
injectivity of p# to draw conclusions about hy . This technique forms the 
basis of the fundamental papers [1], [2] and [3] by Borel and Hirzebruch. 


6.28. Connections invariant under a group action. Suppose that 
Y = (P,#, B, K) is a principal bundle with structure group a Lie 
group K. Denote the corresponding principal action of K on P by 
T: P x KP. Assume that 


Gx Pp >. Pp 


| |« 


G x B—-B 
KY 


is a smooth commutative diagram in which S and S are left actions 
of G. Then (S, S) is called an action of G on the principal bundle F if the 
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maps S, and 7, commute for each g € G, ae K. Assume (S, §) is such 
an action. 
A principal connection V in F will be called G-invariant if 


dS,oV=VodS,, géG. 
This holds if and only if the connection form satisfies 
Sew = Ww, £E G. 


If V is G-invariant then H = « — V also commutes with the operators 
dS, . It follows that 


H*oS* = S*oH*, eG. 
Hence the covariant derivative V satisfies 
VoS*¥ =S*oV, ge. 
In particular, the curvature form 2 is G-invariant: 
S¥Q=2, geG. 


This, in turn, implies that the homomorphism yg: ( VF*), + A(B) 
(F, the Lie algebra of K) satisfies 


So ova = Ya- 
Thus yg can be considered as a homomorphism, 
(ya)r ? (VF*); > A,(B), 


where A,(B) denotes the subalgebra of A(B) invariant under the action 
of G. Since 6 o yg = O, (yg), induces a homomorphism 

(Ag), : (VF*), > Hi(B). 
The diagram, 


H(B) 
hg 
(VF*), : 
(Ag), 
H,(B), 


commutes, where 1: A,(B) — A(B) is the inclusion. 
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Proposition XVII: If G is compact and acts on the principal bundle, 
Y, then F admits a G-invariant principal connection. 


Proof: Let V be any principal connection. Regard V as a cross- 
section in the vector bundle L,, over P (whose fibre at z is the space 
of linear transformations of 7',(P)). Using the actions (cf. sec. 3.2), 


S:GxP+P,  dS:Gx T3—>Tp, 


we can integrate V over G (cf. sec. 3.18) to obtain a G-invariant cross- 
section V!. We show that V! is a (G-invariant) principal connection. 
For z € P, Vis the endomorphism of T,(P) given by 


Vi= | (dS,),1,° Vy-1,° (4S,-1), de 
Since the vertical spaces V,(P) are dS,-stable (because # is equivariant), 
and because each V, is a projection of T,(P) onto V,(P), it follows from 


this relation that V! is also a projection of T,(P) onto V,(P). 
Finally, since (for a € K) dT: TP) — T,,,(P) is linear, we have 


dT ov! = | (dT, 0 dS, 0 Vy-1,, 0 dS,-1) dg 
G 
— | (dS, ° Vo-1.4.4° dS,-1 © dT) dg 
G 


= Vi.,cdT,. 


Hence V’ is a principal connection. 


Q.E.D. 


§8. Homogeneous spaces 


In this article, K denotes a closed subgroup of G with Lie algebra F 
and J, = (G, 7, G/K, K) is the principal bundle defined in Example 2, 
sec. 5.1]. 


6.29. The cohomology of G/K. The principal action of K on G is 
denoted by p, : 


Ux(g,@)=ga, geG, aek. 
On the other hand, the maps 


(21 » 22) +> £180 and (21, 782) +> 7( 2120) 


define left actions of G on G and G/K, with respect to which z is equi- 
variant. Thus 7* restricts to a homomorphism (cf. sec. 4.18) 


ny: A(G/K) — A,(G). 


Moreover, since (G, 7, G/K, K) is a principal bundle, Proposition III, 
sec. 6.3, shows that 
7*: A(G/K) ——> A,(G) 
is an isomorphism. (Recall that A,(G) consists of those forms which are 


horizontal, and invariant under the right action of K on G). Thus 7* 
restricts to an isomorphism, 


n*: A(G/K) —> A,(G) N A,(G). 


Since the action, u,, of K on Gis right multiplication, the corresponding 
fundamental vector fields are the left invariant vector fields, X, (k € F), 
on G. Thus the horizontal and invariant subalgebras of A(G) are given by 


() ker i(X,) and () ker(py — 4), 


keF ac K 


respectively. We denote them by 
A(G)ipno and A(G) gay. 


The basic subalgebra, A;(G), is their intersection. 
283 
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Now recall the isomorphism 7,: 4,(G) —» AE* of sec. 4.5. It satisfies 
7,01(X,) = tg(h) oT, and trop, =Ad*(g)or,, he, geG, 
(cf. sec. 4.6 and sec. 4.8). Hence it restricts to isomorphisms 
A(G) AO A(G)ip-o —> (AE*)igeo and =A (G) A A(G) xy —> (AE*) ger - 


(Here (AE*),_, denotes the subalgebra invariant under the operators 
Ad* (a), a€ K and (AE*); 9 = Oxer ker t2(R).) Thus 


ry Ax(G) 0 Ag(G) > (AE*) ipo, nor 
where (AE*), _o,x=, denotes the intersection of (AE*); _, and (AE*),_,. 


Composing the isomorphisms 7, and 7}, we obtain the commutative 
diagram 


A,(G) = AE* 


=~ 


A(G) 


a7* m* k 


A(G/K) —— A(G[K) ——> (AE) ipo, er 
I 


The right-hand square coincides with the diagram of Proposition XI, 
sec. 4.18 and & is the inclusion. 

Next, assume that K is connected. Then (cf. Proposition VI, sec. 
3.13) the subalgebra, A(G),_,, is given by 


A(G)x_; = A(G)o,=0 = () ker 6(.X,,). 
ke F 
Set (cf. sec. 4.6) 


(AE*)opa0 = () ker Oe(k) and = (AE*)ipao,ope0 = (AE*)ipeo O (AE*)opmo- 


keF 


Then we can rewrite the diagram above in the form 


A(G)<——_— 4) (6G) ——= AE* 


a 


TT * m7 k 


A(G[K) —— A(G/K) => (AE*)im0.0¢-0 
| 
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Theorem IV: Let K be a closed connected subgroup of a compact 
connected Lie group G. Then, in the commutative diagram, 


(rr) 


H(G) <—— HG) ——~**+ HE) 
7* a ky 
H(G|K) «— Hy(G|K) ——> H((AE*)ip-0.0p~0) 


all the horizontal maps are algebra isomorphisms. 


Proof: This is a restatement of Theorem V, sec. 4.19. 
Q.E.D. 


6.30. Connections in (G, x, G/K, K). Recall that 7: G-> G/K 1s equi- 
variant with respect to the left actions of G. We shall find the G-invariant 
principal connections for the principal bundle (G, 7, G/K, K) 
(cf. sec. 6.28). 

Let V be a G-invariant principal connection. Since the vertical space 
at e is given by 

V(G) = ker(dz), =F 


(cf. sec. 2.11), it follows that the restriction V, of V to E is a projection 
Vi EF. 
Moreover, since V is a G-invariant principal connection, 
AdacoV,=L,° Rj’ oV, = V,°¢ Ada, ae K. 


In particular, ker V, is stable under the operators Ad a (a € K). Note 
that ker V, is the horizontal subspace at e. 


Proposition XVIII: The map a: V +> ker V, 1s a biection from the 
set of G-invariant principal connections to the set of K-stable subspaces 
of E complementing F. 


Proof: If W, V are two such connections with ker V, = ker W, then, 
since 


Im V, =F =ImW,, 


we have V, = W,. Now the G-invariance implies that V = Wand so « 
IS injective. 
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On the other hand, assume F,C E is a subspace stable under 
Ad a (ae K) and complementary to F: 


E=F,@F. 


Let V,: E — F be the projection with kernel F, and define a G-invariant 
strong bundle map, V, in 7, by 


V,=L,oV,0L4, geG. 


V, is a projection onto L,(F). But since 7 is equivariant, L,(= dA,) 
maps F isomorphically to the vertical space at g; 1.e., V, is a projection 
onto the vertical subspace. Moreover since F, is stable under 


Ad a (ae K), it follows that 
AdacV, = V,° Ada, ack, 
Since R, o L, = L, o R, (cf. sec. 1.1) this yields 
| ae ae noe. as geG, aek. 


Thus V is a G-invariant principal connection. By definition, ker V, = F, , 
and so a is surjective. 


Q.E.D. 


Corollary I: (G, 7, G/K, K) admits a G-invariant connection if 
and only if there is a K-stable subspace F, C E such that EF = F, OF. 


Corollary II: If K is connected, the G-invariant principal 
connections are in one-to-one correspondence with the subspaces F, C £ 
such that 


(ad h)F,CF, (Ae F) and E=F, OF. 


Corollary III: If K is compact, the bundle, A, , admits a G-inva- 
riant principal connection. 


Proof: Apply Proposition XVII, sec. 1.17. 
Q.E.D. 


6.31. Curvature and the Weil homomorphism. Assume that £ 
admits a decomposition E = F, @F, where F, is stable under the 
operators Ad a,ace K. Let p: E — Fand p,: E — F, be the projections. 

Then p and p, are precisely the vertical and horizontal projections in 
IG) corresponding to the induced G-invariant principal connection V. 
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It follows that the connection form w is the unique left invariant 
1-form in A'(G; F) which satisfies 


we; h) = p(A), he E. 


Next we compute the curvature 92 of V. Observe that if X, , X;, are 
left invariant vector fields on G, then 


Su(Xy , X,) = — w([Xp, Xe]) = — oe; (A, AY) 


(because the functions w(X,), w(X,,) are left invariant, and so constant). 
Similarly, 
a[w, w](Xn, Xi) = [w(e; 4), w(e; &)]. 


It follows from Proposition XI, sec. 6.14 that 2 is the unique left 
invariant E-valued 2-form such that 


Qe; h, k) = [p(h), p()] — P(A, A), A REE. 
Thus if h, k € F,, then 
Q(e; h, k) = — pl{h, A). 
Finally, consider the invariant Weil homomorphism 
(ho,),? (VF*); > H(G/K). 
If Pe (V*F*),, then (hg,),(I) is represented by the unique left invariant 
differential form ® e A}"(G/K) which satisfies (cf. sec. 6.18) 


— {jf 
7*P(e; hy yoery hex) = — y éol (p([hoi1) ’ h(2)])s-++5 P( [Ao tex) ’ hocex)))), 
* ge gek 


forh;,¢F, . Clearly this differential form also represents hg (I’)in H(G/K). 


6.32. Symmetric spaces. Suppose that ¢ is an automorphism of G 
such that 
Or) and pF lt. 


The elements a € G satisfying g(a) = a form a closed subgroup; let K 
be its one-component. Then the Lie algebra, F, of K is the subspace of 
vectors he E satisfying y’(h) = h. 

The homogeneous space G/K is called a symmetric space with connected 
fibre. If G is compact, we say G/K has compact type. 
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Since ¢ is an involution, so is g’. Hence, setting 
E+ = ker(g’ — ¢) and E- = ker(9’ + +), 
we have EF = E+ @ E- and E+ = F. Now we show that 
[Et,E-]CE- and = [E-, E-]C E+ 


(where, for subspaces A, B C E, [A, B] is the space spanned by vectors of 
the form [A, k], he A, ke B). 
In fact, for he E+, ReEE-, 


e ({F, kl) = [¢'(2), (A)] = —[A, 4], 


whence [A, k] ¢ E-. The second relation is proved in the same way. 
It follows that E- is stable under the operators ad h (h € F) and so, by 
Corollary IJ to Proposition XVIII, sec. 6.30, it determines a G-invariant 
principal connection on (G, 7, G/K, K). It is called the symmetric space 
connection. 


Examples: 1. The Grassmann manifolds (cf. sec. 5.13) 
SO(n)(SO(A) x SO(n — k)), Un) (UR) x Un — b)) 


and 


O(n)/(Q(R) x O(n — R)) 


are Symmetric spaces of compact type. In fact, consider the first case. 
Choose a decomposition W = W, @ Wy of a Euclidean space, W, with 
dim W =n, dim W, =k. Define a rotation 7: W—> W by 


W, weW, 
ww) = 
1) —w we W;,. 


Then define an involution g: SO(n) + SO(n) by 


g(o) = togor}, 


Evidently g(c) = o if and only if o stabilizes W, and Wy. Thus the 
one-component of the subgroup left fixed by o is SO(Rk) x SO(n — R). 
The other two cases are established in the same way. 


2. Endow R” with a Euclidean metric. Define an involution, 9, of 
GL+(n; R) by setting 


g(c) = (o*)-}, a € GL*(n; R), 
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where o* denotes the dual of o with respect to the inner product. The 
subgroup left fixed by ¢ is SO(n). 
Since g’ is given by y’(a) = —a*, « € L(n), we have 


L(n)+ = Sk(n) and = Lin) = S(n) 


(.S(n) is the space of symmetric transformations of R”). 
In this case the invariant connection leads to a homomorphism 


(V Sk(n)*), “2 H,(GL+(n; R)/SO(n)). 


This homomorphism is in general nontrivial, as will be shown in 
volume III. 

On the other hand, according to Example 1 of sec.4.11, GZ+(n; R)/SO(z) 
is diffeomorphic to the vector space S(m). Thus its cohomology is trivial, 
as is the Weil homomorphism hg. 


Problems 
G is a Lie group with Lie algebra E. 


1. Trivial bundles. Let 7 = (B x G,7, B, G) bea trivial principal 
bundle. With each connection form, w, associate the E-valued 1-form @ 
on B defined by 


w(x,e; €,h) = h+ Ox; €), x€B, €€T,(B), hee. 


(1) Show that this correspondence defines a bijection between 
principal connections in F and elements of A}(B; E£). 


(11) Fix a principal connection, V, in 7 with corresponding 1-form 
6 € A'(B; E). Show that the linear map H, at z = (x, y) is given by 


H,(€,7) = (& —R,O(x; €)),  €eT.(B), 1¢T7,(C). 
(iii) Consider the E-valued 2-form © on B given by © = 66 + 38, 6]. 


Show that 
(7*@) (x, y) = (Ad y(Q(x, y)), «EB, yeG, 


where £2 is the curvature of V. 
(iv) Let 2(t) = (x(t), y(t)) (0 < t < 1) be a smooth path in B x G. 
Show that 2(¢) is horizontal if and only if 


H(t) = —Ryn (x(t); x(2)). 


2. Local formulae for principal connections. Let {(U,, .)} be a 
principal coordinate representation for a principal bundle FY = 
(P, 7, B, G). Fix a principal connection in F. 

(i) Asin problem |, use the connection form to define local 1-forms 
6, € AU, ; E). 
(ii) Find the relation between the restrictions 6, lu,nuvg and 6, luau, 


(iii) Set , = 86, + 2[6,, 0,]. Find the relation between ®, luau, 
and ®, lu.aug 


3. Horizontal lifts. Let A =(P, 7, B, G) bea principal bundle with 
a fixed principal connection V. A horizontal lift of a path x(t)(0 <t < 1) 
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in B is a smooth path 2(¢#) (0 < ¢t < 1) in P such that wa(t) = x(t) and 
each tangent vector 2(t) is horizontal. 


(1) Let x(t),O <7 <1, be a smooth path in &. Given 2 € Gi , 
show that there is a unique horizontal lift 2(z) of x(t) such that 2(0) = 2, . 
(Hint: cf. problem |, (iv)), and problem 21, Chap. I). 


(ui) Let %: R? + B be a smooth map. Fix 2) € Gy@o). Let 2(7) 
(r € R) be the horizontal lift of ¥(7, 0) that satisfies 2(0) = z, . For fixed 
7, let 2(7, t) be the horizontal lift of y(7, ¢) that satisfies Y(7, 0) = 2(7). 
Show that the map py: R? x G — P given by 


y(t, f, a) = 2(r, t) “a 


is a homomorphism of principal bundles. 


(11) Let + and t denote the first and second coordinate functions in R?, 
with gradients 57 and St. Let V be the principal connection in R? x G 
induced via » from V. Let 6 € A’(R?; E) be the corresponding 1-form 
(cf. problem 1). Show that 6 = f- 67, where fe S(R*; E) satisfies 
f(z, 0) = 0. Conclude that, if Q is the curvature of V, then 


(p*Q)(7, ee of (7, t) dt a Sr. 


Conclude that 2 = 0 implies that @ = 0. 


4. Homotopic paths. Let ¥, V be as in problem 3. Let « and B 
be smooth paths in B such that 


a(0) = BO) =x and a1) = Bl) = a. 
Assume that ® is a homotopy connecting « and f such that 
DO, t) = xp and O(1,¢) = x, teR. 


(i) Assume that the curvature of V is zero. Prove that if & and f are 
horizontal lifts of « and 8, both starting at the same point, then 


&(1) = B(1). 
(ii) Establish the converse. 
5. Holonomy groupsI. Let (P, V) be as in problem 3. Assume that 


B is connected. Fix base points x € B and z € G,. Identify G with G, 
Vila @b> 2° a. 
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A loop in B, based at x, is a smooth map y: th y(t) (0 <t < 1) 
such that (0) = y(1) = x. Two loops based at x are called homotopic 
if they are homotopic in the sense of problem 4. A loop is called conctrac- 
tible if it is homotopic to the constant loop. If every loop is contractible, 
B is called simply connected. 


(1) Let y be a loop based at x. Show that there is a unique element 
a(y) € G such that for every horizontal lift, 7, of y 


W(9) + aly) = 71). 


(11) Ify,is a homotopy of loops based at x, show that 7 +> a(y,) is a 
smooth path in G. (Hint: Use problem 3, (i1).) 


(111) Let # denote the set of loops, based at x, and let % denote the 
subset of contractible loops. Show that I” = {a(y) | y € &} is a subgroup 
of Gand that I, = {a(y) | y € Z} is a normal subgroup of I”. Show that 
I'jI, is finite or countable. 


(iv) Show that I, is a connected Lie subgroup of G (use problem 6, 
Chap. II). Conclude that I is a Lie subgroup of G with I, as 1-com- 
ponent. 

I is called the holonomy group of the connection with respect to z. 


6. Holonomy groups II. Adopt the hypotheses and notation of 
problem S. 


(1) Reduce the structure group of F to J; 1.e., construct a principal 
bundle, A, = (P,, 7,, B, I), and a J’-equivariant inclusion map 
gp: P, > P such that top = 7. 

Interpret P, as a maximal connected integral submanifold of an involu- 
tive distribution on P. 


(11) Let w be the connection form of V. Prove that p*w takes values 
in the Lie algebra of I) . Conclude that p*w is a connection form in P, . 


(i111) Ambrose-Singer: Assume that I‘ = G and let 2 be the curvature 
of V. Show that the vectors 2(2; h, k), 2 € P,h,k € T{P), span the Lie 
algebra E. (Hint: Use problem 3). 


(iv) Suppose that two principal connections have the same curvature. 
Show that their holonomy groups have the same |-component. 


7. Zero curvature. Let (PY, V) be as in problem 3, with B con- 
nected. 
(i) Show that the following conditions are equivalent: (a) the 
curvature 2 is zero; (b) the holonomy group, J’, is discrete; (c) the hori- 
zontal subbundle is an involutive distribution on P. 
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(ii) Assume 22 = 0. Let M be a maximal connected integral manifold 
for the horizontal subbundle, and construct a principal covering projec- 
tion (M, 7, B, I’) (cf. Problem 18, Chap. I). 

(iii) Assume £2 = 0 and B is simply connected. Construct an iso- 
morphism P = B x G of principal bundles, which carries V to the 
standard connection in B x G. 


8. Principal bundles with abelian structure group. Assume that 
P =(P, 7, B, G) is a principal bundle with abelian structure group. 
Let w be a connection form and let 22, be the corresponding curvature 
form in B. Let g: D> B be a smooth map of the two-dimensional 
disk D into B. Denote by y the image of @D (dD is the boundary of D) 
under g and let x, € dD be a fixed point. 


(i) Show that, for some fixed ae G, 
WI) = (0) «4, 
where 7 is any horizontal lift of y. 
(ii) Show that a = exp,(— Jp p*Qz). 


9. Let # = (P, 7, B, G) be a principal bundle with principal 
connection V. 


(1) Show that every horizontal vector field X on P can be written as 
a finite sum >, f; :X;, where the X, are horizontal and invariant and 
fi € S(P). 

(11) Assume that G 1s connected. Show that a differential form @ is in 
A ,(P) if and only if 6-X)® = 0 for every vertical vector field X. 


10. Let A = (P, a, B, G) bea principal bundle and let G x F->F 
be a left action of G on a manifold F. Let € = (M, p, B,F) be the 
associated bundle (MV = P xX, F). 


(i) Let Hp be the horizontal subbundle associated with a principal 
connection in #. Show that the vector spaces 


Ha2,y(/) = (4q)(2,H(P), ze P, J. eF 


(q: P x F— M is the principal map) are the fibres of a subbundle 
Hy of ty. Show that ry = Hy © Vu. Hy 1s called the associated 
horizontal subbundle for M. 


(it) With the aid of H,,, define the notion of horizontal lifts in the 
bundle €. Establish an analogue of problem 3, (1) for €. 
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11. Let (P, z, B, G) be a principal bundle with a principal connec- 
tion and corresponding homomorphism y,: (VE*),; > A(B). Suppose 
Ie (V?E*), is an element such that y,(J") = 0. Show that I" determines 
a closed (2p — 1)-form on P; hence obtain an element of H7?—(P). 


12, Let A = (P, zm, B, G) be a principal bundle and let K be a 
closed subgroup of G. Consider the bundles Y, = (G, a, , G/K, K) and 
FP, = (P, p, P/K, K). 


(i) Show that a G-invariant principal connection in #, and a principal 
connection in # together determine the principal connection in PY, 
given by 

«(25 £) = wx(e; w(2; ¢)), 


where w, , wy , w are the connection forms. 


(ii) Describe the horizontal subbundle, the horizontal projection, 
and the curvature. 


13. Define connections in the principal bundles of article 5, 
Chap. V. Obtain the corresponding curvatures. 


14. Let G be a compact connected Lie group with maximal torus T. 
Show that the principal bundle G — G/T admits a unique G-invariant 
connection and determine its curvature. 


15. Bundles with compact support. Let F = (P, 7, B, G) be a 
principal bundle. Let O C B be an open set so that B — O is compact 
and let oc: O + P bea cross-section over O. Then the pair (F, a) is called 
a principal bundle with compact support. If U C O is any open set such that 
B — U is compact, then U is called an open complement for (9, co). 

A homomorphism between principal bundles (P,«) and (P, 6) with 
compact support is a homomorphism, gy: 7 — Y, of principal bundles 
such that 


(a) The induced map ys: B — B is proper. 
(b) For some open complement V of (F, 6) 


p(o(x)) = 6(4(x)), 9 xe Pr (V). 


A compact principal connection in (FY, c) is a principal connection, V, 
in # such that for some open complement U of (F, o) 


V(x) ° (do), = 0, xe U., 
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(i) Let (P, co) be a principal bundle with compact support. Show 
that a trivializing map a: O x G =+ 7-0) is given by (x, a) +> o(x) - a. 
Restate the definitions in terms of «. 


(ii) Show that (#, c) admits a compact principal connection. Show 
that the curvature of such a connection has support in 7—1(K) for some 
compact subset K of &. Conclude that the induced homomorphism 
yp: (VE*), — A(B) can be regarded as a homomorphism into A,(B). 

(itt) Show that ys induces a homomorphism, hf: (Vt+E*), > H,(B), 
the Weil homomorphism with compact support. Show that hf is independent 
of the choice of compact connection. Show that 


rx ° hg = hg ’ 
where A: A,(B) — A(B) ts the inclusion map. 
(iv) Establish a naturality property for hé . 
(v) Show that a compactly supported principal bundle over R” 


determines a principal bundle over S” and that the diagram 


He(R") 


H"(S") 


commutes. Hence construct an example where Aj #0 but hy = 0. 
Conclude that hf 1s not independent of co. 


16. Odd characteristic homomorphism. Let B be a manifold and 
let G be a Lie group with Lie algebra E. Let f: B — G be a smooth 
map such that for some compact subset A C B, f(x) =e, x ¢ A. 


(i) StA=(BxXRxG,7,B XR, G)andO—BxXR-—A xl, 
where J denotes the closed unit interval. Defineo: O— B x R x Gby 


a(x, 1) = JES) 12 


1 
2 
(x, t, e), t< 5. 


Show that (Y, oc) is a compactly supported principal bundle. 
(ii) Let p: R — [0, 1} be smooth and satisfy 


pit) = 0, t <0), and at) = 1, tel. 


296 VI. Principal Connections and the Weil Homomorphism 


Define 6,¢€ AB x R; E) by 
4,(x, t; &,) = —P(t)Lyin(df)eé,  €€T,(B), 1€T,(R). 


Show that the corresponding principal connection V, in P is compact (cf. 
problem | and problem 1|5). Compute its curvature. 


(ii) Define a map p,: (V?E*), — (A? 1E*), by 


xX Vel (het) » hove) » Hots)]>--+» [Rotan—2) » Aoten-1)]). 
Regard p,J' as an element of A7?~(G). Establish the relation 
f*(eel) =F yexall), 
R 


where yz ya: (V*E*), > A,(B xX R) 1s constructed via the connec- 
tion V,. 
(iv) Obtain a map, pz: (V+E*), — H(G), from p; . Show that 


f° of : (V*E*), > H&B) 
R 
is a canonical map, independent of the connection. Show that 
+ 
f oh; = f* 0 PE- 
R 
Conclude that fg o AS depends only on f*. 


17. Covering by two open sets. Let ? = (P, 7, B, G) bea principal 
bundle. Assume B = U U V is an open covering of B such that F is 
trivial over U and V. 


(i) Let (U, %y) and (V, %,) be a principal coordinate representation 
for Y. Construct a smooth map gy: U N V — G such that 


(py ody\(x, a) = (x, p(x)a), xEUNYV, aeG. 


(it) Let pg: (V+E*), ~ H(G) be the linear map defined in problem 16, 
(iv). Let 6: H(U \ V)—> H(B) be the connecting homomorphism of 
the Mayer—Vietoris sequence for (B, U, V). Prove that 


hy = 0 o gy opp. 
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18. If A = (P, a, B, G) isa principal bundle with finite structure 
group, show that 7* maps H(B) isomorphically onto H,(P). 


19. The operator i(a). Let M be a manifold. Define an A(M)- 
linear map 


2: Sec Ary — Homy(A(M); A(M)) 
such that 


(a) i(a A T) = i(r) oO 1(c), 0, TE Sec Ara ; 
(b) 2(X) 1s the substitution operator, X « 2(M) and 
(c) 21) =«. 


(1) Show that 7 is uniquely determined by these conditions. 


(ii) Let(P, 7, B, G) bea principal bundle. Obtain canonical operators 
1(a) (a € AE) in A(P) such that 


i(h, A+ A hy) = i(h,) 0 +++ oi(Ay). 


Find expressions for the commutators i(a@) o #(h) — Oh) o1(a) and 
1(a) 0° 8 — 6 0 2(a). 
(i) Show that, for ae (AP? E),_, and ® € A(P)_, , 


i(a) 8H = (— 1)?81(a)(®). 
Hence obtain an operator, z(a), , in H(A(P))oog . 
(iv) Assume that G is compact and connected. Define 
p: H(A(P oo) > H(A(P)o~0) © (AE*) oxo 


by g(a) =X, «,,.2(4@,)40 & a*’, where a,, a*” is a pair of homogeneous 
bases of (AE)s_, and (AE*),_, , and 


€y y = deg a,(deg a, + deg «). 
Establish a commutative diagram, 


H(A(P)p9) ——> H(A(P)oa0) © (AE*)o=0 


~ ~~ 


H(P) 


H(P)@H(G)  , 


T* 


with vertical isomorphisms induced by inclusion maps. 
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(v) Extend the result of (iv) to any (i.e., not necessarily principal) 
action of a compact connected Lie group. 


20. The operator D. Let w be a connection form with curvature 2 
in a principal bundle A = (P, 7, B, G). With each representation of G 
in a space W, associate an operator D in A(P; W) by setting 


D@ = 8@ + (4). 


Prove the relations 

i) D=Vin4,(P; £); 

(ii) D(YC@)) = D¥(G) + (— 1)? (D9), ¥ € A(P; FE), Be A(P; W); 

(ii) Do =2 + Hu, a}; 

(iv) DY = Q(P), Ve A(P; W); 

(v) DQ = 0; 

(vi) if <,> is a bilinear function in W, invariant under the represen- 
tation, and ¢,): A(P; W) x A(P; W)— A(P) is the induced map, then 
8(, V) = (D®,¥) +(—1){®, DV), EAP; W), Ve AP: W). 


21. Algebraic connections. An algebraic connection in a principal 
bundle, 7 = (P, z, B, G), is a linear map X: E* + A\(P) satisfying the 
conditions: 

(a) 1(h)X(h*) = <h*, hy, he BE, h* € E*. 
(b) TX oX =Xo Ada), aeEG. 


(i) Let w be a connection form in ¥. Show that an algebraic 
connection X is defined by 


X(h*)(z; 0) = <h*,w(z,0), 2eEP, CeTP). 


x is called the associated algebraic connection. Show that the corres- 
pondence wt» X defines a bijection between principal connections and 
algebraic connections. 


(ii) Show that an algebraic connection X extends to the homomor- 
phism X,: AE* — A(P) given by 


(X, D)(z; 0), ..., Sp) = <®, w(z; C,) A + A w(2; C,)>. 
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Show that X, satisfies 
i(h) 0X, = Xn ip(h), 
T* 0X, = X,0 Ad’ (a), 
(h) © X, = X, © O,(h), 
1(a)oX, = X, o12,(a), ac Nk. 


(iii) Show that, for each ze P, the map ®+> (X,®)(z) defines an 
isomorphism AE* = AV,(P)*. Conclude that an isomorphism 


f: A(P)9 ®@ NE* —> A(P) 


is given by f(¥ & ®) = ¥ a (X,@). 
(iv) Consider the linear map X: E* — A?(P),_, given by 


K(h*)(z5 01, So) = <A*, 2(230,,02)>, zEP, 0, 02€T7.(P), 

where 2 is the curvature of the principal connection corresponding to the 
algebraic connection X. Show that X extends to a homomorphism, 
X,: VE* > A(P),_, , and that 

(X\P)(25 C1, 5) Sop) = (1/2”) d eo (2025 Coa) » Sote))s +++» 2( 25 Solep-1) » So(2n)))- 
Establish the relations (a € G, h € E) 

X,oAd%(a)) = TFoX, and Xo Og(h) = OA) oX,. 
(v) Prove that 
X(h*) = 8Xh* — X,8ph*,  h* C EX, 
VX = X and VX =0 (Bianchi identity). 


(vi) Show that X, coincides with the homomorphism y of sec. 6.17. 
Thus describe the Weil homomorphism in terms of X,. 


22. Horizontal projection. Let FY = (P, 7, B, G) be a principal 
bundle with principal connection V and associated algebraic connection 
X. Let {e**}, {e,! be a pair of dual bases of E* and E and let u(®) denote 
left multiplication by ® (® € A(P)). 
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(i) Define operators Y, in A(P) by 
Vay 
Y, = DV w(Xe*)o Vpscde,), kD. 


(11) Show that the horizontal projection H* is given by 


(11) Show that, for ® € A?(P), 
H*® = (« — Y,)(u — 3¥1) - (& — (1/p) ¥1)®. 
(iv) Show that Y, is an antiderivation, and that 
YyP(Zy auc, Zp) = ¥ OZ, jonny Vg. 5 yovey Zp) 
j=l 
(v) Set dy = Y, 06. Show that, for ® e A?(P),_, and ¥ € A(P),.9, 
i(h) 8y@ = O(h)®,  8yH= J (Xe**) n We, )® 
and 


dy(P an VP) = yan 4+ (— 1)? Ga Sy. 


23. The homomorphism g. Continue the hypotheses and nota- 
tion of problem 22. 


(1) Make A(P; AE*) into a bigraded algebra by regarding it as the 
skew tensor product of the algebras A(P) and AE£*. Interpret the elements 
of A?(P; AYE*) as functions 


A(P)X + Xx A(P)xX Ex: x ER. 


(p factors) (q factors) 
(11) Define linear maps, g: A?(P; AtE*) — A?+a(P), by setting 
| 
Pz; c perry Cara) = pla! d €,P(z; Cott) yoory Co(p) ) w(2; ere y ree a(2; Colp+a))) 
Show that the resulting linear map g: A(P; AE*) — A(P) restricts to an 


isomorphism A(P; AE*);.. —~> A(P). 
(iii) Show that g restricts to an isomorphism A,(P; AE*) —+ A,(P). 
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(iv) Show that the diagram 


A(P; AE*),25 


ee 


A(P)i-9 @ AE* 


commutes, where f is the isomorphism of problem 21, (iti). 
(v) Let Be AP). Show that g1® = >, YW, where 


Wc AP; A™-?E*),_ 


is given by 


PZ, sees Zp y My yes Amp) = OH GZ, ery Hy Ze s Zn, 0s Zing) 


24. The decomposition of §. Let V bea principal connection in a 
principal bundle A = (P, a, B, G). 
(1) Show that antiderivations D,, Dx , Dy are defined in A(P) by 


the following equations (® € A(P), X, € Z(P)): 


D(X, , --, X5) 
= y (—1)(V.X;)(O(Xp , , Xp, 0 Xp) 


+ ¥ (—NHO(LX, , Xj] — [Ha X,, Wy Xj), XQ, 0s Xp, BG, oy Xp). 


DyO(Xq , 0) Xp) 

= Yi (HI GV [A Xs Hy Xy], Xq 5 oes Mey oes Xi ves Xp). 
DyP(Xo , «+, Xp) 

= VP (-I(AX MOK» Ky seat )) 


+ 3 (—1)*°O(A,[H,X;, ’ H,X,], Xo y cers X, 9 8883 X; yp oeey X »)- 


t<j 


(ii) Show that 8 = D, + Dy + Dy. 
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(11) Let X be the associated algebraic connection. Show that, under 
the isomorphism f: A(P);.. @ AE* = A(P), (cf. problem 21, (iii)), 


D,,, and D, correspond to the operators, 


Y w(ke”)w @ixe,) and V@s 


where {e**}, {e,} is a pair of dual bases in E* and E, V is the covariant 
exterior derivative, and w is the degree involution in A(P). 


(iv) Show that the covariant exterior derivative, V, satisfies 


V2 = ¥ X(e*) n (A(e,) H*G — Vile,)®), Pe AP). 


(v) Establish the relations 
Di=0, Dy =0, 
D,° Dy + Dy oD, = —D?, 
D,° Dg + Dgo D, = 0, 
Dy o Dy + Dgo Dy = 0. 


(vi) Let @ = (M,p, B,F) be any smooth bundle. Show that a 
decomposition ry =Hy@ Vy determines a bigradation of A(M). 
Write 6, = >, 5, , where 6, is homogeneous of bidegree (p, 1 — $). 
Find expressions for the operators 6,, . Interpret the operators 6, , when 
@ is a principal bundle and Hy 1s the horizontal bundle of a principal 
connection. 


25. The operators D, and D,. Adopt the notation of problem 
24. Let 8, denote the operator w & 6; in A(P; AE*) and let 6, be the 
operator in A(P; AE*) given by 6, = &, wh(e,) & p(e*’). 

(1) Show that 6; and 6, are antiderivations with respect to which 
the algebra A(P; AE*),_, is stable. 


(ii) Use the isomorphism, g, of problem 23 to identify 5, and 6, 
with operators Dz and D, in A(P). 


(iii) Show that D, = De + D,. 
(iv) Obtain a relation between D, and dy (cf. problem 22). 


26. Let A=(P,7, Bx R,G) be a principal bundle. Fix teR, 
and let F7, = (P,, 7,, B xX {t}, G) be the restriction of F. 
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(1) Construct an isomorphism from FY to the principal bundle 
(Py x R, 7m xX «, BX R, G) (Hint: Use problem 3, (1).) 

(ii) Conclude that A, ~ F,. 

(iii) Let g, yb: M-— WN be homotopic maps, where JN is the base of 
a principal bundle. Prove that the pull-backs of this bundle to M via p 
and ¢ are strongly isomorphic. 

(iv) Conclude that every principal bundle over a contractible space 
is trivial. 


27. Principal bundles over SS". Let A= (P,7,S8",G) be a 
principal bundle over S”. 


(1) Show that A admits a coordinate representation consisting of 
only two elements. 
(11) Obtain a smooth map ¢: S”-! — G such that A is trivial if and 
only if g is homotopic to the constant map. 
(ut) Show that every principal bundle over S® is trivial (Hent: 
cf. problem 35, Chap. II.) 


(iv) Apply problem 17. 


28. Construct a fibre bundle over S* which is not the associated 
bundle of a principal bundle. 


Hint: Proceed as follows: 
(i) Construct a nontrivial bundle over S* with fibre S°. 
(ii) Pull this bundle back to a bundle M — S® x S' via a degree | 
map S3 x Si S?4, 
(iii) Show that the induced projection M — S? is the projection of 
the desired bundle. 


29. Compact structure group. Suppose FY =(P, 7, B, G) is a 
principal bundle with compact group G. Let p: A(P) — A,(P) denote the 
projection given by 


AP) = _Txbda, Be AP). 


Show that dp = pV®, ®e A(P);.,, where V is the covariant 
exterior derivative with respect to a principal connection. 


Chapter VII 


Linear Connections 


In this chapter J* denotes either R or C. 
€ = (M,7,B,F), 7 =(N,p,B, A),  & = (M',o', BF’) 


and 


E = (M, 7, B,F) 


denote vector bundles over J’, with dim B =n, rank &é =r, and 
rank 7 = s. All linear and multilinear operations (e.g., duality, sums, 
tensor products) are with respect to J’ unless otherwise specified. 
If I is taken as C, then Sec &, Sec n,... are considered as modules over 
S(B; C) and multilinear operations are with respect to this ring. In 
particular, Hom,(Sec £; Sec 7) and Sec € @z Sec 7 denote, respectively, 
the module of /(B; C)-linear maps and the tensor product with respect 
to S(B; C). 


§r. Bundle-valued differential forms 


7.1. Real vector bundles. In this section [’ = R. We shall generalize 
the notion of vector-valued differential forms on a manifold (cf. sec. 4.7, 
volume I or sec. 0.13) to differential forms with values in a vector bundle. 

Consider the tangent bundle 7, of B, and form the bundle A?(r; ; €) 
whose fibre at x consists of the skew-symmetric p-linear maps 


T,(B) X «+ x T,(B) > F,. 


A &-valued p-form, 2, on B is a cross-section in the bundle A?(z, ; &). 
It assigns (smoothly) to every point x € B a skew-symmetric p-linear 
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map, $2(x), of 7,(B) into F,,. The €-valued p-forms on B form a module, 
A?(B; £), over the ring .Y(B), 
A»(B; £) = Sec A®(rp; &). 


Thus AB; €) = Sec €. 

If € is the trivial bundle (WV = B x F), then a €-valued p-form is a 
p-form on B with values in the vector space F; 1.e., A?(B; €) = A?(B; F). 

A €é-valued p-form, 2, on B determines the skew-symmetric 
p-linear map, 

Q: £(B) x ++ x £(B) > Sec é, 
given by 
Q(X...) Xp)(x) = Q(x; X4(x), ..., Xp(x)). 


Recall from sec. 2.24, volume I, that the correspondence 2++ Q defines 
an isomorphism 


A*(B; £) —» A}(2(B); Sec ), (7.1) 


where A}(2(B); Sec €) is the module of skew-symmetric p-linear (over 
S(B)) maps from 2(B) to Sec €. Henceforth we shall identify 2 with 
Q via this isomorphism. 

Now consider the direct sum 


A(B; £) = Y. A%(B; 8). 
p=0 
A(B; &) is a graded left module over the graded algebra A(B), the 
module multiplication being given by 
(Bn Q(x; hy, «0, Apse) 
I 
at Pal ae Eg P(x; hg) yosery hg(p)) §2(x; he(p41) press hg(p+0)) 
®e AB), Qe AB; £), xeB, h,eT,(B). 
It is immediate from sec. 2.24, volume I, that the “(B)-bilinear map, 
(D,a)t> Pao, ®eA(B), oeSec , 


induces an isomorphism of graded A(B)-modules 


A(B) @g Sec £ —> A(B; &). (7.2) 
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We shall identify these modules under this isomorphism and, when 
convenient, write ®@o = Pao. 


Example: Whitney sum: Suppose 2, € A?(B; &) and 2, € A?(B; n). 
Define 2, © 2, € A”(B; & @ n) by setting 


(2, ® 2,)(x; hy, ..., hp) = Q(x; hy, ..., hy) D 2,(%; hy, ..., Ay) 


(recall that the fibre at x of € @ 7 is the direct sum F,, @ H,). The 
correspondence (2, , 2,) +> 2; © 2, defines an isomorphism, 


A(B; &) ® A(B; n) —> A(B; € @ 0), (7.3) 


of graded A(B)-modules. 
In particular, if € @ 7 1s trivial this becomes an isomorphism 


A(B; &) @ A(B; n) ——> A(B; R"*?). 


Since 7 can always be chosen so that € @ 7 is trivial (Theorem I, sec. 
2.23, volume I), this shows that A(B; €) can always be regarded as a 
complemented submodule of the A(B)-module A(B; R™) for m sufh- 
ciently large. 

To each vector field X on B corresponds an operator 1(X) in A(B; &). 
It is given by 

(X)o = 0, a €Sec é, 

and 


(i(X)Q)(x5 hy, Ay_y) = Q(x; X(x), Ay, php),  %EB, h,e T,(B), 
Qe AB; £) p>. 


1(.X) is called the substitution operator. It is Y(B)-linear and homo- 
geneous of degree —1]. Moreover, it satisfies the relations 


(X)(P vn Q) = i(X)GB nan QD + (—1)?G va 1(X)Q, 
(1 X)Q)XS 5 see Xgeg) = QA AG 50 X24); 
and 
i(X)\(P @ 0) = (X}P @o, 


for D € A*(B), 2 € AXB; £), 0 € Sec €, and X; ¢ F(B) (i = 1,..., p — 1) 
(cf. formulae (7.1) and (7.2)). 

Finally note that if 7(X)2 = 0 for a fixed 2 € A?(B; €)(p > 1) and 
for every X € 2(B), then 2 = 0. 
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7.2. Complex vector bundles. In this section J’ = C; thus € and », 
are complex vector bundles. Consider the vector bundle, A(z, ; &), 
whose fibre at x is the space of p-linear (over R) skew maps 


T,{B) x x TB) > F, 


The complex structure of F, makes this space into a complex 
vector space; consequently the bundle is a complex vector bundle. 
The cross-sections of this vector bundle are called &-valued p-forms on B. 
They form a complex vector space, denoted by A?(B; &), and the direct 
sum of these spaces is denoted by A(B; &). 

If € is a trivial bundle, then A?(B; £) = A?(B; F); it is the space of 
F-valued forms on B. In particular, 


AB; C) = C ® AB) = Sec(C @ A?r*) = Sec(A?(C @ 1z)*), 


where A?(C & 7g)* denotes the pth complex exterior power of the 
complex dual of C &®)7,. A(B; C) 1s an algebra over C, called the algebra 
of complex differential forms on B. 

If € is any vector bundle, then A(B; €) is a module over A(B; C), and 
we adopt the same notation as in sec. 7.1. The isomorphisms (7.1), (7.2), 
and (7.3) have obvious analogues for complex bundles. Regarding the 
fibre of A”(7,; €) as the space A?(T,(B); F,), we extend the definition 
of the substitution operator (cf. sec. 7.1) to complex bundles. 


7.3. Bundle maps. We shall consider three types of maps between 
modules of bundle-valued differential forms, all of which arise from 
bundle maps. Fix a bundle map g: & —> é inducing J: B > B 


TypeI: The map p*. Let é* and &* be vector bundles dual, res- 
pectively, to € and €. Let p*: Sec * <— Sec &* be the linear map given 
by 

(p*o)(x) = px(o(¥(x))), xe B, oeSec €*, 


(cf. sec. 2.15, volume I). 
We extend ¢* to a linear map of bundle-valued forms, 


p*: A(B; é*) — A(B; €*), 
by setting 


(p*Q)(x; Ay, 4.) = pZ(QY(x); (Ap)A, , ...5 (Ab)h,)), 
xe B, h,eT,{B), 2¢ AB; €*). 
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Then 
p*(B vn Q) = b*Gn o*Q, Ge A(B), Qe A(B; E*). 


Type ll: The map o*. Suppose that ¢ restricts to linear isomor- 
phisms in each fibre. Recall that a linear map o*: Sec & <— Sec € is 
given by 


(p~*(c))(x) = pzlo((x)), «eB, ceSec€é 


(cf. sec. 2.15, volume I). 
We extend o* to a linear map A(B; £) — A(B; &) by setting 


(p*22)(x5 Ay, 25 hp) = pe (QYL(X); (Gp) , «5 (Ap), 
xe B, h,eT,{B), Q2¢A(B;,8, p>. 
Then 


p*(P nQ) = PFOng*Q, Ge A(B), Qe A(B; €). 


The map %* makes A(B) into a module over S(B), the module 
multiplication being given by 


@-f=O- pf, feS(B), Pe A(B), 


where the scalar has been written on the right for notational 
convenience. Thus we can form the tensor product A(B) @g Sec &. 


Proposition I: With the hypotheses and notation above, an 1so- 
morphism of graded A(B) modules, 


A(B) ®p Sec § —> A(B; £), 
is given by 


®®oar> Da o*e, @e A(B), oe Sec é€. 


Proof: In view of the isomorphism (7.2) this is immediate from the 
isomorphism S(B) @g Sec & & Sec & of sec. 2.26, volume I. (Use the 
associative law for tensor products.) 


Q.E.D. 


Example: Let &, be the restriction of € to U (open in B). The 
inclusion, 7: €y — &, induces a restriction map 


j*: A(U; Eu) <— A(B; £). 
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Identifying the fibres of € and €y , we can write 
(7*#22)(x) = 2(x), xe U. 


Type III: The map yp, . Finally, assume that the vector bundles & 
and ¢ have the same base B, and assume that 9 is a strong bundle map 
(4 = 1). Then a homomorphism of A(#)-modules, 


p: A(B; €) > A(B; 6), 
is given by 
(p,22)(x; h 5.989 hy) — Px(82(x; h, yoeeey h,)), 


xé€B, h,eT,(B), 2¢A(B; 6), p>, 
and 


(p,0)(x) = —,(o(x)), xEB, oéSec é. 


The restriction g,: Sec € Sec € of p, coincides with the map 
defined in sec. 2.15, volume I. On the other hand, if € and € are trivial 
bundles, and 9 1s given by 


g(x, a) = (x, a(a)), xeB, aéF, 
for some fixed linear map a: F — F, then , coincides with the map 
a,: A(B; F) > A(B; F) 


of sec. 4.7, volume I. Note that, if 9: ES Eisa strong bundle iso- 
morphism, y* = (¢,)1. 


7.4. Multilinear bundle maps. Recall that a multilinear bundle 
map a € Hom(é',..., &”; 7) assigns to each x € B an m-linear map, 


a,:F, XX FU > aH,, 
in a smooth way (cf. sec. 2.4, volume I). Such an « determines a map, 
ay: A(B; 1) x ++ x A(B; €") > A(B; 7), 


as follows: Let 2, ¢ A?(B; &). Then a,(Q2, ,.... 2,,) has degree 
p= pi + +: + p,, and Is given by 
0 ($24, 0145 Qm)(H3 Ay y oy Ay) 
I 


ser cane ag Ye (O Hyg) oan) scetilee (4F ay Rey): 
: m* geS? 
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With the identification, (7.2), a, is given by 


Xy(P, & 0, ,...,P,, Mom) = (PN AD) @& ay(0y 5 ..., Om). (7.4) 
Note as well that, if 2; € A?(B; &) and X € 2(B), then 


i(X) a4 (Qy yy, 2m) = y (— 1)" ay (Qy , ve, (XQ, , 0, Qn) (7.5) 


where g; = p, + +: -+ p;_,. Moreover, if, in addition, ® € A%B), then 
a1 (Q, yey BN QD, 10, Qm) = (— 1)" GS Way (Qy , 5m) (7.6) 


§2. Examples 


In this article we consider examples of multilinear maps 


a € Hom(él, ..., €; 7). 


7.5. Dual bundles. Suppose &* is dual to € and let 
a€ Hom(é*, €; B x I’) 
be the scalar product ¢ , >. We write, 
a (Q*, 2) = (2*,Q),  2* & A(B; €*), Qe A(B; 6); 


thus (2*, Q) « A(B; I’). Note that € , ) extends the scalar product 
< , > between Sec €* and Sec €. 


Lemma I: Let y: é — € be a bundle map inducing w: B — B and 
restricting to isomorphisms in the fibres. Assume £*, &* are dual 
to €, €. Then 


(p*Q*, ptQy = P*KQ*, QY, —-2* € A(B; E*), Qe ACB; &). 


Proof: In view of the isomorphism (7.2) it 1s sufficient to consider 
the case Q* = D® a o*, Q = VY a o, where ®, ¥ © A(B) and o* € Sec &*, 
o € Sec &. But in view of the relations of sec. 7.3, and formula (7.4) the 
lemma follows, in this case, from the relation 


Kp *o*, pto)(x) = <ez(o*(H(2))), e, (o(4(*)))> 
= Co*(4(x)), o(4(x))> 


= (b*o*, a )\(x B. 
(p*€o*,a))(x), xe O.E.D. 


A similar proof establishes 


Lemma II: Let ¢: € — 7 be a strong bundle map. Then 


(p*#2*, QY = (2*, 9,2), — Q* € A(B;*), Qe A(B; &). 
311 
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7.6. Bilinear maps and algebras. Consider a bilinear map 


a € Hom(é, &; &). 


If « is symmetric, then 
a x($2, , 29) = (—1)Ptay(22,92)), 2, € A(B; £), 92, € AXB; €), 
while if a is skew-symmetric, then 
ay (2, , 2) = (—1)?*+4a,(Q2, , 924). 


Next, observe that the map a € Hom(&, €; €) makes each fibre F, into 
an algebra, while a, makes A(B; €) into an algebra. We write 


oy (2, ’ {2,) = 2,°2,, Q€ A(B; &), 


for the algebra multiplication. If the algebras F, are all associative, so 
is A(B; &), 
824 + (2 © 923) = (Q, + 22) + 25. 


In this case we define the pth power of $2 (2 € A(B; &)) to be the 
bundle-valued form 2° € A(B; &) given by 


QP = Deere 2, p>, 
(pfactors) 
and 


0 lew |e 


Bundle-valued forms §2, € A?(B; €) and 2, € A%B; £) will be said 
to commute (with respect to the map a,) if, for each x € Band h, € T,(B), 
the vectors $2,(x; Ay ,....4,) and 92,(x; hp. ,..., Ap.g) Commute in the 
algebra F,, . If 2, and 2, commute, then 


Qy + Qy = (—1)?2D,  Q, . 


Thus if in addition, p or g is even, then 92, + 92, = 92,+ 92, and so the 
binomial formula, 
| RY of, oF 
(Q, + Q,)° = y (7) +25, 
jek 


holds. 


7.7. The bundle L,. Recall (sec. 2.10, volume I) that L, is the vector 
bundle whose fibre at x is the space of linear transformations of F,. 
Evaluation and composition are the bilinear maps, 


e€Hom(L,,€£) and ce Hom(L;,,L,;L,), 
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given by 
e(«, v) = a(v) and o(a, B) = ao 8, a,peLl, , veF,, xéeB 


(cf. sec. 2.10, volume I). 
The induced maps of bundle-valued forms are denoted by 


€,(2,P) =Q(P) and -— 0, (Q, , Q,) = 2, 0Q,, 
Q, Q,, Q, € A(B; L,), ® € A(B; £). They satisfy 
(Q, 0 2,(D) = 2,(2(¥)). 


In particular, each 22 ¢ A(B; L,) determines the S/(B)-linear map, 
Q: Sec & > A(B; &), given by 


Qc) = (2(c). 
This correspondence defines an isomorphism 
A(B; L,) —> Hom,(Sec ¢; A(B; é)). 


Let : & — & induce ¥: B — B and restrict to isomorphisms in the 
fibres. Then a bundle map ¢: L, — L; is given by 


(a) =pecacgs, aelp, xeB, 


and ¢ restricts to isomorphisms in the fibres. 


Lemma III: With the hypotheses and notation above 


pt(2(D)) = (G*Q)(p*P), ——- G*(2, 0 22) = P*Q, o G*Q, , 
and 
P*(tz) = te, Q, 2, , QE A(B; L;), Pe A(B; E) 


(tg and «; are the cross-sections in L, and L; assigning to each x and x 
the identity transformation in F, and F,). 


Finally, define tr € Sec L¥ by 
<tr, o,> = trg,, @zELe, xeEB. 
This cross-section determines the linear map, 


tr: A(B;L,) > A(B; I), 
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given by 
(tr®)(x; h,, ....4,) = tr(P(x;h,,...,h,)), Pe A(B;L,), xe B, h,¢ TB). 


7.8. Tensor products. Let a € Hom(€',..., €&”; 1 &® --- & &”) be the 
tensor product, 


a(v,.., 0") =v @-:@v", veri, xeB. 
If 2, € A(B; &), then a, (Q2,, ..., 2,,) € A(B; 2 & +: & &”); we write 
oy (Q, 5 Qn) = 2, O° @Q,, . 


Note that this extends the tensor product between cross-sections (cf. sec. 
2.24, volume I). Note also that @ is not a tensor product unless the 
Q,’s are of degree zero. (Use the isomorphism 7.2.) 

Now recall that @” €* and &” € are dual with respect to the scalar 
product given by 


(Of © © Um sy O° © Um? = COP, MD + Cm Um?» 


Thus, if de A(B; @&? €*) and 2; € A(B; £), i = 1,..., p, we obtain 
the ordinary differential form «9%, 2, ® -- @ 2,). This will often be 
denoted by (2, ..., 2,). 


Lemma IV: Let ®, € Sec @&? &*, B, € Sec &? €* and let 2; € A(B; &) 
(¢ = 1l,...,p + gq). Then 
¢, © P,,2,@°™ @ 25,0) 
“Zi {P, ,2,@° ® 25) A (9, 2541 O° @ 25,0): 


Proof: The isomorphism (7.2) and formula (7.4) allow us to reduce 
to the case that 82, € Sec €. But in this case the lemma is obvious. 


Q.E.D. 
Let €?:4 denote the tensor product €* @--- ® E*¥ MEW: OE 
(p factors €*, g factors €). We write 


A(B; & &*) = @2_, A(B; &);  A(B; © ) = DE, ACB; 9 
and 


A(B; (@& €*) @(@ 4) = @Dy,q A(Bs €"). 
These are associative algebras with multiplication ® induced by the 


bilinear maps 
®): EPG 4 Ers8 wee EP+T ats 
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The identity element is the scalar I, and A(B) = A(B) ® | is a sub- 
algebra of each. Moreover, these algebras contain (respectively) the 
subalgebras 


Sec (x) * = @,, Sec £79, Sec (x) € = @, Sec £9 
and 


Sec(((&) €*) © (@ €)) = D,,, Sec £”". 


Next, define a strong bundle map 0: L, > Lz», by setting, foraeL, , 
zee? ,2,6€F,,x6€ B, 


Wa\(2t @-- @ 27 @% @ @%) 
= —Y af @-- @ aah) © © 23 © @ Oa) 


ee 
+ Y (AF @ + @ 25 © % @ ** © a(2;) © -** @ 2); 
j=l 
and @&(«)(1) = 0. 
The map, 9, induces a map 6,: A(B; L,) — A(B; Lesa). 


7.9. The bundle AE. Recall that A€ is the bundle with fibre AF, 
at x. The exterior multiplication in the fibres determines an associative 
multiplication in A(B; A6&) (cf. sec. 7.6), which we denote by 


(Q, , 2) QA 2,, 2, € A(B; NE). 


We write A(B; Af) = &,., A(B; A%); this makes it into a bigraded 
algebra, the |-element of which is the constant function |. The iso- 
morphism (7.2) reads 


A(B; A€) = A(B) &g Sec AE & A(B) We Ag (Sec €) 
and under this isomorphism the multiplication is given by 
(BP &®a)a(¥ &r) = (Pa ¥) & (ca >), ®, Pe A(B), o,7eSec A€. 


In particular A(B; A€) is the canonical (mot the anticommutative) 
tensor product of the algebras A(B) and Sec A€. Observe as well that 


A(B) = A(B)@1 and ~—s Sec AE = | @Sec AE 
are subalgebras of A(B; A&). 
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Next note that the skew-symmetry of the multiplication in A&€ implies 
that 


Q, AQ, = (—1)"2*22Q,02,, 2, ¢ AP(B; AXE), i= 1,2. 
Thus, if 2.¢ A?(B; A%) and p + q is odd, then 
QaQ = 0. 


Moreover, since A€ is associative, we can form the kth power of 


Qe A(B; A€) (cf. sec. 7.6). If 22 € A(B; &), then 
py Ox Wiig RN = OR) RAE ROGERS. 
Now define (as in sec. 7.8) 9: L, > L,, by setting 6(«)(1) = O and 
O(a) AA Sy) = VBA ANAS) A TO AB,, 
= acel,p, 2,€F,, xeB, pol. 
Let 0,: A(B; L,) — A(B; L,,) be the induced map and note that we 
use the same notation as in sec. 7.8. 
Finally, let o* € Sec €* (€*, a bundle dual to €). Define an operator 
t-(o*) in A(B; A&) by setting 
(t¢(o*)$2)(x5 Ay y «5 hp) = i(o*(x))(2(x; hy, --) Ap))s 
xe€B, h,eT{B), Qe AB; AQ), 


where i(o*(x)) is the substitution operator in AF’, . 1,(0*) is homogeneous 
of bidegree (0, —1) and satisfies 


ie(a*)(Q, A 22) = t,(o*) Q, a By + (—1)? 2, Aio*)Qz , 
2, € A(B; AE), 2, ¢ A(B; A). 


This formula yields, for o € Sec £, 2 € A(B; A6), 
1(o*)\(o a2) = (o*, o> 2 — oa Aai(o*)Q. 


In particular, if 22 ¢ A(B; ATE) (r = rank &), then oa 2 = 0, and 
the formula above reduces to 


<a*¥, DQ = c aio*)Q, 
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7.10. The bundles V’E. Recall that V?£ is the vector bundle whose 
fibre at x is the pth symmetric power V?F,, of F, (cf. sec. 2.12, volume 
I). The multiplication maps, 


VPE NIE =e NP IRE, 
determine maps 
A(B; V?é) x A(B; V2é) > A(B; V?*6), 
which we denote by 
(22; , 92,) > QV Q,. 
The direct sum of the spaces A(B; V?£) is denoted by 
A(B; Vf) = Dye A(B; VE) 
and the maps above make it into an associative algebra. The strong 
bundle maps 75: @?£ — V?€ given by 
T5(2 &® °° © 8p) = BV V Sy, z,E€F,, xeB, 
determine a homomorphism 
(7s): A(B; &) £) > A(B; VE), 


of bigraded algebras. 
Finally, note that 


2, ¥ 2, = (— 1)?2?282, v 82, ’ 22; € A”™"(B; Vé), 1 = I, 2, 
(cf. sec. 7.8). 


§3. Linear connections 


7.11. Definition: <A lnear connection in the vector bundle, &, is 
a I-linear map, 
V: Sec & —» A}(B; 6), 


which satisfies the condition 
Vif-c) = bfao+f-: Vo, fe S(B), ceSec &. 


If € is complex, V is sometimes called a complex linear connection. 

A cross-section o is called parallel with respect to V if Vo = 0. 

Let V be a linear connection in €. Then, for each vector field X on B, 
an operator, V,, in Sec € is given by Vy = 1(X)o V. These operators 
satisfy the relations 


Vil(f-o) = X(f):o+f: Vyxo, aoéSecé, fe S(B), 
and 


Vy.x(c) = f° Veo. 


Similarly, if A € 7,(B), we can form the operator V,: Sec & > F, 
given by 
Vio = i(h)((Vo)(x)). 


Clearly, (Vyo)(x) = Vaiay(9). 
Examples: 1. Suppose & is trivial: M@ = B x F. Then (cf. sec. 7.1) 
A(B; €) = A(B; F). In this case the exterior derivative, 
6: SA(B; F)— AB; F), 
is a linear connection 1n &. It is called the standard connection. 


2. Let V, be a linear connection in € and suppose Y € A(B; L,). 
Then the map, Sec € — A(B; &), given by 


at> Vi(o) + Yc) 


is again a linear connection in €. Conversely, if V, is a second linear 
connection in é, then the map, 


V, — V.: Sec € > AB; &), 
318 


3. Linear connections 319 


is “(B)-linear. Hence there is a unique ¥ € A!(B; L,) such that 


Vo — Vic = Yo), aoe Sec é 
(cf. sec. 7.7). 


3. Let {U,} be a locally finite open cover of B, and assume that 
{p.} are smooth functions on B such that carr p, C U,, and Y, p, = 1. 
Let €, be the restriction of € to U,. 

Assume that V, is a linear connection in €,. Define a J-linear map, 
V: Sec € > AB; €), by setting 


Vo =) py -Vi00; 
where 0, is the restriction of o to U, . Then V is a linear connection in &. 


4. Assume €@®y7y=B8B x I%. Then we have the strong bundle 
maps 


1:€—» Bx I% (inclusion) and p: Bx I%-— € (projection). 
A linear connection V in € is given by 
Vo = p, 51,(0), ao € Sec €, 


5. Tangent bundle: A linear connection in a manifold B is a linear 
connection, V, in the tangent bundle, 7, . Given such a connection we 
define a map S: 2(B) x 2(B) — 2(B) by setting 


S(X, Y) = Vx¥ — VyX — [X, Y]. 


S is a r,-valued 2-form: S ¢ A*(B; 7,). It is called the torsion of V. 
S determines the 1-form ¥ € A’(B; L,,) given by 


WX)(Y) = S(X,Y),  X, Ye 2(B). 


By Example 2 above, V = V — ¥ is again a linear connection in B. 
V is called the conjugate connection of V and satisfies 


0.Y = VY — S(X, Y). 
It follows that the torsions for V and V are related by S = —S. 


Proposition II: Every vector bundle € admits a linear connection. 
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Proof: Example 1, above, shows that trivial bundles admit linear 
connections. In view of Example 3, a partition of unity argument now 
shows that every € admits a connection. 

Example 4, above, provides a second construction of a linear con- 
nection. 

We give a third, purely algebraic proof. Let 


tp = ) of a, (0,* € Sec &*, a, € Sec €) 
i=l 


be a representation of the unit tensor for € (recall, from p. 81, volume I, 
that #, € Sec(€* ® &) corresponds to ., € Sec L, under the isomorphism 
E* @® € ~ L,). Define a I’-linear map V: Sec € — A}(B; &) by setting 


Vo = Y &<o;*, «> AO; . 


i=1 


(If = C recall, from sec. 7.2, that A(B; €) is a module over A(B; C)). 
The relation (p. 81, volume I), 


<o,, o>o; = 3G, a € Sec €, 


ror 


ll 
b= 


i] 


implies that V is a linear connection. Note that V depends on the 
particular representation of ¢. 


Q.E.D. 


7.12. Induced connections. In this section V and V, are linear 
connections in &, V, is a linear connection in y and V* is a linear con- 
nection in &*. These connections determine linear connections in the 
associated linear and multilinear bundles, as described in the examples 
below. 


Examples: 1. Dual bundles: Let &* be dual to &. Then there is a 
unique linear connection, V*, in €* such that 


(Vict, oc) + (Co*, Voy = 8€0%*, oy, o*eSec €*, oeSec é. 


V* will be called the dual of V. 
In fact, fix o* € Sec €*. A simple computation shows that the map 
Sec £ > A'(B) given by 


at> d€0*, c) — Co*, Voy 
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is Y(B; I)-linear. Hence there is a unique element, V*o* ¢ A‘(B; €*), 
such that 


(V*o%, 0) = 80%, oc) — Co*, Vo). 


Evidently the assignment o* +> V*o* defines a linear connection, V*, in 
€*, which is the only one satisfying the desired relation. 


2. The bundle L,: Fix «a € SecL,. The operator, 
(Vou—aoV): Sec é— AB; 8), 
is linear over Y(B; I’). Via the isomorphism, 
A(B;L,) = Hom,(Sec €; A(B; €)) 


(cf. sec. 7.7), it determines an element Va in A(R; L,). Evidently «te Ve 
defines a linear connection, V, in L,. V is called the connection induced 
by V. It satisfies the relations, 


V(20f) = VaoB + ao0Vf, a, BeSecL,, 
Vig = 0, 
and 
V(a(c)) = (Va)(c) + a(Vo), aeSecl,, oeSec é. 
3. Whitney sums: A linear connection V,; @ V, in € @ 7 1s given by 
(V; @ V,)\(o @ 7) = Vo @ V,7, aéSecé, 7e€Sec 7. 


It is called the direct sum of V, and V,. If V., V,* are connections in 
E*, n* dual to V,, V,, then Ve @ V,» is dual to V, @ V,,. 


4. Tensor products: There is a unique linear connection, Vg, , 1n 


E ® 7 such that 
Vigne @7) = Vio @r+0@V,7, ao€Sec f£, 7e€Sec 7. 


Ve@n is called the tensor product of V, and V,. 
In fact, consider the I’-bilinear map gy: Sec € x Sec n + A'(B; & & n) 
given by 
g(o, rT) = Vio ®r +90 ®@ V,r. 


The relation, 


Af: 9,7) = 8 rA(6 Or) +f (2,7) =9ef+7) feS(B;T), 
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implies that m induces a J-linear map 
Vewni Sec € @p Sec ny — ANB; € & n). 
Identify Sec £ & , Sec 7 with Sec(€ & 7») (cf. Proposition XIV, sec. 2.24, 


volume I); then the same relation shows that V¢q, is a linear connection. 
More generally, there is a unique linear connection, V®, in €1@)---& &™ 
such that 


3 


V &(o! @ +: @ o”) i o} @ -: ® Vai ® °*: Mo”. 


ee 
I} 
~~ 


In particular, V and V* extend to unique linear connections (again 
denoted by V) in each £?-7 with the property that 


Via @ 8) = Va @B + « @ VB, ae Sec €%%, BeSec &*!, 


If V.« and V,« are dual to V, and V,,, then the induced connections 
in € ® 7 and €* @ n* are again dual. This gives the formula 


§(D(o, , ....65)) = (VO)(a, , ..., 05) + y Blo, 5 ony Vo; 5 »-+; Fp) 
= (V0, 0, ® © 05) + (%, Vo, @ - @ o)), 
® € Sec(£?.°), 0, €Sec €. 
Finally, if w € Sec L, then in Sec &?-% (cf. sec. 7.8) 
Vo B4(w) — O4(w) oV = 0,(Pw). 
5. The bundles APE and V¥E: Let V be a linear connection in &. 


Then there are unique linear connections V in A?é and V?é such that 


p 
V(o, As Aan) = DA AVVO; AO AG, 
i=l 


and 
Pp 
Voy Vay) = Yoav VVa;Vo- Voy, a, € Sec €. 
i=l 
They satisfy 
Via a B) = VaaB + aa VB, a, Be Sec Né, 
and 


Via v 8) = VavB + av VB, a, B € Sec VE. 
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Moreover, if w € SecL, , then, in Sec Aé, 
Vc 6y(w) — Ox(w)oV = 0 ,(Ver) 
(cf. sec. 7.9). 
7.13. Connection preserving bundle maps. Let V and V be linear 
connections in ¢ and €, with dual connections V* and V*. A bundle 


map q: & — & (inducing %: B — B) will be called connection preserving 
if the diagram, 


* z 
Sec £* «<—? _ Sec £* 
v* v* 
ON a AB; &*), 
commutes. 
Proposition III: With the notation and hypotheses above, assume 


that B = B and that is a strong bundle map (% = 1). Then @ is 
connection preserving if and only if the diagram, 


Seo. fF = Sec £ 


wt 


V V 
AB; £) ——> AB; é), 


commutes. 
Proof: Fix a € Sec &, r* € Sec €*. Lemma II of sec. 7.5 yields 
CV *p*(7*) — p*(V*r*), o) = (2%, Voeu(o) — 9{Vo)). 


The proposition follows. 
Q.E.D. 


Example: A linear connection V in € determines linear connections 
V and V in €* © é and L, (cf. Examples 4 and 2, sec. 7.12). With respect 
to these connections the strong isomorphism f: €* ® € > L, given by 


f(z" © w)(v) = <2*, vw, 9-22* EFT, v,weF,, xeB, 


is connection preserving. 
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Proposition IV: With the notation and hypotheses at the beginning 
of the section, assume that » restricts to isomorphisms in each fibre. 
Then ¢ is connection preserving if and only if the diagram, 


Seek eS Gat 
Vv Vv 
AB; £) <—_— AX(B; 8), 
commutes. 


Proof: Fix o & Sec &, r* € Sec €*. Lemma I of sec. 7.5 yields 
(V*p*(1*) — p*(V*r*), peo) = —Cp*r*, Vor(a) — p*(Vo)). 


Since each o,: F,, = F,,) is an isomorphism, the proposition follows. 


Q.E.D. 


Proposition V: Let »: &— & be a bundle map restricting to iso- 
morphisms in the fibres, and inducing 4: B — B. Then to each linear 
connection V in £ corresponds a unique connection V in & such that » 
is connection preserving. 


Proof: Recall the isomorphism of Proposition I, sec. 7.3, 
A(B) @p Sec € = A(B; &). 


It shows that Sec € is generated as an /(B)-module by sections of the 
form g*o (o € Sec €). In view of Proposition IV it follows that V is 
uniquely determined by V. 
To construct V define an R-bilinear map, 

B: S(B) x Sec & > AB; &), 
by setting 

BUF, 2) = df a eto + f+ p*(Vo). 
Then 

Bf #0) =BE-°), ge A(B), 

where the dots denote the Y(B)-module multiplications (cf. sec. 7.3). 
Thus £ induces an R-linear map 


V: S(B) @pg Sec E> A'(B; é). 


If J” = C, it is clear that V is complex-linear. 
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Identify Y(B) ®g Sec € with Sec € via the isomorphism above; then 


V becomes the desired connection. 
Q.E.D. 


Definition: V is called the pull-back of V via . 


Examples: 1. If: B—» Bisa local diffeomorphism, then dp: 7, — Tf 
restricts to isomorphisms in the fibres. Thus in this case each linear 
connection in B pulls back to a linear connection in B. 


2. If: B—» B is a constant map (4(B) = a), then the pull-back of 
every vector bundle is trivial, and the pull-back of every linear connection 
is the standard connection 6 (since the pull-back of every cross-section 
is constant). 


3. If € is the pull-back of & via J: B — B, then the identity maps, 
i: F, = Fy > Uy (x € B), define a bundle map, é— & which 
restricts to isomorphisms in the fibres and hence may be used to pull 
back a connection from € to €. 


§4. Curvature 


In this article V denotes a linear connection in the vector bundle 
& = (M,7, B,F). 


7.14. Covariant exterior derivative. Recall the operators, V,, of 
sec. 7.11. Operators, 


V: AB; &) > A?+'(B; &), 


are defined by 
Pp 
VY(Xq 5 Xp) = Y (— 1) Vx (HX, ss X sisgXg)) 
j=0 


+ ys (—1)**! P(X; , Xj], Xo yoreey X, yoreey x, yorery X »)s 


Pe AB; £), X,¢2(B). 
In particular, if ¥ € A1(B; §), 


V(X, Y) = Vx(HY)) — V(X) — LX, ¥)). (7.7) 
Note that 
Va) = SOAP +(—-1)?GaAVY, Ge AB), Ye AB; €). 


Together these operators consitute a single operator, V, in A(B; &); it 
is called the covariant exterior derivative with respect to the linear 
connection. The formulae of sec. 7.12 extend in an obvious way to 
relations involving covariant exterior derivatives; we do not repeat them 
here. Observe that, if V is the standard connection in a trivial bundle, 
then the covariant exterior derivative reduces to the ordinary exterior 
derivative for vector-valued differential forms. 


7.15. Curvature. Consider the map 2(B) x 2(B) x Sec € — Sec €, 
given by 


(X, Y, a) +> (Vy o Vy — Vyo Vx — Vix, yj)o. 
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It is easy to check that this map 1s trilinear over “(B). Hence, there 
is a unique 2-form R € A*B; L,) such that 
R(X, Y)(c) = (Vx ° Vy = Vy oO Vy =. Vix. y})o- 


It is called the curvature of the linear connection V. 


Proposition VI: ‘The curvature satisfies the relations 
(1) V7 = R(¥), Me A(B; ), and 
(2) VR=0 (Bianchi identity), where V denotes the induced 


connection in the vector bundle L, (cf. Example 2, sec. 7.12). 


Proof: It follows, from formula 7.7, that V’o = R(oc), a &Sec €. 
Now let ® € A?(B), o € Sec &. Then (cf. formula 7.6, sec. 7.4, for the 
last equality) 


V2(P no) = &@®no + (—1)? 6G a Vo 4+ (—1)7+! 8G va Vo + Ga V2o 
= Pan R(c) = R(® a o). 

To prove the Bianchi identity, let o € Sec €. Then 
(VR)(c) = V(R(c)) — R(Vo) = V%o — Ve = 0, 


whence VR = 0. 
Q.E.D. 


Suppose, next, that gp: > & is a bundle map restricting to isomorphisms 
in the fibres and inducing w: B — B. Assume further that V and V are 
linear connections in € and € and that @ is connection preserving. 
Then (cf. Proposition IV, sec. 7.13) the covariant exterior derivatives 
are related by 


gt o VY = Vs gt. 
In particular, it follows that 
p*(R(c)) = R(¢*0), a € Sec &, 


where R and R are the curvatures of V and V. Thus, letting ¢: L, > Lz 
be the induced map (cf. Lemma III of sec. 7.7), we have 


$*(R) = R. 


328 VII. Linear Connections 


7.16. Examples: 1. If € is trivial, then V — 6+ YW, where 
Ye AB; L,) (cf. Example 2, sec. 7.11). Moreover the curvature is 
given by 

R=8¥ 4+ Vo’. 


2. Dual bundles: A strong bundle map L,; — Le is given by «+> a* 
(aeL, , x € B). Denote the induced map A(B; L,) > A(B; Ly) by 


Dre Q*, 
Then if V* is the connection in €* dual to V, its curvature is given by 
Re = —(R,)*. 
In fact, for 7* € Sec €*, o € Sec €, 
((V*)2r*, co) = 8(V*r*, co) + (V*r*, Vo) 

= 8¢r*, cp — 8Q7*, Vo) + QV *r*, Voy 
= —(1*, Voy 

(cf. Example 1, sec. 7.12). 


3. Whitney sums and tensor products: Let V, and V,, be linear con- 
nections in € and y with curvatures R, and R, . Then the curvatures of 
the induced connections in £ @ 7 and € & 7 are given by 


Regn = R,@R, and Regn = R,@4+%@R, 
(cf. Examples 3 and 4, sec. 7.12). 


4, The bundles €?:%, AE: Let R be the curvature of Vin €. Then the 
curvatures of the induced connections in €?% and A€ are given, respec- 
tively, by 

Rea =6,(R) and Ra, = 0,(R) 


(cf. sec. 7.8 and sec. 7.9 for the definitions of 6,(R)). 


5. Torsion: Let 7, be the tangent bundle of a manifold M and let w 
denote the |-form on M with values in ry given by 


w(x; h) = fh, xeEM, heT,(M). 
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Then w(X) = X, X € 2(M). Hence, the covariant exterior derivative 
of w is given by 
(Vw)(X, Y) = Vx(w(¥)) — Ve(w(X)) — w([X, ¥]) 
= VxY — VyX — [X, Y] = S(X, Y), 


where S denotes the torsion of the linear connection (cf. Example 5, 
sec. 7.11). Thus we have the formula 


Vw = S. 
Applying V again and using Proposition VI, sec. 7.14, we obtain 
VS = R(w). 


Remark: Observe that w can also be interpreted as the cross-section 
r in the bundle L, . Thus, if V denotes the induced connection 
in this bundle, we have 


t 


(cf. Example 2, sec. 7.12). 


6. Trivial bundles. The standard connection in a trivial bundle (cf. 
Example 1, sec. 7.11) has zero curvature (because 5* = 0). Moreover, 
if U is an open subset of a real vector space and 7, is given the standard 
trivialization (cf. Example |, sec. 3.5, volume I), then the corresponding 
standard connection has zero curvature and zero torsion. 

In fact, if X and Y are constant vector fields, then [X, Y] = 0 and so 


S(X, Y) = 8yY — 8,X — [X, Y] =0. 


§5. Parallel translation 


In this article V denotes a fixed linear connection in the vector 


bundle &. 


7.17. Parallel translation. Proposition VII: Let 4: R— B be a 
smooth path and let 4(0) = b. Then there is a unique bundle map 


gp: R xX F, > &, 


which induces %: R -» B, restricts to isomorphisms in the fibres, and 
satisfies 


gt oV = 60 g* and = FL F, 


(6 is the standard connection in the bundle R x F, over R). 


Proof: We proceed in three steps. 


StepI: Assume B = R, b = 0, db =1, and &1s trivial (M=R x F). 
In this case p will be a strong bundle map, and so we must construct » 
to satisfy 


p,°8 = Voy 


(cf. Propositions IJ] and IV of sec. 7.13). Let T be the standard vector field 
d/dt on R; since T(t) is a basis of each 7;(R), this condition is equivalent to 


px 02(T)S = Vro Px 


Moreover, since M = R xX F, we may write (cf. Example 2, sec. 7.11) 
V = 6+ ¥, where We A}(R; L;). Define a path ¢: R > L, by 


bh =t;T)), teR. 


Furthermore, again because M = R x F, we may regard strong bundle 
maps, R x F —» &, as smooth maps, R > L,;. Thus we must find a 
smooth map y: R — L,; such that for each smooth path o, in F 


2(0;) = 2(01) + i(p(:)), teR, 


and @, = t. 
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Equivalently, » must satisfy the imear ordinary differential equation 


gp. + dlp) = 0, teR, 


and the initial condition, g, = ut. The existence of a unique solution of 
such an equation in all of R is standard [6, Theorem 5.1 and Theorem 
5.2, p. 20]; moreover each ¢, is an isomorphism. 


Step IT: Assume B = R, fp =. Choose points t;ER (¢€Z) so 
that ¢, = 0, t; < t,,, and so that {(t, , t;,.) | 7 € Z} is an open cover of R 
by trivializing neighbourhoods for €. By step I the proposition holds in 
each (t;, t;,2); now an obvious step by step procedure establishes 
it for €. 


Step IIT: General case. Let € and V, be the pull-back of € and Vto R 
via & (cf. Example 3, sec. 7.13). The fibre at ¢ of ¢ is Fy and the 
identification maps F, = F,,,,) define a connection preserving bundle map 


Xi: f — &. 


i)? 


On the other hand, we can apply step II to (¢, V,) to obtain a bundle 


map, 
X,: R x Fy > , 


which is connection preserving with respect to 6 and V,. Define 


by 
Pp = Xx mp ¢ . 
_— Q.E.D. 
Corollary I: Every vector bundle over R 1s trivial. 
Proof: Apply step II. 
Q.E.D. 


Corollary II: Let € be a vector bundle over R with a linear connec- 
tion V. Then for each z,¢F,, there is a unique parallel cross-section 
o € Sec € such that o(0) = 2, (cf. sec. 7.11). 


Proof: Set o(t) = ¢(t, 2,). Then o*(c) is constant and so 


pt(Va) = Sp*(a) = 0. 


It follows that Vo = 0. 
Q.E.D. 


Now, consider again the situation in the proposition. 
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Definition: The linear isomorphism 9,: F, — F,, is called parallel 
translation along the path ys from (0) (= 5) to g(t). If o € Sec € satisfies 


p(a(b)) = o(y(t)), te, 
then o is called parallel along i. 
Proposition VIII: Let o be a cross-section in € which is parallel 


with respect to a linear connection V. Then o is parallel along every 
smooth path w. 


Proof: Let 9: R x F, — & be the bundle map of Proposition VII. 
Since is connection preserving, 


d(p*c) = p*Vo = 0. 
Thus o*o: R — F, is constant, whence 


o(h(t)) = ve(p*o(t)) 


= 9,(y*o = ,(o(5)). 
p(p*o(0)) = -,(o(d)) OED. 


Corollary: Assume that B is connected. Let o,,...,¢,, be parallel 
cross-sections in & such that, for some a € B, o,(a),..., o,,(@) are linearly 
independent. Then o,(x),..., o,,(%) are linearly independent for each xe B. 


7.18. Bundles over BX R. Let €= (M,, 7, B X R, F) be a vector 
bundle. Denote by zt, the inclusion map B — B xX R opposite 0, and 
let €—, = (M,, 7, B,F) be the pull-back of ¢ to B via 1). Then we can 
form the bundle 


ff, xX R =(M, X R, 7m Xt, B xX R, F). 


(the Cartesian product of ¢, with (R, ¢, R, 0), cf. Example 3, sec. 2.3, 


volume I.) 


Theorem I: With the hypotheses and notation above, there is a 
strong bundle isomorphism 


Q: Lo x R —> t. 
Proof: Give ¢ a linear connection and let 
Pz,t: F(e,0) x {t} —+ F(z.) 


be the parallel translation along the path ¢ +> (x, f)in B X R. 
Q.E.D. 
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Corollary I: Let 4: B — B and y,: B — B be smooth homotopic 
maps. Then the pull-backs JxX¢ and w*é of the vector bundle é to B 


are strongly isomorphic. 


Proof: Leth: B x R— B bea homotopy connecting yj, and ¥, and 
let 2:: B > B x Randi: B + B x R be the inclusions opposite 0 
and 1, respectively. Then 


hoty = bo and hot = fy, 
whence 


pee = iK(h*e) and = p* = i*(h*é). 


On the other hand, the theorem shows that h*€ is isomorphic to 
isX(h*E) X R, whence 
(h*é) ~ i*(h*é). 
Q.E.D. 


Corollary II: Every vector bundle, €, over a contractible (cf. 
Example |, sec. 5.5, volume I) base is trivial. 


Proof: Since B is contractible the identity map of B is homotopic 
to the constant map ¢: B — a (aé 8), It follows that (cf. p. 325) 


Ex qg*E=BxXF,. 
Q.E.D. 


7.19. Theorem II: Let € and 7 be real vector bundles over B with 
the same rank r and assume that r > dim B. Let e” denote the trivial 
bundle over B with rank m. Assume that the bundles € @ e™ and 7 @ e™ 
are strongly isomorphic. Then é and 7 are strongly isomorphic. 


Proof: It is sufficient to consider the case m = 1]. Then there is a 
vector bundle, ¢ = (M,, ~,, B, F @ R), together with strong iso- 
morphisms 


py: EGDe—>L and gin Be —>b. 


The fibre at x of € @ «is F, @ Rand hence x +> (0, , 1) defines a cross- 
section in € @ e. Let og € Sec ¢ correspond to this cross-section under 99 
and define o, analogously via 9, . 
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Now consider the vector bundle, 
(xR=(M.xXR7x14BxRFOR), 
and regard oy and o, as cross-sections 
0: Bx {0} > M, x R and 4: Bx{h-M. xR. 


Because € X Rhasrankr + 1 > dim(B x R), there is a cross-section o 
in € < R that extends o, and o, and which has no zeros (cf. Lemma V 
below). This cross-section determines a subbundle of ¢ x R whose 
fibre at (x, ¢) is the one-dimensional space spanned by o(x, f). 

Let £ = (M, #, B X R, F) be a complementary subbundle (cf. sec. 
2.18, volume I). Let 1), 74,: B— B x R be the inclusions opposite 0 
and |. Then 


i*f ~ € and itl ~ 7. 
Now Corollary I of Theorem I yields 


Ew 1X w 1X & 7. 


Q.E.D. 


Corollary: Suppose 7, @ e” is trivial for some m > 1. Then so is 


Tr. De. 


Lemma V: Let 2, = (M,,7,, B,, /\) bea real vector bundle with 
rank ¢, > dim B,. Let dC UCB, (A closed, U open) and suppose 
that o: U — M, is a cross-section with no zeros. Then there is a cross- 
section 7 in ¢, with no zeros and such that 7 |, = o |, . 


Proof: Consider ¢, xR. Theno x i: Ux R— M, X Ris a cross- 
section without zeros. Since rank (¢; x R) > dim(B, x R), it follows 
from Proposition VIII, sec. 8.13, volume I, that there exists a cross- 
section 7 in ¢, x R with countably many zeros and such that 7 |,.,” = 
o X tlaxg. Thus, for some ty € R, 7(x, ty) ~ O (x € B). Set r(x) = 7(x, tg). 


Q.E.D. 


§6. Horizontal subbundles 
In this article, /’ = R. Thus € = (M, 7a, B, F) is a real vector bundle. 


7.20. The horizontal map for a connection. Recall that the vertical 
subbundle, V,,, of 7,, is the vector bundle whose fibre at z¢ M is 
given by 

V(M) = ker(dz), 


(cf. sec. 7.1, volume I). On the other hand, let 7*(7,) denote the pull-back 
of 7, to M via a. Then the linear maps (d7z),: T,(M) — T,,(B) define 
a strong bundle map, 


/ 
di: TM —> 17*(rTp), 


and the sequence of strong bundle maps, 


~ 


0 —— Vi —> ty —> 1*(73) —> 0, 


restricts to a short exact sequence at each point ze M. 
In particular, a strong bundle map y: 7*(7g) > 7x, 18 a family of 
linear maps, 


y,: T,,(B) > TM), zeM, 


which depends smoothly on z. 
A strong bundle map y: 7*(73) > Ty is called a horizontal map for € if 


droy =. 
If y is a horizontal map for &, then 
T(M) = Imy, ® VM), zeM. 


Thus the subspaces Imy, are the fibres of a horizontal subbundle, 
Hy, of ty (cf. sec. 7.2, volume I). Moreover, it is easy to see that the 
correspondence y +» H,, defines a bijection between the set of horizontal 
maps for € and the set of horizontal subbundles of ry, . 

Now we shall show that a linear connection, V, in € determines a 
horizontal map. 
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Observe that each o € Sec & determines linear maps, 
(do),: TB) > Ty(M), «eB. 


Moreover, recall from sec. 7.7, volume I, that if 7,: FP, — M denotes the 
inclusion then we identify F,, with T,(F,,) and regard (dj,,), as a linear 
isomorphism 


w,:F,, —> V,(M). 


NZ 


Thus, if V is a linear connection in &, each o € Sec € determines the 
linear maps, 


(wo Vo),: T,(B) > Vei2)(M) 
given by 
(w 9 Vo)(h) = Wo()(Volx; h)). 


Proposition IX: Let V be a linear connection in €. Then there is a 
unique horizontal map, y, for € such that 


Yo(z) = (do), a (w 2 Vo), ’ xe B, o&€Sec &. 


Proof: The uniqueness ts clear. Thus, to prove existence, we may 
assume that € is trivial: M@ = B x F. In this case 


Te,y(M) = TAB) © TF) = TB) OF 
and, under the identification F = T,(F), wi,,,,) becomes the identity map 
of F. 


Now write V=6+ ¥%, Ye A\(B;L,;). Then a horizontal map, 
yi m*(r3) > 7, for € is given by 


view(h) =h—VWx;h\(y), xeB, yeF, heT,(B). 


Each o € Sec € has the form o(x) = (x, of(x)) (of € Y(B; F)). Thus the 
proposition will be proved once we have established the relation 


(do),(h) — Vo(x;h) =h— W(x; h)ox)), xeB, heT{B), ceSecé. 


But this follows from the formula 


do),(h) = h + (80,)(x; h). 
(do),(h) + (d07)(*; h) O.E.D. 
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Definition: y is called the horizontal map associated with V. The 
corresponding horizontal bundle, H,, , 1s called the horizontal subbundle 
associated with the linear connection V. 

The decomposition, Ty = Hy © Vy, determines a projection 


K; Iu Vu 


which is called the vertical projection associated with V. It restricts to 
linear projections «,: T,(M) — VM). Proposition IX shows that, for 
o € Sec €, 


[wady © ke(a) 2 (do)z|(h) = Volx;h), xeB, heT{B). (7.8) 


7.21. General connections. Again consider the vector bundle 
€ = (M,7, B, F). Let Hy C Ty, be any horizontal subbundle, and let 
ku: Ty — Vm be the corresponding vertical projection. Define a set 
map, D: Sec £ — A'(B; £), by setting 


(Do)(x; h) = [wo x) © (km )ole) ° (do)z](A), aeSecé, xeB, heT,(B). 


D will be called the general connection in € corresponding to Hy . If Hy, is 
the horizontal bundle associated with a linear connection, V, then D = V 
(cf. formula 7.8). In the next section we shall characterize those horizontal 
bundles H,, for which D is a linear connection (and which, consequently, 
are the horizontal bundles associated with D). 


Examples: 1. Whitney sums: Consider the Whitney sum € @ 7 = 
(MON, 7eo,, 8B, F © H). The identity maps 


F,@H,=F,XH,, <x«éB, 
define a bundle map into the Cartesian product (cf. Example 3, sec. 2.3, 
volume 1), 
neOn>é xX, 


restricting to isomorphisms in the fibres and inducing the diagonal 
map 4:B—>B x B. 

A typical point of M @ Nisa vector z @ w(ze€F,, we H,) and the 
derivative of i restricts to linear injections, 


di: T:4(M @ N) > T,(M) x T,(N). 
These restrict further to isomorphisms, 


(di) y: Vgu(M © N) —+ V,(M) x V,(N). 
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Now assume Hy, and Hy are horizontal subbundles for € and y with 
corresponding vertical projections x, and «xy . Then 


Hy X HnC Ty X Ty 


is a horizontal subbundle for € x 7; the corresponding vertical projec- 
tion 1S Ku x Ky . Let KM@N° Tueon > V ueon be the unique strong 
bundle map that satisfies 


(di)y° KMa@n = (km X Kw) 0 a1. 


Then «yoy is the vertical projection corresponding to the horizontal sub- 
bundle Hy oy of Tu on given by 


A, ow(M ® N) = ket(ku@n)z@w : 


Hu@n and ky@n are called the horizontal subbundle and vertical 
projection induced in £ © y by Hy and Hy . The corresponding general 
connection, Dy @y , 1S given by 


Dugnl(o @ 1) = Dus @ Dyr, aeéSec &, 1eSecy, 


where Dy and Dy are the general connections corresponding to Hy 
and H,,. 


2. Bundle maps: Again let Hy and Hy be horizontal subbundles for 
€ and y, with corresponding vertical projections and general connections 
Ku ,ky and Dy , Dy . Assume ¢: € — 7 is a strong bundle map. Then dp 
restricts to a bundle map 


(dq) V: Vu —_ Vn . 
Moreover, it 1s easy to see that the following conditions are equivalent: 


(1) dp restricts to a bundle map (dy)y: Hy > Ay , 
(2) (dp)pokm = Kyo dy, and 
(3) Px° Du = Dyo Gy - 


If they hold, » will be called connection preserving. (Note that if Dy, 
and Dy, are linear connections, this coincides with the definition of sec. 
7.13 as follows from Proposition III, sec. 7.13). 


7.22. Let Hy, be an arbitrary horizontal subbundle for € and let x,, 
and D,, be the corresponding vertical projection and general connection. 
Give E®DE = (M@©M, tmom , B, F QF) the induced horizontal sub- 
bundle Hyjom , vertical projection ky @m and general connection Dygom 
(cf. Example | above). 
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A strong bundle map a: € @ € > & is given by 
az Pw)=z+4, z,wePF,, xeB. 


Moreover, to each fe S(B) corresponds the strong bundle map, p,: & > é, 
given by 
(Hy)(2) = f(7z)z, ze M. 


Then du, is a bundle map in ry. If f is the constant function B — 1, 


we denote py, by p,. 
A second bundle map 4,: ty — 7 1s determined by f as follows: 
Fix k € T,(M) (2 € F,). Set 


Ok) = df (x; (dr)k) + ws (2)2(2)- 
Lemma VI: ‘The following conditions are equivalent: 
(1) Dy(f-o) =8fractf-Dyo, feS(B), oceSecé. 
(2) ky odpy—dpyoky =8,, fe S(B). 
(3) Kyo du, = dp,oky, teR. 
Proof: A straightforward computation shows that 


(Dulf +o) — f+ Duyo)(x; h) = [w7laote) ° (kam © Ay — dpy 0 Ku) © (do)z](A), 
xé€B, heT,(B), 
and 
(8f a o)(x; hk) = [w7(z)o(2) ° 94 © (do) ](h). 
Since, if ke V,(M), 
(kyo duy — duyoky)(k) = 0 = 8,(R), 


it follows that (1) 1s equivalent to (2). 

Condition (3) is simply condition (2) in the case f = t. Thus (2) 
implies (3). To prove that (3) implies (2) observe that if k € T,(M) 
and x = 7(z), then 


CS, 2 dp, —_ dp, o KM — 4,)(R) a (Kn 2 di 4(2) _ dit 4(2) 2 xm )(R). 
Q.E.D. 
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Proposition X: Let D,, be the general connection in é corresponding 
to a horizontal bundle H,,. Then, with the hypotheses and notation 
above, Dy 1s a linear connection if and only if 


(1) kyo da = dao ky@y and 


(2) me du, = ducky ,teR. 


Proof: «, is given by a,(o ®@ 7) =o + 7, o, 7 € Sec €. Thus, in 
view of Examples | and 2 above, condition (1) is equivalent to 


Duy(o +7) = Duo + Dur, a, TE Sec €. 


Now the proposition follows from Lemma VI. 
Q.E.D. 


§7. Riemannian connections 


In this article J” = R. The vector bundle € is equipped with a fixed 
Riemannian metric < , >. The Riemannian metric can be considered 
as a cross-section in V2é*, and will then be denoted by g. 


7.23. Riemannian connections. Let V be a linear connection in &€, 
and let V denote as well all the induced connections. Then 


Ve ¢ AUB: V2¢*) 
and (cf. Example 4, sec. 7.12) 


8(g(o, , o2)) = (Vg)(o, , 92) + g(Vo, , 02) + 8(% , Vor), a, € Sec €. 


Definition: V is called a Riemannian connection if Vg = 0, or, 
equivalently, if 


5Qo, , om) = (Vo, , 0.) + Co, , Vor), a, € Sec €. 


Proposition XI: Every Riemannian vector bundle admits a 
Riemannian connection. 


Proof: Let V, be any linear connection in the Riemannian bundle 
(€, <, >). Define ¥ € A’(B; L,) by 


C#(c), rT) = (Voz)(s, 7), ao, TE Sec €. 


Then V, + 4¥ is a Riemannian connection. 


Q.E.D. 


Remarks: 1. Recall from sec. 2.21, volume I, that Sk, denotes the 
subbundle of L, whose fibre at x is the space of skew transformations of 
F,,. If V, and V, are Riemannian connections in €, then V, — V, is a 
1-form on B taking values in Sk, . Conversely, if ¥ ¢ A’(B; Sk,) and V, 
is a Riemannian connection in &, then so is V, + WY. 


2. Let o: & — € be an isometry of Riemannian bundles. Then the 
pull-back, via g, of a Riemannian connection in € is a Riemannian 
connection in €. 
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7.24. Basic properties. Fix a Riemannian connection, V, in &. Recall 
that a strong bundle isomorphism, 


ee 
is defined by the equation, 
(f,A2), O> = <(2,w>, 2,weF,, xeB 


(cf. sec. 2.17, volume I). It is immediate from the relation above, and the 
defining relation for the dual connection V* (cf. Example 1, sec. 7.12) 
that f is connection preserving, 


feoV =V*ofy. 


Henceforth we identify €* and € under this isomorphism. 
Next recall that < , > induces Riemannian metrics in the bundles 
®PE&, APE, VPE; they are given by 


(81 &) °° &) 8p, BW OWzy> = (21, Wy) “1° (By, Wy), 


(2) A °° A By, Wy Aw AWy> = det((z, , &;>), 
and 
(2) VV Sp, WV Vv Wy) = perm(<2, , w;>), 2,,w,EF,, xe. 


On the other hand, V determines linear connections in @?é, A?é, 
VPE (cf. sec. 7.12). Evidently these connections are Riemannian with 
respect to the induced metrics. 


Lemma VII: Suppose o € Sec é and (co, o) = |. Then 
(Vo, oc) = 0. 
In particular, if € has rank 1, then Vo = 0. 
Proof: Since 6¢c, co) = 0, we have 
(Vo, c) + Wo, Vo) = 0. 
Because ¢ , > is symmetric it follows that 


(Vo, c) = 0. 
Q.E.D. 
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Example: Suppose € 1s oriented and of rank r. Then, since A’é has 
rank |, the positive normed determinant function 4, € Sec A’é is parallel: 


V(4,) = 0. 


7.25. Riemannian curvature. Let V be a Riemannian connection 
in €. Then, for o, 7 € Sec &, 


0 = 80, Tr) = 8(€Vo, rT) + Co, Vr) 
= (Vo, 7) + Co, V?r). 


Since the curvature, R, of V satisfiesR( oc) = Vo (cf. Proposition VI, 
(1), sec. 7.15), this shows that for each h, , h, € T,(B), R(x; h, , hg) is a 
skew transformation of F,,. It follows that R takes values in Sk, , 


Re A*(B; Sk,). 


On the other hand, a strong bundle isomorphism f: A2é => Sk, is 
defined by 


B,(2 A w)(v) = <2, vw — <u, UZ, v,w,zeEF,, xEB 
(cf. sec. 2.21, volume I). Applying 8* to R we obtain a 2-form 
R’ = B*Re AB; A22). 
Definition: R° is called the Riemannian curvature of V. 


The Riemannian curvature R° satisfies the relation 
i(o)R = R(o), ao € Sec €, 


where i,(o) is the operator defined in sec. 7.9 (recall that € and &* are 
identified via the Riemannian metric). Moreover, f is clearly connection 
preserving. Thus the Bianchi identity (Proposition VI, sec. 7.15) gives 


VR =0. 
Example: Assume € = 7,. Then, for each x € B, R°(x) isa linear map 
R'(x): A2T,(B) > A2T,(B). 
If for some fixed scalar, A, 


R(x) = As, xEB 
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(t, the identity map of A?7.,(B)), then the Riemannian curvature is called 
constant. 


7.26. Riemannian connections in a manifold. Recall, from Example 
5, sec. 7.11, the definition of the torsion in the tangent bundle. 


Proposition XII (Ricci lemma): Let < , > be a Riemannian metric in 
the tangent bundle 7, of B. Let S € A*(B; 7,;) be any 2-form. Then 
there exists precisely one Riemannian connection in 7, with torsion S. 


Proof: Let V, be any Riemannian connection in 7, and denote by S, 
the torsion of V, . Then every Riemannian connection in 7, 1s of the form 


V.=V,+¥%, We AB: Sk zp), 


and conversely (cf. Remark I, sec. 7.23). 
An easy computation shows that the torsion, S,, of V, 1s given by 


SX, ¥) = SX, ¥) + ¥(¥) — P(X), X, Ye 2(B), 


where Yy = 1(X)¥ (¥, € Sec(Sk 73)). Now Lemma VIII below, applied 
with N = 2(B), A = S¥(B), shows that there is precisely one 
Y € A'(B; Sk rg) such that 


S(X, Y) = Si(X, Y) + Px(Y) — Py(X). 
Q.E.D. 


Definition: ‘The unique Riemannian connection in 7, with torsion 
equal to zero 1s called the Levi-Civita connection. 


Lemma VIII: Let A be a commutative ring such that the map 
A+» 2A (A € A) 1s biyective and let N be a A-module. Let 


f: N — Hom, (N; A) 
be an isomorphism of A-modules and assume that the map, 


(,>:NxXN-A, 
given by 
<x, > = F(x)(9); 


is symmetric. 
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Then each skew-symmetric A-bilinear map 2: N x N—WN deter- 
mines a unique A-linear map, 


YW: N— Hom,(N; N), 
such that 


CP(x)(y¥), 2> + <y, P(x/(z)> = 0, x, 9, ZEN, 


and 
§2(x, y) = P(x)(y) — P(y)(*). 


Proof: Define 2,: N > N by setting, 


2,(y) = Q(x, y), 
and let 2, be the module endomorphism satisfying 
(2,(y),2> = <y,2(2), ZEN. 
Define ¥ by 


P(x)(y) = H{2(x, y) — 2,(y) — 2,(x)}. 
Then 


CP(x)(¥), ¥> = 342(%, ¥), WD — 2 y, A(x, ¥)> — 4¢x, Oy, ¥)) 
= 0. 


On the other hand, 
2(x)(y) = QAx, y) — 2,(y) — 2,(x) 
and 
2 y)(x) = QA y, x) — Q,(x) - Oy), VEN. 
Subtracting these equations and dividing by 2, we obtain 
P(x)(y) — P(y)(x) = 2(x,y), x, yEN. 


To prove uniqueness it is sufficient to show that, if 2 = 0, then ¥ 
must be zero as well. If £2 = 0, we have 


P(x) y) = PCy), «EN, 
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whence 
<P (x)(y), z»> = <P y)(x), >, x,Y,zE N. 
It follows that 
CP(x)(y), > = —Cy, P(x)(2)> = —<y, P(z)(x)> 
= (P(2)(y), > = (P(y)(2), 
= —<2, P(y)(x)> = —<Y(x)(y), => 
and so ¥ = 0. 


Q.E.D. 


§8. Sphere maps 


7.27. Degree of a sphere map. Let B be a connected, compact, 
oriented n-manifold, and let 


ob: B+ S* 


be a smooth map. Regard S” as an oriented submanifold of the oriented 

Euclidean space R™*!; then % becomes an R”*!-valued function on B. 

In particular, we can form the exterior derivative 64 € A1(B; R®*+}). 
From the equation <y(x), b(x)> = | (x € B), we obtain 


Sy(x; h) € o(x)~ = Tym(S"), «eB, he T,(B). 
Moreover, the linear map T,(B) > T,:,)(S”) given by 
ht» d(x; h), 


coincides with (dp), . 
Now let 4 be the positive normed determinant function in R”+! and 
regard 4 asa constant function B — A™+1(R™+1)*. Thus we can form 


yp A dus Ace A ou _ yb A (dab)” E An(B; An+lRn+) 
and 


(4, ba (8p)") € A”(B). 


Proposition XIII: With the notation and hypotheses above, 


deg = [4,40 (60), 


where «, is the volume of S” (cf. Example 2, sec. 4.15, volume I or 


sec. 0.13); 1.e., 
m+ 2 


1-3-5-(2m—1) 7 and Kom+1 — w7 


Kom = 


Proof: Define 2 € AS”) by 


Ql y; Ry, Rp) = AY, Ry yer Bn)y «= WES, € TS"). 
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Then (cf. Example 2, sec. 4.15, volume I), f{,, 2 = «,. Hence 


deg y = (I)ieq) [ pro. 
But (cf. sec. 7.9) 
P* 8x5 hy ey An) = S P(x), Sip(x; hy), «1 Sxp(%5 hy) 
4, B(x) a dbx; hy) ao A d(x; Ay)> 
=n! CA, ba (8p)"}(x; Ay, «.., An). 


Q.E.D. 


Corollary: Suppose B = S” and yg: S" — S*” is the identity map. 
Then 


I n —_ 
Te f <4, 4H) y=1. 

7.28. Stably trivial bundles. Let € = (M,7, B,F) be a real vector 
bundle. Assume that rank € = dim B = n and that there is a strong 
isomorphism 

E e) Ps aes enti 

(e? = B xX R?®). Fix a Riemannian metric in € and give € @ e« the induced 
metric (€ | ¢). Give e”+! the metric defined by a fixed inner product in 
R"*+1, Then there is a strong isometry between £ @ « and e”*! (cf. Pro- 
position VI, sec. 2.17, volume 1). 

We identify € @ e and e”*! via such an isometry; this bundle will be 
denoted by 7. The exterior derivative, 5, is a Riemannian connection 


in 7. Moreover, since ¢ is trivial of rank |, there is a cross-section, 
o € Sece C Sec 7», of constant length |. Thus a 1s given by 


a(x) = (x, W(x), «eB, 


where %: B — S” is a smooth map. 
Moreover, our identification restricts to isometries, 


pei F, > U(x)" = Tya(S”) 
and so it defines an isometry, 


OE 


of Riemannian bundles. 
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Now we construct a Riemannian connection in &. o determines an 
operator, i,(c), in A(B;An) (cf. sec. 7.9). Thus an R-linear map, 
6: Sec » — A(B; n), is given by 


0: r++ 1,(0)(o A 67), 7 ESE 7. 


Lemma IX: The linear map @ defined above restricts to a 
Riemannian connection in €. The corresponding covariant exterior 
derivative is given by 


VQ =1(c)(¢ A062), Qe A(B; &), 


where 22, 692 are considered as elements of A(B; y) ~ A(B; R"*). 
Proof: Since (oc, 6&(7)) = 1,(c)*(o a 67) = 0, rE Sec yn, it follows 


that 6(7) € A1(B; &). Thus 6 restricts to a map V: Sec € — A1(B; &). 
Moreover for 7 € Sec €, f € Y(B), 


Vif - 7) = of ai(o\(oar) +f: Vr. 
Since 7 € Sec é, 1,(o)(r) = (o, T) = 0. It follows that 
1,(o)(o AT) = 7. 


Hence V is a linear connection. 
To show that V is Riemannian, observe that, for 7, , 7. € Sec €, 


«V7, ’ Tt.) = (so A 57, ,OA to) = (57, ’ Tt) 


whence 
(V7, : To) -t- qr, : Vre) = 5¢7, T.)- 


The expression for the covariant exterior derivative is obvious (consider 
the case 2 = Daz, PE APB), 7 € Sec &). 
Q.E.D. 


Recall! that, if 7 € Sec 7, then 647 is defined by writing 
1(x) = (x, a(x)), 


where a € Y(B; R*+4), and setting 67 = da. In particular 60 = dy. 


Proposition XIV: The I-form éo takes values in €. Moreover, 


(1) V(éc) = 0 and 
(2) R* = —tédca do, 
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where V and R° are, respectively, the covariant exterior derivative and 
Riemannian curvature of the linear connection defined in Lemma IX. 


Proof: Since o has constant length, (oc, dc) = 0. Hence 
8a ¢ AB; é). 
(1) is immediate from the lemma, while (2) follows from the relation 
—1i,(7)(80 a 80) = 80 a (Sc, 1) = —i,(0)(0 a 80 Ai,(c) 57) 
= V?r = R(r) 
—i(r)R, reSecé 


(cf. sec. 7.25). 
Q.E.D. 


Now let 4 be the positive normed determinant function in R®+1. 
Set 4, = 1,(c) 4; then 4, orients €, and, with respect to this orientation, 
g 1s Orientation preserving. 


Proposition XV: If B is compact, connected, oriented, and m = 2m, 
the degree of & is given by 


deg y = (—" oe [ 4, (R'y"). 


Proof: Apply Proposition XIII, sec. 7.27, and Proposition XIV. 
Q.E.D. 


Corollary: The Euler class Xs; of the associated sphere bundle of € 
is given by 


[Xs = OE [eo RD, 


Proof: Apply Example 3, sec. 9.10, volume I, to obtain 


2deg yw = [5Xs. 
Q.E.D. 


Remark: In Chapter 10 it will be shown that the formula in the 
corollary holds for all oriented Riemannian vector bundles 7 satisfying 
rank y = dim B = 2m and all Riemannian connections (Gauss— 
Bonnet—Chern theorem). 
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7.29. Tangent bundle of the sphere. Consider the special case of 
sec. 7.28 when B = S", & =7,, and % = ct. Then Lemma IX shows 
that a Riemannian connection, V, is defined in 7.2 by 


VX =i,o)\(oadX), Xe X(S*). 


Proposition XVI: ‘The connection V has zero torsion and constant 
curvature. 


Proof: Consider 5 as a linear connection in the tangent bundle 
(R°+! x Rt, 7, R71, R°*) of R*1. 5 has zero torsion (cf. Example 6, 
sec. 7.16): 


8,y¥ —8yX =[X,Y], X, Ye @(R**). 


In particular, if X and Y restrict to vector fields on S”, this equation 
continues to hold when 6, , 6) are considered as maps Sec 7 —> Sec 7. 
It follows that 


VyY —VyX = 1(X)VY —1yvY)VX 
= 1,(o)[o a (6x¥ — dyX)] 
= 1,(o)(o a [X, Y]) 
= [A ¥ 1, X, Ye 2(S*), 
and so V has zero torsion. 
To show that V has constant curvature, recall from Proposition XIV, 
sec. 7.28, that 
R = —}hécaSo. 
It follows that 
R'(x; h, k) = —S8o(x; h) a Sa(x; R) 


Since ys is the identity map, so is each map (da), . Thus 


R'(x; hk) = —h nk. 
Q.E.D. 


Problems 


1. The operators V,. Let V be a linear connection in 
£ = (M, 7, B,F). 
(1) Show that V is uniquely determined by the operators V;, 
X € 2(B). 
(ii) Show that Viy.,» = fVx + gVy and 
Vx(fo + g7) = X(f)o + X(g)r + fVxo+eVy7, fpgeS(B), 0,76 Sec €. 


(iii) Given operators 6, (X €2(B)) in Sec €é which satisfy the 
conditions of (ii) construct a linear connection, V, such that Vy = 6, . 


2. Covariant Lie derivative. Let V be the covariant exterior deriva- 
tive of a linear connection in € = (M, 7, B, F). Set 


0,(X) = i(X)V + V(X), Xe 2(B); 
it is called the covariant Lie derivative. Establish the formulae: 
(i) [A9(X (2) XQ, Xp) = Vx(Q(X) , .., Xp) 


— 3 2(X, y eeey [X, Xj), al X»). 


j=l 
(ii) Og(X)(® a Q) = O(X)B nD + (—1)9G a OY(X)Q. 
(iii) i(LX, ¥]) = Oy(X)oi(V) — iY) 0 00(X). 
(iv) (A(X) ° V — Vo A(X))2 = (i(X)R)(2). 
X,Y, X,,...,X,€2(B), Qe AB; £), Ge AB). 
3. Framings. Let € = (M,7, B,F) be a vector bundle. A framing 
of € over an open set UC B is a system of r cross-sections é,, ..., é, 


over U such that the vectors e,(x), ..., e,(x) are a basis for F,, xe U. 
Let {e;} be a framing of € over U with dual framing, {e**}, in &*. 


(i) Show that l-forms w}¢ AU) and 2-forms R} € AU) are 
defined by 


Ve, = Dwine, and Ri = €e*, R(e)). 
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Prove that 


rT 
ee j k } 
bw) = Y wi Awk + Ri, 


k=1 


(11) Express the Bianchi identity in the form 


6Ri= —Y wi ARE+ Y wk vn Ri. 
k=1 k=l 
4. Local coordinate representation. Let V be a linear connection 
in a vector bundle € = (M,7, B,F). Let (x',..., x”) be a system of 
coordinate functions in an open subset UC B (ie., x»e€ A(U) and 
xt» (x'(x), ..., x"(x)) is a diffeomorphism of U onto an open subset 
of R”). Assume that e,, ..., eé, is a framing of € over U. 


(i) Define the components ®), ¢€ S(U) of Be AP(B; €), by 


é 7) ee 
® (x Gari Gar) = D Prareenrtg®h 


Find their transformation law with respect to change of coordinate 
functions and change of framing. 
(ii) Show that V determines unique functions Ij, ¢ Y(U) such that 


i 00% ii 

(Vo), = ras d T;,0°, o&€Secé. 

They are called the connection parameters for V. Find the transformation 

law of the connection parameters. Deduce that they are not the com- 

ponents of an element of A'(B;L,). Find the components of V@ in 

terms of the partial derivatives of the components of © and the I}, . 
(iii) Show that a framing e} in L, over U is given by ej(e,,) = d4e; - 

Find the induced framings for the multilinear bundles associated with €. 

Find the parameters of the induced connections. 


(iv) Show that the components, Rj, , of the curvature, R, of V with 
respect to the induced framing e; of L, are given by 


a oD 5a OD 5a = . nk - i pork 
jaB = ny ia Axe + p> Peal ip a pa Degli : 


Express the Bianchi identity in terms of components. 
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5. Structure equations. Let M be an z-manifold. Let w € A1(M; 7) 
be the |-form defined by w(x; h) = h. Let V be a connection in Ta, 
with torsion S and curvature R. 


(i) Establish a bijection between framings (over U) of ry and 
l-forms ® e€ A}(U; R”) for which each @(x) : T,(U) — R* 1s an 1so- 
morphism. Show that the isomorphism go: U x R"=7y, induced 
by @, identifies ® with w. 

(ii) Fix a trivialization, ~, with corresponding 1-form @. Use 
g to write V=6+ ¥%, Pe AM; Lean). Let S,¢ AU; R") and 
R, € A*(U; Lyn) correspond to S and R under g. Establish the structure 
equations 


5 = S, — (9), 8b¥ = R, — YoY, 
and 


bS, ae R,(®) ~ Y(S,). 


(iii) Express the equations of (11) in components with respect to 
the framing of ry corresponding to ® (cf. problem 3). 


6. Components in the tangent bundle. Let (x’, ..., x”) be a system 
of coordinate functions in an open subset U of a manifold M. Let V 
be a linear connection in r,,. 


(i) Show that 0/dx!, ..., 0/dx” is a local framing of ra, . 


(ii) Show that an element ® € A?(M; 7,,) is a tensor field of type 
(p, 1) on M. Show that the components of ® with respect to the 
framing (i) (as defined in problem 4) coincide with the components 
of the tensor field, ®, with respect to the given local coordinate system. 

(iii) Let Ij, be the connection parameters for V. Show that the 
components, Sj, , of the torsion are given by Si, = Ij; — Ij, . 

(iv) Let g be a Riemannian metric in M. Regard g as a tensor field 
on M and ee £;; be the components of g. Obtain, from g, a Riemannian 
metric in +, with components g‘/, Show that Yj. 2,24" = 84. 

(v) Let V be the unique Riemannian connection in M with no 
torsion. Show that 


rade 1 (Ba 4 OR it — $8) 


Ay = Ox* ox) ox! 


Hence express the components of the curvature in terms of the g;,. 
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7. Symmetric part of a connection. Let V be a linear connection 
in Ty With torsion S. Show that a new linear connection, V, is given by 


VxY = VxY — 4S(X, Y). 


Show that V has torsion zero. It is called the symmetric part of V. 
Suppose g is a Riemannian metric in M with Vg = 0. Does it follow 
that Ve = 0? 


8. Covariant derivative. Let € = (M,7, B,F) be a vector bundle. 
A covariant tensor field of degree p with values in € is a cross-section in 
®” 7% & &. Denote the space of these tensor fields by 27(B; €). 


(i) Show that linear connections Vg in 7g and V, in & determine 
a connection in @?7%@ & Hence obtain an R-linear operator 
D: £°(B; €) —> ZP+'(B; €). It is called the covariant derivative induced 
by V, and V,. 

Gi) If €= Bx R, and V, = 4, then 2"(B; €) is written 2?(B) 
and D is called the covariant derivative for B. If € = @%7% and V, is 
induced by Vz, show that D: 2°(B; €) — %°+1(B; &) may be identified 
with the covariant derivative for B. 

(iii) Assume € = B x R, V, = 6. Regard D as a map from A}(B) 
to 2°(B). Show that 


(Dw)(X, Y) — (Dw) Y, X) — (dw) X, Y) = —o(S(X, Y)) 
and 
(Dw)(X, ¥) — ((X)w)(¥) = w((Va)yX) — of S(4, Y)), 
we A(B), X,Y eX(B) 
(S is the torsion of Vz). 


(iv) Regard A”(B; &) as the subspace of 2(B; &) consisting of skew 
symmetric tensor fields. Show that an R-linear operator, 


Dy: 2°(B; €&) > A?*(B; §), 
is defined by 
] 
(DAP) Xo yore X») mere y €o(DP) Xoo) y esas Xo(p))- 


pi oe SPtl 
(v) Show that an S(B)-linear operator, I,: 2°(B; €) > AP*(B; §), 
is defined by 


| p 
(sD)(X pcesins X 5) = pee Y Eo 2 D(X, (0) press S(X,(4) ) X o(i+1))s ney X o(p)): 
0 


pl 
Pp. ce grtl 


i= 
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Show that the restriction of D, to A(B; €) is given by 
D, = V — Is ; 


where V is the covariant exterior derivative of V, . 


(vi) Let R be the curvature of V,. Show that 


(D*o)(X, ¥) — (D¥e)(Y, X) = R(X, Y)(o) — (Ve)six,n(e), 
ceSecé, X, YeR(B). 
Compute D?. 


9. Curvature identities. Let V be a linear connection in rg with 
zero torsion and curvature R. Let D be the induced covariant derivative 
in 4(B; Lrz). 


(i) Establish the identities: 
R(X, Y) = —R(Y, X). 
R(X, YZ) + R(Z, XY) + R(Y, ZX) = 0. 
(DR)(X, Y, Z) + (DR)\(Z, X, Y) + (DR\Y, Z, X) = 0. 


Show that the third identity 1s equivalent to the Bianchi identity, 
VR = 0, of the text. 


(1) Assume V is the Levi—Civita connection for a Riemannian 
metric, < , >. Show that 


(R(X, YZ), W) + (R(X, YW), Z> = 0 
and 
(R(X, YZ), W> = R(Z, W)(X), YD. 


Hence interpret R’(x) as a self-adjoint operator in A*T,(B), xe B. 


10. Let € = (M,7, B,F) be a vector bundle. Let V; and V be 
linear connections in € and 7,. 


(i) Use V, and V to determine a linear connection, V, in A?r* © &. 
For X € 2(B), interpret Vy as a linear map in A?(B; &). 


(11) Let (V,)y be the covariant Lie derivative determined by V; 
(cf. problem 2) and set 2, = Vy — (V,)y . Show that 2, is an Y(B)- 
linear endomorphism of A?(B; &). 
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(iii) Show that there is a unique operator ®,: A?(B) — A?(B) such 
that 
Sy — Dy «&) tb. 


Conclude that ©, is independent of € and V,. 
(iv) Prove the formula 


(D,Q)\(X,, ..., X,) = — eee step Vip eee Xe) 


t=1 
Pp 

SF OUG se SOG Xo XG) 
t=1 


(where S denotes the torsion for V). 


(v) Specialize to the case p = 2, € = rg and V, = V. In particular, 
compute +,(S). 


11. Covariant derivative along a path. Let V be a linear connec- 
tion in a vector bundle € = (M,7, B,F). Let y: tr x(t) (0 <t <1) 
be a smooth path on B. A cross-section along the path y is a smooth 
path ¢+> o(t) on M such that o(t) E€ Fy (0 < t < 1). Set J = [0,1]. 


(1) Make the cross-sections along y into an Y(J) module, Sec, &€. 
Show that there is a unique linear operator, V,, in Sec, € such that: 
(a) if o€Sec,€ and reSec€ are related by o(t) = 7(x(Z)), then 
(V,o)(t) = (Vr)(x(t); ¥(£)), and (b) if oeSec,€ and fe A(J), then 
Vi f-o) =f'-o+ f- Vo. V,o is called the covariant derivative along y. 

(11) Show that in local coordinates (cf. problem 4) 


(Vio)! = ot + Ds ox. 


(11) Show that o € Sec, € is obtained from o(0) by parallel translation 
along y if and only if Vjo = 0. 

(iv) Show that V is a Riemannian connection (with respect to a 
Riemannian metric ¢ , >) 1f and only if parallel translation along each 
path y is an isometry from F,(9) to F,,,) . 

(v) If V is a Riemannian connection (with respect to a Riemannian 
metric < , »), show that for o, 7 € Sec, & 


© Colt), a(t) = Wyo, 7>(t) + 60, V,r9(0). 
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Conclude that 


d 
[0 10) = <V,o, 0). 


” <a, a> = 2XV,e, o> and 
dt 
12. Autoparallels. Fix a linear connection, V, in the tangent 
bundle of a manifold M. 


(i) Let y: t++ x(t) be a path in M. Show that x(f) is a vector 
field along y. y 1s called autoparallel, if V,x = 0. 


(11) Show that in local coordinates the equations for an autoparallel 
are 


4 Ti kk = 0 


Conclude that the autoparallels depend only on the symmetric part of 
the connection (cf. problem 7). 


(1) Show that given a point ae M and a vector he T,(M) there 
is a unique autoparallel y: t+ x(t) (0 < t < 8) such that x(0) = @ and 
(0) = fh. 


13. Geometric interpretation of the curvature. Let V be a linear 
connection in a vector bundle € = (M, 7, B, F). Fix a point x € B and 
tangent vectors h, ke T,(B).Set 4 = {(s, t)E R?|0<s,0<ts4+i<l} 
and suppose that o: 4 — B is a smooth map such that o(0) = x, 
(do)(1,0) = h, (do),(0, 1) = k. Define o,:4—>+ 8B by au) = o(ru) 
(0 <7 < 1) and let ®, be the automorphism of F, obtained by parallel 
translation along the boundary of o, . Show that 


fit oe Rein BY. 
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14. Geometric interpretation of torsion. Let V bea linear connec- 
tion on a manifold M with torsion S. Let ¢(t, 7) be a smooth map 
from U (an open subset of R?) to M. Set ¢ = dg/ét and ¢’ = dg/dr. 
For fixed #, let p, , @;, g, denote the paths 7 +> o(t, 7), T+ P(t, 7), and 
rt» g(t, 7). Define ¢,, ¢,, g, in a similar way. Show that 


Vo ($2) as Vo,(%7) a S(p(t, T); g(t, T), p(t, T)). 


15. Arclength. Fix a Riemannian metric, < ,>, in M. The arc 
length of a path, y: t+» x(t) (0 <t < a) 1s defined by 


a ° 
= J 1a) at 
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(i) Show that /, is independent of the parametrization. 
(ii) If t+» x(t) is an immersion, show that the function, 


ne f | x(r)| dr, 


has a smooth inverse. Hence obtain a new map y,: 5 +> x,(s) with the 
same image and the same endpoints and such that | x,(s)| = 1. y, is 
said to be parametrized by arc length. 

(11) Let y be a smooth map from the unit square in R? to M, and 
let y, be the path t+» y(t, 7). Assume y,(0) = x) and y,(1l) = x, 
(independent of 7). Suppose | y,(t)| is constant, for 0 <t < 1. Show 
that (cf. problem | 1) 


ae hel = —f a CGE. Ye) at 


r=0 


where V is the Levi—Civita connection in M. Conclude that if ly) < lp 
for all paths 7 joining x, to x, , then y, 1s an autoparallel. 


(iv) Assume ™ is connected, and fix x» ¢ M. Show that M admits 
a metric with the following property: For each A > 0 there is a compact 
subset A, C M such that all paths y starting at x) with J, < A are 
contained in A,. Show that this property continues to hold if x, is 
replaced by any other point x, . (Such a metric is called complete.) 


16. Differential equations. Let Mand N be connected Riemannian 
manifolds and fix x»¢ M and 2,¢€ N. Denote by € and 7 the vector 
bundles over M x N whose fibres at (x, 2) are the spaces L(7,(M); T,(N)) 
and L(A?T,(M); T~AN)). A cross-section, ®, in € determines the 
differential equation, 


(1) (dp), = P(x, p(x), xe M, 
with initial condition ¢(x)) = 2) for a map gy: M — N. Moreover, if 
y:tt> x(t),0< t < 1, 1s a path on M, then 
(2) (t) = P(x(Z), 2(t)) x(t), —-2(0) = 2%, 
is an ordinary differential equation for a path on N. 
(1) Show that there is a constant 5 > O such that the differential 


equation (2) has a solution in the full interval 0 < ¢ < 1 whenever 
lL, < 6 (l, denotes the length of y, cf. problem 15). 


(ii) Assign a Riemannian metric to M and a complete Riemannian 
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metric to N (cf. problem 15). Assume that the cross-section @ satisfies 
the condition, 


| B(x, z\h | < B(x) | A}, xeM, zeEN, heT,(M), 


where B is a continuous function on M. Prove that then the differential 
equation (2) has a solution in the full interval O <t < 1. 


(111) The curvature operator, Rz, for @ is the cross-section in 7 given 
as follows: Let ze N, xe M, he T,(M). Define ®, ce A\(M; T,(N)) and 
®,,, € 4(N) by 

®,(x; h) = P(x, zh = ®,, ,(2). 
Then 
Rg(x, 2; h, k) = (8@,)(x; h, k) ae [Pon , P, ;,](2). 


Let y,: t+» x(t, 7) be a family of paths on ™ all starting at x, , and 
denote by t +> 2(t, 7) the solution of equation (2) along the path y, . Set 


y(t, r) = 2 a(t, r) — D(x(t, 7), 2(t, 7)) (£ x(t, *)). 


Use charts in M and N to interpret y as a smooth map from the unit 
square into R” (n = dim N). Establish the relations 


B) Ox Ox ; 
By T) = Rg (x, 2; oe ) =| a PD, axial; y) 


and (0, 7) = 0. (Interpret ®, , as a smooth map from R” to R”; then 
@., , is its derivative.) 


(iv) Show that if Rg = 0 near (x,, 2,), then (1) has a solution in 
some neighbourhood of x, . 


(v) Assume that R, = 0 and that @ satisfies the condition of (ii). 
Assume MM is simply connected (cf. problem 5, Chap. VI). Show that 
(1) has a global solution. Show that in both cases (local and global) 
the solution is unique. 


17. Distributions. (i) With the notation of problem 16 show that 
the vectors of the form, 


Z(x, 2) = (h, B(x, zh), heT,(M), 


determine a distribution on M x N (1., a subbundle of 74,7) whose 
rank is the dimension of M. 
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(ii) Show that the distribution 1s involutive (1.e., cross-sections are 
closed under the Lie product) if and only if Rg = 0. In this case show 
that g(x) is the unique point of N such that (x, g(x)) is on the same 
integral manifold of the distribution as (x, , 29). 


(1) Given the curvature, &, of a linear connection in a vector 
bundle (M, 7, B, F), obtain a curvature operator in M x F. Show 
that in this case (11) implies: RK = 0 if and only if the horizontal 
subbundle H,, of Ty, is involutive. 


18. Flat connections. A linear connection in a vector bundle, &€, 
is called flat, if its curvature is zero. 


(1) Show that a linear connection is flat if and only if there is a 
coordinate representation, {(U, , ¥,)}, such that the cross-sections a, , 
determined by 


Ox,4(X) = b,(x, y), xe U,, 


(where y € F 1s fixed) satisfy Vo, , = 0. (Hint: cf. problem 7, Chap. VI, 
or problems 16 and 17.) 

(ii) Show that € admits a flat connection if and only if there is a 
coordinate representation with constant transition functions 


Bag: Uyg + GL(F). 


19. Parallelisms. Recall from problem 14, Chap. IV, volume I, 
that a parallelism on an n-manifold, M, is a trivialization of the tangent 
bundle, M x R” = 7,,. The standard connection on M x R® deter- 
mines (via the parallelism) a linear connection, V, in T,,. It 1s called 
the connection of the parallelism. 


(1) Show that a vector field X on M is parallel with respect to 
the parallelism (respectively, parallel along a curve y) if and only if 
VX = 0 (respectively, V,X = 0). 


(ii) Regard the parallelism as a family of isomorphisms, 
P(x, y): TM) -—> TM), 


and hence as a cross-section, P, in the vector bundle, 7, over M x M 
whose fibre at (x,y) is the space L(7,(M); T,(M)). Show that any 
linear connection in +, determines a connection in 7. Show that 
VP = 0, where V denotes the connection in 7 induced from the connec- 
tion of the parallelism. 
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(iii) Show that the connection of a parallelism is flat. Conversely, 
show that a flat connection in a simply connected manifold determines 
a unique parallelism for which it is the connection. (Hint: cf. problems 5 
and 7, Chap. VI, or problem 16.) 


(iv) Let V be a flat connection in 7g, with torsion S. Let e,, ..., e, 
be a local parallel framing for 7,, and let e** be the dual framing. 
Write S(e;, e,.) = Vie Si,€;. Show that the e*® are local 1-forms 


satisfying 


Se*? — » Sener 
jck 


Compute VS(e,;,e;,¢,) in terms of the components of S (V, the 
covariant exterior derivative). Conclude that VS = 0 if and only if 
the bracket 


baz , > 2 = Y figs Silk 
i=1 ij 


j=l 
satisfies the Jacobi identity. 


(v) (Moscow parallelism). Consider an oriented Euclidean plane, 
E, and let o be the rotation of EF through the angle 7/2. Define a frame 
in the deleted plane E — {0}: 


é pees Ayr eed] x 
1(*) lx |? o(x) | ’ + 0. 


x | 


Compute the torsion of this parallelism. 


20. Horizontal maps. Let y be the horizontal map associated with 
a general connection, D,,, in € = (M, 7, B, F). 


(1) Find necessary and sufficient conditions on y for Dy, to be a 
linear connection. 


(1) Show that D,, is a linear connection if and only if it 1s an 
R-linear map. 


(1) Assume Dy, is a linear connection. Show that oe€Sec € is 
parallel if and only if the spaces Im(dc), are horizontal for each x. 
Establish an analogous result for cross-sections along a path (cf. 
problem }}). 


(iv) Assume € = tg and Dy is a linear connection. Express the 
torsion of Dy, in terms of y. (Hint: cf. problem 9, Chap. III, volume I). 
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21. Let V be a linear connection in a Riemannian vector bundle 
(M, 7, B, F). Show that V is a Riemannian connection if and only if 
the corresponding horizontal subspaces H,(M) are tangent to the 
associated sphere bundle of radius | 2 | (2 € M, | z| 4 0). 


22. Linear connections in L,. Let € be a vector bundle and let V 
be a linear connection in the bundle L, which satisfies 


Vicor) = Voor+oao0Vr, o,TESecl,. 


Show that there is a linear connection, V,, in € such that V is the 
connection induced in L, . 


23. Let(M, 7, B,F) bea fibre bundle and assume that dim H(F) < o., 
Construct an induced vector bundle € = (H, 7,, , B, H(F)) whose fibre 
at x is the space H(F,). Show that € admits a connection with curvature 
zero. Show that if B is simply connected (cf. problem 5, Chap. VI), 
then € is the product bundle B x H(F). 


24. Isometries. Let M be a Riemannian manifold and let p: M—> M 
be a local diffeomorphism. Consider dp as a |-form on M with values 
in the vector bundle p*(7,,). Let V be a Riemannian connection in M. 


(1) Show that if @ is an isometry, then V(dp) = 0, where V also 
denotes the induced connection in *(r7 yy). 


(11) Show that if V(dp~) = O and, for a fixed point a € M, the linear 
map (dp),: T,(M) — T,(a(M) is an isometry, then @ ts an isometry. 


25. Sprays. Letry =(Ty,7, M, R")and 73, = (Ti,, 7, Ty , R®”) 
be respectively the tangent bundle of a manifold, M, and the tangent 
bundle of 7,,. Recall that a spray for M is a vector field, Y, on Ty, 
such that dz o Y = ¢ (cf. Appendix A, volume I). 


(1) Let a(z) be an orbit of a spray, Y, and set B(t) = wa(t). Show 
that A(t) = a(t) and f(t) = Y(B(2)). 

(ii) Let H be a horizontal subbundle of 7%,. Show that (with 
respect to 7) there is a unique horizontal spray. 

(ui) Recall that a spray, Y, is called affine if (du,)( Y(2)) = (1/t) Y(tz) 
(44: Ty > Ty is multiplication by ¢.) Show that the spray determined 
by a horizontal bundle is affine if the corresponding general connection 
satisfies D(tX) = tDX, Xe2(M), te R. Show that in this case 
D(fX) = df a X + fD(X), fe S(M). Conclude that a linear connection 
determines an affine spray. 
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(iv) Let Y be an affine spray for M. Let W be a radial neighbourhood 
of {0} x Ty in R x Ty,, and let J: W — T,, be a local flow for Y. Fix 
(s, hk) € W and AER. Show that t +> A(t, A) (| t | < s/| A |) is an orbit 
of Y. Show that, for ¢ sufficiently small, 


W(t, Ak) = A(At, h). 


Conclude that y(t, 0,) = 0,, xe M. 


(v) Use (iv) to show that W may be chosen to contain J x O, 
where J = {t€R||t| <1} and OCT, is an open set satisfying 
tO C O, if |t| < 1. Show that the equation (t, Ah) = Ad(At, h) holds 
for tjAcl and heO. 


(vi) Assume W chosen as in (v). Set p = woud: W > M, and write 


pr(t) = p(t, 2). Show that y,(0) = 7(h), ¢,(0) = hand g(t) = Y(¢,(#)). 
Show that 9, (At) = (2). 


26. Exponential map. Let O, W, 9, J be as in problem 25, (vi). 
Define exp:O + M by exphk = (I, hA). It is called the exponential 
map generated by the affine spray Y. Let exp, denote the restriction 
of exp to OM T,(M). 


(i) Show that exp,(0,) = x and (dexp,)o, = +. Conclude that 
there is an open subset U C O such that tUC U if |t| < 1 and such 
that 4 +> (x(h), exp h) is a diffeomorphism from U onto an open subset, 
V,of Mx M. 


(11) Suppose Y is the affine spray determined by a linear connection, 
V (cf. problem 25, (111)). Then exp is called the exponential map for V. 
Show that in this case y: t+» exp th (he Ty,, | t| <8) 1s the unique 
autoparallel such that y(0) = (hk) and (0) = hk. Conclude that if 
(x, y) € V, then x and y can be joined by an autoparallel. 


(111) Suppose exp is the exponential map of a linear connection. 
Fix a Euclidean inner product, < , >, in T,(M) and let T, (M) be the 
open ball of radius e centered at 0,. Set U, = exp(T,,.(M)). Show 
that, for e sufficiently small, any two points x, ye U, can be joined 
by a unique autoparallel, y, such that (0) = x, y(1) = y, and y(t) e€ U,, 
O<t<l. (Ait: Define fe Y(U,) by f(z) = <expg(z), exps'{z)>. 
Show that (d?/dt?) f(exp,(th)) > 0.) 

(iv) Show that M admits a locally finite open cover {U,} such that 
the nonvoid intersections U,, Aer A UL are all contractible. 


27. Polar trivialization. Let V be a linear connection in a vector 
bundle € = (M,za, U,F), where U is the unit ball in a Euclidean 
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space R”. A polar trivialization for ¢ is an isomorphism gy: U x F > M 
under which the constant cross-sections in € correspond to cross- 
sections parallel along the radial paths x(t) = ta (O <t <1, ae U). 
Let Z denote the radial vector field in U: Z(x) = x, xe U. 


(i) Show that an isomorphism F > F, (F,, the fibre over x — 0) 
extends to a unique polar trivialization. 


(ii) Let gy: Ux FSM be any trivialization of € and write the 
induced connection in U x F in the form V = 6 + ¥, Me A'(U; Le). 
Show that yu is polar if and only if 7(Z)¥ = 0. 


(1) Use a polar trivialization, gy, to write the curvature as a 2-form, 
R,, with values in L,;. Write V = 6 + ¥ and show that 


1 
Pix; h) = I R, (tx; x, th) dt, xEU, heR’. 


Aint: If pw, U—> U is the multiplication by t, prove the operator 
identity 4 
UZ)opt = wf cWZ) = ta ut. 


Conclude that V is determined by the polar trivialization and the 
curvature. 


28. Let F be a real finite dimensional vector space and let Z be the 
radial vector field in F: Z(x) = x, xe F. Consider the linear map 
1(Z): A(F) > A(F). 

(i) Show that 2(Z)? = 0. 

(ii) Show that ® € Im 7i(Z) if and only if 2(Z)® = 0. 


Hint: If ®e€ A*(F) and 1(Z)® = O, show that © = 1(Z)¥, where 
1 
W(x) == | (8@)(tx)e? dt. 
0 


29. Let F be a real finite dimensional vector space and let Z be 
the radial vector field in F. Establish the following theorem. 


Theorem: Let V be a linear connection in F with curvature R and 
torsion S. Define Qe AF; L,) and &e AF; t,) by 


Q=i(Z)R and F=i(Z)s. 


Then 
1(Z)2 = 0 and (Z)5 = 0. 
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Conversely, let Qe AYF;L,,) and Be AF; r,) satisfy 1(2)2 = 0 
and 1(Z)& = 0. Then there is a neighbourhood V of the origin and a 
unique linear connection, V, in V such that 


(a) The curves x(t) = ta (0 <t < 1) are autoparallel. 
(b) The curvature, R, of V satisfies 7(Z)R = Q. 
(c) The torsion, S, of V, satisfies 1(Z)S = &. 


Hint: Let U be an open ball about 0 of radiusr (0 <r < o): 


(i) Suppose V is a linear connection in U which satisfies conditions 
(a), (b), and (c). Let A: U x F=> Ty be the standard trivialization of 
Ty given by 


Mx, Af) = f(x h), «eu, heF, fe (UV), 


and let o: U x F-+ Ty be the polar trivialization. For notational 
convenience use X to identify U x F with Ty so that A becomes the 
identity map. 

Define Pe AYU; Lz), pe Y(U; L;), and Ye AX(U; Ly) by 


P(x;h) = 0,(h), (x) =0,!, and 8+¥P—YV, 


where V is the pull-back of V to U x F via a. 
Use the structure equations of problem 5 to derive the ordinary 
differential equations (for fixed xe U, he F) 


“ D(tx; th) = D(tx; S(tx; x, th)) + (tx; th)(x) +h 
and 


“ YW (tx; th) — g(tx) fo) R(tx; x, th) ) p(tx)7}. 


(11) Uniqueness. Fix x € U. Define smooth functions 
r,s:[—l, |] >Ly 
by 
r(t)(h) = R(tx; x, h)(x) and = s(t)(h) = S(tx; x, h). 


Show that r and s are determined by 1(Z)R and 7(Z)S. 
Define a: [—1, 1] ~ L; by 


a(t) = tg(tx). 
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Show that « satisfies the differential equation, 
a —acos—ac(s+r) =O, 
and the initial conditions 
a0) =0, ao(0) =. 


Conclude that ¢ is uniquely determined by conditions (a), (b), and (c). 
Hence (cf. problem 27) establish uniqueness. 

(iii) Existence: Assume that $2 and & are given subject to the 
stated conditions. Use problem 28 to construct 2-forms R € A*(F; Lr;) 
and S c¢ A®(F; 7,) satisfying 


i(Z)R=2 and i(Z)S= 4. 


Use S and R to define # and § as in (ii). Construct ¢: A(F; L,) so 
that &(t) = t¢(tx) satisfies the corresponding differential equation of (ii). 
Show that in some neighbourhood, V, of 0, ¢(x) is an isomorphism 
ifxe V. 

Finally solve the second differential equation of (i) (with g and R 
replaced by ¢ and R) in V to obtain ¥ c A1(V;L,). Set 6, = $(x)7} 
and let V be the unique linear connection in V which pulls back under 6 
to § + ¥. Show that V has the desired properties. 


30. (1) Use problems 26 and 29 to conclude that a linear connection, 
V, in ty 1s completely determined in the neighbourhood of a point a 
by its torsion, S, its curvature, R, and the map exp, . 

(ii) Suppose R = 0. Obtain a first order linear differential equation 
for the polar trivialization. 

(iii) Suppose S = Q. Show (in the notation of problem 29) that 


a = aor, 
Conclude that the function 8 given by A(t) = ta! o & satisfies 
B + Bp? — tB = #r. 


(iv) Suppose two linear connections V, and V, in ty have the same 
curvature and the same torsion. Is it necessarily true that V, = V,? 


31. Conjugate connections. Let V and V be conjugate connections 
in t,. Let S be the torsion of V and let R and R denote the respective 
curvatures. Let D denote the covariant derivative of V in 2(B; 73) 
(cf. problem 8). The torsion, S, is called parallel if DS = 0. 
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(1) Show that 
R(X, Y\(Z) + R(Z, XY) +- R(Y, Z).X) = DS(Z, X, Y). 


(ii) Assume R = 0. Conclude that R = 0 if and only if the torsion 
is parallel. 


(11) Assume the torsion is parallel. Show that the Lie bracket of 
V-parallel vector fields XY and Y is given by [X, Y] = —S(X, Y). 
Conclude that LX, Y] is parallel. 


(iv) Assume R = 0 and R = 0. Show that the V-parallel vector 
fields (respectively, the V-parallel vector fields) form a Lie algebra, E, 
of dimension n (n = dim B). Show that if VX = 0 and VY = 0 then 
[X, Y] = 0. 

(v) Assume R = 0 and R = 0, and M is simply connected (cf. 
problem 5, Chap. VI). Obtain a trivialization M x E> Ty, such that 
[X,, X,] = Xty4], where X, is the vector field corresponding to the 
constant function M — h. Show that, with respect to this trivialization, 
S becomes a constant function from M to A?E* @ E. Show that this 
function defines the Lie multiplication in E. 


32. Local Lie groups. Let E be a finite dimensional real Lie 
algebra. Define w € A'(E; E) by 


1 
w(x; h) = f exp(—tad x)h dt, x,he E. 


(i) Show that w is the unique |-form in E which satisfies 


bw = —}[w, w] 


and 


w(x; x) = x, xe E, 


Show that for some neighbourhood, U, of the origin, w defines a 
parallelism on U with parallel torsion. Show that the induced Lie 
algebra structure in the parallel vector fields coincides with the given 
Lie product in E (cf. problem 31, (v). (Hint: Use problems 26, 27, 
and 29.) 


(ii) For heE let X,¢€2(U) be the parallel vector field which 
satisfies X,(0) = h. Let Y,e2(U) be parallel with respect to the 
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conjugate parallelism and satisfy Y,(0) = A (cf. problem 31). Define a 
distribution on U x U x U whose vectors have the form 


Zn r(X, ys 2) = (Y,(x), X;, (y), X;(2) ne Y,(2)), h, kek. 


Show that this distribution is involutive. 


(iii) Find a neighbourhood, V, of 0 in E and a smooth map 
u: V x V — U induced by the distribution of (11) such that «(0, 0) = O. 
Show that this map is locally associative. Show that 0 is a local identity, 
and that elements near zero have inverses (cf. problem 17). 1s said 
to make V into a local Lie group. 


33. Lie groups. Let G be a Lie group. Use right and left transla- 
tions on G to define two parallelisms on G (cf. problem 19). 


(1) Show that the corresponding torsions satisfy 


and conclude that the corresponding linear connections are conjugate 
(cf. problem 31). 


(11) Show that the torsion fields are parallel. 


(ii1) Let V, and Vp, denote the linear connections in the tangent 
bundle +, which are determined by these parallelisms. Show that the 
linear connection V, = 2(V, + Vp) has torsion zero and that its 
curvature is given by 


R(X,, X,) = fad((h,k]), REE. 


(iv) Show that for a left invariant Riemannian metric, g, , V.g, = 0 
and that for a biinvariant Riemannian metric g,, Vog, = 0. 


(v) Show that exp is an isomorphism with respect to the local 
multiplication of EF defined in problem 32. Conclude that G admits 
an analytic structure with respect to which multiplication 1s analytic. 


34. Immersions. Let »: M -—» N be an immersion, and suppose N 
has a fixed Riemannian metric. 


(i) Assign M the unique Riemannian metric such that each (d¢), 
is an isometry into. This metric is called the first fundamental tensor of 
the immersion. Write p*7y = ty @r*, and identify 7x, with the 
normal bundle, v, of M in N (cf. problem 19, Chap. III, volume 1). 
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(11) Let 2: ty —> p*ty and p: p*ry > 7, be the induced inclusion 
and projection. If V, is a Riemannian connection in N, and Vy pulls 
back to V in »*r, , show that V = p,V7, is a Riemannian connection 
in M. 

(111) Show that the torsions Sy of V and Sy of Vy are related by 


S(x; h, k) = pel Sy(y(x); (dp)h, (de)k)). 
Conclude that if Vy is the Levi-Civita connection for N, then V is 
the Levi—-Civita connection for M. 


(iv) Assume V, is the Levi—Civita connection for N. Show that a 
covariant field ® € 27(M; v) is defined by 


V.(Y) = Vx(¥) + @(X,Y), X, Ye%(M). 


Show that ®(X, Y) = ®(Y, X). @ is called the second fundamental tensor 
of the immersion. 


35. Immersions in R”+!. Suppose vy: M — R*+! is an immersion 
of an oriented m-manifold in an oriented Euclidean (n + 1)-space. Give 
M the induced Riemannian metric. 


(1) Show that there is a unique smooth map Z: M — S* such that 
(h, tht» (dp) (hk) + tZ(x), heT,{M), teR, 


defines an orientation preserving isometry from ty @e to M x R**?. 


(ii) Define BEM) by BX, Y) = <®(X, Y), Z, where @ is 
the second fundamental tensor for the immersion. Show that B can be 
interpreted as a cross-section, &, in Le or as a l-form, ¥ € A'(M; 74), 
via the relations 


B(x; h, Rk) = (3 (x)(h), RD = CP(x; h), RD. 
Show that each &(x) is symmetric. 
(111) Establish the formulae 
(a) 62 = —q,(¥) (Weingarten) 
(b) R’ = —3¥aW — (Gauss) 
(c) V¥ =0 (Codazzi—Mainard1). 


(Here R’ is the Riemannian curvature for M.) 
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(iv) The Gaussian curvature of the immersed manifold (M, ¢) is the 
function, K, on M given by 


K(x) = det £(x), xe M. 


Assume that dim M is even. Show that the Gaussian curvature depends 
only on the Riemannian metric of M and hence is invariant under 
isometries of M. (Theorema egregium.) 


(v) Show that the even characteristic coefficients of © can be 
expressed in terms of R’. 


36. Local diffeomorphisms into R”. (i) Let ¢: M — R” bea local 
diffeomorphism from an m-manifold to R”. Denote by V the connection 
in M induced from the standard connection in R” via g. Show that 
R = Oand S = 0. 

(11) Assume that M is a simply connected m-manifold and that V 
is a linear connection in 7,, such that R = 0 and S = O. Construct 
a local diffeomorphism g: M —» R® which is connection preserving with 
respect to V and the standard connection in R”. 


37. The Bonnet immersion theorem. Let (M, g) be a simply con- 
nected Riemannian a-manifold (cf. problem 5, Chap. VI). Let B € 22(M) 
be a symmetric tensor field, and define ¥ € A!(M; 7,,) as in problem 35. 
Assume Y satisfies the Gauss and Codazzi—Mainardi equations. 


(1) Construct an immersion og: M — R*+! such that g and B are 
the corresponding fundamental tensors. (//int: Use problem 36). 


(ii) If @m and @& are two such immersions show that 
p= Tog, 
where 7 is an isometry of R®*!, 
38. Flat connections on RP%. Assume that V is a linear connection 


in RP? with zero curvature. Show that there exists a parallelism on RP? 
which induces V. Do the same for RP’. 
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Characteristic Homomorphism for £-bundles 


In this chapter J’ = R or C and vector spaces and vector bundles are 
defined over I’. We continue the linear and multilinear conventions 
announced at the beginning of Chapter VII. 


§1. £-bundles 
8.1. Definition. Let F be a vector space and write 
BET OOr Fk & OF. 
A linear isomorphism «: F = H induces the isomorphism 
®)? (a*)? © @%a : FP" —> H?*; 


it will be denoted by «??, or simply by «. 
If € = (M, a, B, F) is a vector bundle, we shall write 


et = (@? &) @(@"H) 


(cf. sec. 7.8). The fibre of this bundle at xe¢ B is the space FP?. A 
bundle map 9: € — 7 that restricts to isomorphisms in the fibres induces 
the bundle maps gy? ?: £?»4 —> yn?» defined by 


Gr = (px), =x EB. 


We shall frequently denote g?? simply by @. Thus, if o is a cross-section 
in 7-7, then @*o is the pulled-back cross-section in £?°9, 

In particular, if {(U, , %,)} is a coordinate representation for €, then 
{(U, , b?%)} is a coordinate representation for £?-9, 
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Definition: A 2-bundle is a pair (€, 2',) where: 
(1) &€ =(M, 7c, B, F) is a smooth vector bundle. 


(1) 2, =(o,,...,¢,) iS a finite ordered set of cross-sections 
a, € Sec €P#%, subject to the following condition: 


(ii) There is a finite ordered system 2’; = (v,,...,U,) of tensors 
v, € FPi% and there is a coordinate representation {(U, , 4,)} of € such that 


p(x, V;) = a,(x), XE U, ’ i l, ceey M. 


A coordinate representation for & that satisfies condition (iii) will be 
called a 2'-coordinate representation for the 2-bundle (é, 2,). Thus 
{(U. , y,)} is a X-coordinate representation if and only if for each 7 and a, 
p*o, (regarded as an F?+%-valued function in U,) is the constant function 
U,— v,;. 


Remark: A 2-structure in a vector bundle can be regarded as a 
reduction of the structure group from GL(F) to an algebraic subgroup 
(cf. article 7). 


Now suppose (€, 2',) and (n, 2,,) are 2-bundles, where 2 = (0), ..., o,,) 
and 2, = (71, .-.; Tm). Lhen a 2-homomorphism between these -bundles 
is a bundle map, ¢: € — 7, restricting to isomorphisms in the fibres and 
satisfying 


8.2. 0-deformable cross-sections. Let € = (M, 7, B, F) be a vector 
bundle, and let 2’, = (o,, ..., o,,) be some ordered set of cross-sections: 
o, € Sec €P#%, 7 = |, ..., m. 


Definition: The set 2 is called Q-deformable if, for each pair 
x, y € B, there is a linear isomorphism, 


Xe y: ae — Ey ) 
such that 
OM» Y(0(x)) =ofy) t=1,..,m. 


Theorem I: Let § =(M,7, B,F) be a vector bundle, and let 
Di, = (01, --) Gm) (0; € Sec €?#%). Then (€, 2) is a 2-bundle if and only 
if 2’, is 0-deformable. 
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Proof: If (é, 2) is a 2-bundle, then 2, is obviously 0-deformable. 

Conversely, assume 2’, is 0-deformable. We must show that (€, 2;) 
admits a -coordinate representation. Since 2; is 0-deformable, we may 
choose a fixed set of tensors v, € F?#% and linear isomorphisms, 


a,:F —>F,, «eB, 


satisfying «,(v;) = o,(x),7 = |, ..., m. 

To construct a 2-coordinate representation, we lose no generality in 
assuming M = B x F. Thus the o; are smooth maps o, : B— FP, 
Now fix ae B and use a, to arrange that 


o,(a) =U; ; i= 1,..., m. 
Then consider the vector space, 
H = FPV% @ ++ @ FPm dm 
and let o: B + H be the smooth map given by 
a(x) = (04(x), ..., Om(x)), xe B. 


Set o(a) = v and let K be the isotropy subgroup of GL(F) at v (with 
respect to the obvious representation of GL(F) in H). Then (cf. sec. 3.5) 
the smooth map A,: GL(F)— H given by A,(¢v) = ¢(v) induces an 


embedding A: GUP)K —~ H 


Moreover, the image of A, is the orbit of GL(F) through v. 
Now, since 2; is 0-deformable, each vector o(x) lies on the orbit of 
GL(F) through 7; i.e., 
ImoCIm4,. 


Thus we can apply Theorem I, sec. 3.7, to obtain a smooth map, 
7: B — GL(F)/K, such that the diagram, 


GL(F)/K 


commutes. 
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Let 7x: GL(F)— GL(F)/K be the projection. Since zx is a bundle 
projection, (cf. sec. 2.13) there is a neighbourhood U, of a in B and a 
smooth map, w,: U, — GL(F), such that 


We ° Wa —=— T. 


This implies that (w,(x))v = o(x), xe U,. 
Hence a 2-coordinate representation {(U, , ~q)}uc, for € is given by 


PalX, ¥) = (x, w(x)y), «weU,, yeF. 
Q.E.D. 


8.3, Examples: I. 2; = ©. In this case the 2-bundles are just 
vector bundles. 


2. Riemannian bundles: A Riemannian bundle (£, g) is a 2-bundle. 
(This follows from Theorem I, sec. 8.2, which in this case coincides with 
Proposition V, sec. 2.17, volume I). We may choose 2; = (< , >), where 
<, > 18 an inner product in F; then a 2-coordinate representation is a 
Riemannian coordinate representation. 


3. Oriented Riemannian bundles: Let € be an oriented Riemannian 
vector bundle with Riemannian metric g, . Let 4, be the unique positive 
normed determinant function in & (cf. sec. 2.19, volume I). Set 
2’; = (g-,4,). Then (€, 2’) is a 2-bundle (apply Theorem I, which in 
this case coincides with Proposition VIII, sec. 2.19, volume I). 


4. Complex bundles as real 2-bundles: Let & be the underlying 
real bundle of a complex vector bundle € (cf. sec. 2.22, volume I). Let 
t,€ SecL,, (= Sec ER) be defined by 


1,(x)(z) = 72, zeF,. 


Set 2,, = (t,). Then (Sg, 2;,) is a 2-bundle. Its 2-coordinate represen- 
tations coincide with the coordinate representations of the complex 
bundle &. 


5. Whitney sums: Let £, n be vector bundles over the same base. 
The projections, 


pe€On>k pif On, 
may be regarded as strong bundle maps of the bundle € @ 7. Thus we 


may write 
Pe» Pn © SEC Lign = Sec( ® yn). 
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It follows from Theorem I (or sec. 2.8, volume I) that, with 
van = (Pes Pn), the pair (€ © 7, 2'¢q,) 18 a 4-bundle. 


6. Cross-sections in L,: Let & = (M, 7, B, F) be a vector bundle 
and let o€ SecL, . Then the set 2, = (c) is 0-deformable if and only if 
for each x, y € B, there is a linear isomorphism a: F,, — F,, such that 


aoo(x)oa! = o(¥). 
This is equivalent to the following two conditions: For all x, ye B, 


(1) o(x) and o(y) have the same characteristic polynomial p(t). 


(2) If p(t) = p,(t)" --: p,,(t)™ is the decomposition of p into prime 
factors, then 


rank[ p,(o(x))]? = rank[ p,(o(y))/’, g=l,..47, t= 1,..,m. 
Moreover, these two conditions are equivalent to the conditions: 


(1’) a(x) and o( y) have the same minimal polynomial j(?Z). 
(2') If u(t) = p(t)" «++ w,,(t)™ is the decomposition of p into prime 
factors, then 


rank[y,(o(x))]}? = rank[u,(o(y))P?, gs = 1,..,4, 2 = 1,..., m. 
Thus we can apply Theorem I, sec. 8.2, to obtain 


Proposition I: Let o€SecL, and set 2 = (oc). Then the following 
are equivalent: 


(i) o satisfies (1) and (2). 
(11) o satisfies (1’) and (2’). 
(ii) (&, 2’) is a 2-bundle. 


Corollary: Assume that B is connected. Suppose 7 ce Sec L, and 
assume f(t) is a polynomial with no repeated roots such that 


f(-(x)) = 0, xe B, 
Then (&, (7)) is a 2-bundle. 


Proof: Write f(t) = fi(t) --- f(t), where the f, are irreducible and 
relatively prime, and set 7,(x) = f,(7(x)) (¢ = 1, ..., m). Then 


rank(7,(x)) = rank 7,(x), tS Ay gy: 7 1, 2 aes 
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and 


y| rank 7,(x) = (m—1)dimF,, «eB. 


z=1 
Now fix a € B. Then there is a neighbourhood U of a such that 
rank 7,(x) > rank 7,(a), xeU, t=1,...,m. 
Since the sum of these ranks is constant, we obtain 
rank 7,{x) = rank 7,(a), xeU, ¢=1,...,m. 


Thus these ranks are locally constant, and since B is connected, they are 
constant. It follows easily that 7 satisfies (1’) and (2’). 


Q.E.D. 


Examples: 7. Alpebra bundles: A vector bundle € is called an 
algebra bundle if each fibre F, , and the typical fibre F are algebras (not 
necessarily associative), and if € admits a coordinate representation 
{(U, , %,)} such that each map 


baa: F —> F, 


1s an isomorphism of algebras. 

In particular, if 7 is any vector bundle then Ay and L, are algebra 
bundles. 

Algebra bundles may be regarded as 2-bundles as follows. Regard 
the multiplication in F,, 


pel Ol. F;; 


as an element of F2*. Then the hypothesis above implies that xb> py, 
is a cross-section in €71 and that (&, 2’,) 1s a 2-bundle where 2’; = (yz). 

Let € be a vector bundle and let » € Sec €?:!. Thus » makes each fibre 
F,, into an algebra. Theorem I, sec. 8.2, implies that (€, ») 1s an algebra 
bundle if and only if the algebras F’, (x € B) are all isomorphic. 


8. Lie algebra bundles: An algebra bundle ts called a Lie algebra 
bundle if the fibres F and F,, are Lie algebras. As an example, consider 
the bundle L, with Lie product given by 


[x, B] = acoB — Boa, a,BeLlr , xe B. 
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8.4. The associated Lie algebra bundle. Let € = (M, 7a, B, F), 
dig = (co, , «.-) Oy) bea X-bundle. If x € B, let G.,) be the closed subgroup 
of GL(F,,) consisting of those g which satisfy 


g(o,(x)) = o,(x), 115 cy 


Its Lie algebra, E(,), is the subalgebra of ZL, consisting of the linear 
transformations which satisfy 


A(b)(0,(x)) = 0, 2 = |,...,m, 


where (4) is the linear transformation of F2** defined as in sec. 7.8 
(cf. sec. 1.9). 

Next, fix a set of tensors v; € F?«% such that the set 2’ = (2, ,..., Um) 
corresponds to 2 under a X-coordinate representation. The subgroup G 
of GL(F) consisting of the automorphisms that fix each v, is called the 
structure group of the 2-bundle (€, 2',). Its Lie algebra is denoted by E. 

Now we shall construct a Lie algebra bundle (cf. Example 8, sec. 8.3), 


Er = (Mz, we, B, E), 


whose fibre at x is the Lie algebra E,,) . It will be called the Lie algebra 
bundle associated with the X-bundle (£, 2). 

In fact, let ((U. , y,)} be a X-coordinate representation for (&, 2’,). It 
determines the coordinate representation {(U, , ¢,)} for L, given by 


Pal?) = Pax? P°Par, PEL. 
Since »,.,(v;) = o,(x) (for each z, «), it follows that ¢,., restricts to a 
Lie algebra isomorphism 
Paz: E > Ea) - 
Thus the E£(,) are the fibres of a subbundle, &;, of L, with coordinate 
representation {(U, , $,)}. €¢ 1s the desired Lie algebra bundle. 
A %-homomorphism 9: (£, 4) > (7, 2) induces the bundle map 


g: L; ~L, which corresponds to gq! under the isomorphisms 
L, = €*® €,L, ~ 7* & 7. Thus ¢ restricts to a bundle map, 


Pe: Ez NE» 


and each (9¢,), 1s a Lie algebra isomorphism. 
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In particular, suppose (€, 2.) is a complex 2-bundle (J° = C). 
Then L, is a complex vector bundle. Since E,,, consists of the elements 
~eL,, satisfying 

Op)(o(x)) = 0, t= 1,..,m, 


it follows that E(,) 1s a complex subalgebra of Ly, . Thus &,; 1s a complex 
subbundle of £,. Finally, if o: € > y is a S-homomorphism, then each 
map (g<z), 1s complex linear. Hence g, is a homomorphism of complex 
vector bundles. 


§2. =-connections 


8.5. Definition. Let € be a vector bundle and let 
2 S404 5314 On) o,€Sec £7", ¢ = 1, ..., m, 


be an ordered set of cross-sections. A 2-connection in (€, 2) is a linear 
connection, V, satisfying 


Theorem II: Let & be a vector bundle over a connected base B and 
let 2’, = (0), ..., 6,,) be an ordered set of cross-sections. 
Then (g, 2’) is a 2-bundle if and only if it admits a -connection. 


Proof: Assume (&, 2’) is a 2-bundle. Choose a 2-coordinate repre- 
sentation {(U, , p,)} for € and let {p,} be a partition of unity subordinate 
to the open cover {U,}. 

Further, let V, be the linear connection in the restriction of € to U, 
corresponding to 6 under m, . Then (since p%o; is constant) 


V,0; = 90, for each i, a. 
Thus setting V = >. p, - V, (Example 3, sec. 7.11) we find 
Ve=0, £21... 


Conversely, let V be a 2-connection in €. Since B is connected, Propo- 
sition VIII of sec. 7.17, shows that 2’, is 0-deformable. Now Theorem I, 
sec. 8.2, implies that (€, 2’) is a L-bundle. 

Q.E.D. 


If p: +7 is a homomorphism of 2-bundles and if V, is a 2’-con- 
nection in y, then the pull-back of V,, 1s a 2-connection in &. 


8.6. Examples: 1. 2; = @; any linear connection is a 2-con- 
nection. 


2. Riemannian connections: Suppose X, = (<, >), where ¢, > is a 
Riemannian metric. Then the 2-connections are precisely the Rieman- 
nian connections (cf. sec. 7.23). 
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If in addition € is orientable, let 4, be the positive normed determinant 
function. Then (cf. sec. 7.24) a Riemannian connection V satisfies 
V(4,) = 0. It follows that the Riemannian connections are the 2-con- 


nections in the 2-bundle (€, 2,) with 2 = (< , >, 4,). 


3. Complex bundles: ‘The linear connections in a complex bundle & 
coincide with the 2-connections in the corresponding 2-bundle 


(Er, Ze.) of Example 4, sec. 8.3. 


4. Algebra bundles: Let 2; =(u), where pp € Sec €*! makes & 
into an algebra bundle (cf. Example 7, sec. 8.3). Denote the induced 
multiplication in A(B; €) by «. Then a linear connection V in € is a 
2'-connection if and only if 


Vio +7) = Vo'rt+ 0° Vr, o,7 ESec €. 


5. Trivial 2-bundles: Consider the trivial 2-bundle (B x F, 2',), 
where 2; = (v,,..., U,) iS a Set of tensors in F, regarded as constant 
cross-sections. Every linear connection in B X F is of the form 


V=8+¥%, We AYB:L;). 


Let E be the Lie algebra of the subgroup G C GL(F) which fixes the 7, . 
Then E is a subalgebra of L;, and V is a 2-connection if and only 
if We A'(B; E). 


8.7. The bundle &,. Proposition II; Let V be a 2-connection in a 
+-bundle (g, 2,), where 2, = (01, ..., o,,). Then 


(1) The connection, V, induced in L, restricts to a linear connection 
in the associated Lie algebra bundle €; . 


(2) The curvature, R, of V takes values in €,; Re A*(B; €,). 
Proof: (1) Let + € Sec €;; we must show that 
Vr e AB; Ez). 
This is equivalent to (cf. sec. 7.8) 
(0,(V7))(c) =0, i= huym. 
But (cf. Example 4, sec. 7.12) 
0,(Wr) = Vo O4(r) — O4(r) 0 V 
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and 
(8(7))(o;) =). = Vo; > = l, pa cooy M. 


(2) Recall from Example 4, sec. 7.16, that 6,(R) is the curvature 
of the connection induced in €?%%, It follows that 


0,(R)(o,;) = Vo; = 0, oe Pere 


and so R takes values in &,. 


Q.E.D. 


§3. Invariant subbundles 


In this article (€, 2) denotes a 2-bundle with € =(M,7, B,F) and 
di, = (0, ,..., 0): o; IS a cross-section in €?1%, JD’, = (v1, ..., Vy) IS 
a set of tensors (v, € F?#%) corresponding to the o, under a 2-coordinate 
representation. V denotes a 2-connection in (€, 2,) with curvature R. 
G is the structure group of (€, 2’,) (cf. sec. 8.4); its Lie algebra is denoted 
by £. If the underlying coefficient field J’ is C, then E is a complex Lie 
algebra. In this case E* is the complex dual of E. The adjoint represen- 
tation of G in E is given by 


(Ad g(t) =popop", peG, $ek; 
the contragredient representation, Ad*, of G in E* is defined by 
Ad*(g) = (Ad p)*. 


Note that the contragredient representation of Ad was defined in 
sec. 1.9 to be a representation in the space Hom(E£; R). However, if E 
is complex, a complex structure is induced in Hom(£; R). In this case, 
there is a natural identification of the complex spaces E* and Hom(£; R), 
and under this identification the two definitions of Ad* coincide. 

We continue to use the notation established in sec. 8.4, and note that, if 
I’ = C, then the associated Lie algebra bundle, &; , is a complex vector 
bundle. We remind the reader that in this case all linear and multilinear 
operations with respect to €, €, , and & are taken over C. 


8.8. Invariant subbundles. The representation Ad* of G extends to 
representations of G in @?E* and V?E™*. In particular, we have the 
invariant subspaces (®)E*), and (V?E*), . Similarly, for x € B, represen- 
tations of Gi,) in @?Et) and V?E%, are defined; their invariant 
subspaces are denoted by (@”E%,), and (V?E%)), . 

Now let {(U,,¢,)} be a 2-coordinate representation for (&, 2). 
Recall (sec. 8.4) that a coordinate representation {(U, , ¢,)} for L, 1s 
given by 


A = 
Pu,2(2) a Pax 207° Pax ’ oéEL,;, YE U, : 


and that it restricts to a coordinate representation for €,. Further, ¢,., 
restricts to an isomorphism of Lie groups G — Gy, . 
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Next, let {(U, , ,)} also denote the induced coordinate representations 
for @?&* and VE. Then, for xe U, , ¢,,, restricts to isomorphisms 


a.at ((QE*); —> (@Et)), Xai (V?E*), —> (V? EX), - 


It follows that the spaces (®?E%,)), and (V?E%,), are the fibres of sub- 
bundles, 


(G7E%), Cag: and (VEX) C Veer : 
with coordinate representations {(U, , J,)} and {(U, , X,)}, respectively. 


Definition: (®?&#), and (V?£%), are called the pth invariant tensor 
bundle, and the pth invariant symmetric bundle associated with (é, 2’). 
A cross-section of (®?€}), (respectively, (V?£¥),) 1s called invariant. 


Proposition III: There are unique strong bundle isomorphisms, 
b: BX (@PE*), —> (EX),  X: Bx (V?E*), —> (V7E),, 


with the following property: If {(U, , p,)} is any 2-coordinate representa- 
tion for &, and #, , and X, , are the maps defined above, then 


Be eo Dao and Xe = Xvoe , xE U, . 


Proof: It is sufficient to show that 4, , and X,., are independent of 
the choice of U, and of the choice of coordinate representation. Since 
the union of two 2-coordinate representations is again a 2-coordinate 
representation, it is sufhcient to show that 


Bae = Wp.2 and 1 ee, Oe xe UL, Nn U,. 
Write 975° P,. = 7. ThenzeG and 
Gn1,° Gg, = Adt: E—> E. 


It follows that the induced isomorphisms ¢,.,, s,2: Q?E* => @"E%, 
satisfy 


Gaz? Pac = ©? Ad(r)¥. 
Restricting this equation to (@?£*), yields 
Poin bee =t «EU, NU. 
Similarly, X, , = Xg.,- Q.E.D. 
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Identify (@?E*), and (V?E*), with the constant cross-sections of the 
trivial bundles. As in secs. 7.8 and 7.10, write 


(QE),=Y (QE), (VE), = ¥ (VE*); 


p=0 p=0 
and 


Sec( &) &*), = a sec( Ores) Sec( VEX), -@ Sec( V 7E*),. 


These spaces are all graded associative algebras. Moreover, # and y 
induce canonical homomorphisms 


bby: ((K) E*), + Sec () & and =X ,: (VE*), — Sec VEF. 


Remark: The constructions of this article depend only on the 
isomorphism class of the pair (F, 2;). In fact, suppose (F,, 2;,) is a 
second pair, in the same isomorphism class, with corresponding Lie 
algebra E, CL, . Then there is an isomorphism o: F = F, carrying 2; 
to 2, . It aces isomorphisms 


@E*—>+ @EX and VE* —> VEF. 
These restrict to isomorphisms, 
(© E*);—(@ EY, and (VE*); — (VEY), 
which are independent of the choice of o. Moreover, the diagrams, 


() E*), (VE*), 


lle 
C2 
a’) 
(@) 
&) 
UY. 
ty % 
| 
C2 
oO 
ie) 
< 
uN, 
¥ 


(&) EX), ’ (VES); ’ 


commute; this shows that, up to canonical tsomorphism, ib, and X, are 
independent of the choice of F and 2’, . 


8.9. Z-connections. Recall that the connection, V, in L, induced by V 
restricts to a linear connection in &, (cf. Proposition II, (1), sec. 8.7). 
Hence it determines a linear connection, V, in the bundles @?&% and 
Ver. 
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Proposition IV: The inclusions, 
b: BX (®7E*), > &EF and X: Bx (V°E*), > VEE, 


are connection preserving with respect to the standard connection, 


6, and V. 
Proof: It is sufficient to consider the case that 
€=(B x F,7, B,F) and a(x) = (x, v,), SEB. 1: Toc m. 


In this case V = 6 + WY, where Ye AB; E) (cf. Example 5, sec. 8.6). 
Moreover the total space of €, is B x E and the induced connection in 
€, is given by 


Vr = 57 + [Y, 7], rE S(B; E). 


Thus the induced connection in @©?€* is given by V = 6 + Y?, where 
¥Y? is the L goge-valued 1-form defined by 


Dp 
P(x; h)(z®@ * @ 2p) = —Y 4 ® Wad*(M(x; h)) z,®@™ "© 2p, 
i=l 
xe€B, heT,(B), 2,¢ E*. 
In view of Proposition IX, sec. 1.8, it follows that 
P(x; h\(v) = 0, ve(&)*E"),. 


This proves the proposition for %; the proof for X is identical. 
Q.E.D. 


Corollary: The inclusions, 


by: () E*), > Sec () EF and = X,: (VE*), > Sec Vé;, 


of sec. 8.8 are isomorphisms into the graded subalgebras of invariant, 
V-parallel cross-sections. If B 1s connected they are surjective. 


8.10. Homomorphisms. Let g: (€, 2';) — (n, 2) be a homomorph- 
ism of 2-bundles (cf. sec. 8.1). It induces a bundle map, gz: £g > 7, 
whose fibre maps (¢z), are isomorphisms. Thus the linear isomorphisms, 


(pz) and = V7((p, FY, 


3. Invariant subbundles 387 


define bundle maps ®?£%— @?n% and V°Ek — VPnk. These restrict to 


bundle maps, 


(WEE), > (We), 


and (V?EE). > (VE), » 


and all these bundle maps will be denoted by g;. 
Moreover, all the gy; induce the same map 9: B — B (8B, the base of 7). 
The same argument as that given in Proposition III, sec. 8.8, shows that 


the diagrams, 


B x (@°E*), > (@"€); 
Pax PE 

Bx (@°E*), => (@ by 
commute. Thus the diagrams, 


Sec Ez 


also commute. 


B x (V?E*), > (VE), 


and PBX | |e 


B x (V?E*); > (V?nk)s, 


Sec VEE 
Vf 
and (VE*), ee 
i 
Sec Voz, 


§4. Characteristic homomorphism 
In this article we continue the notation conventions of article 3. 
8.11. The homomorphisms 8; and y,. Define a linear map, 


Bp: Sec ® Ez — A(B; T), 
by setting 


B(A) = {A,R@@R), Ae Sec @re 


(p factors) 


(recall that R € A*(B; €,) is the curvature of the 2-connection V). 


Lemma I: f, is an algebra homomorphism. It factors over the 
canonical projection (7s),: Sec @£% — Sec VEF to yield a commutative 
diagram, 


Sec (X) ¢F 


Sec VEE 


of algebra homomorphisms. 


Proof: Let A, €Sec @™€F (¢ = 1, 2). Then (cf. Lemma IV, sec. 7.8) 


BAA, ® A,) aa ¢A, @4,,R@Q- @® R) 
= (4,,R@:@RYa (A,,R@-@R) 
= B(A,) A B,{A,). 


Thus f; is a homomorphism. 
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Since R is a 2-form, Im §, is a graded subalgebra of the commutative 
algebra >\,, A*”(B; I’); in particular, 


BAA,) A BAg) = BAe) A Be(A)), A, € Sec Ee. 


Hence 8; factors as desired. 
Q.E.D. 


Extend £8, and y, to homomorphisms, 
B, A(B; @£8) > A(B;T) and _—y,: A(B; VEX) > A(B; I), 
by setting 
B(BrvAA)=PAB(A) and y(n 5)=Ony,(5), 
AeSec @éf, ZeSec VEE, Pe AB). 
The analogue of Lemma I holds and 
B(@) = (2,R@“@R), Le AB; @PEP). 
Lemma II: The maps f; and y; satisfy 
BeoV = bo8, and yeoV = doy,. 


Proof: The second relation follows trivially from the first. To prove 
the first, fix A eSec @?é*. According to the Bianchi identity (cf. 
Proposition VI, sec. 7.15), VR = 0. Thus it follows from Example 4, 
sec. 7.12, that 


B(VA) = <V4,R@- @R) 
= 8(4,R@® @R) 


= 68,(A). 
Q.E.D. 
Finally, set 


BE = Beo ts : (WE*), > A(B; TL) 
and 


Ye = ve X42 (VE"), > A(B; TP). 
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Proposition V: The linear maps $7 and yz are algebra homo- 
morphisms. They make the diagram, 


(@E*); 
Be 
Ts A(B; T) 
%¢ 
(VE*), | 


commute, and satisfy 
80h =0, Sey%,=0. 


Proof: The first part of the proposition follows from Lemma I, 
together with the commutative diagram 


(@E*), Ys Sec Et 
TS (a5) x 


(VE*), ——> Sec VEE . 
*k 


The last relation is a consequence of Lemma II, and the corollary to 


Proposition IV, sec. 8.9. 
Q.E.D. 


8.12. Explicit formulae for @; and y;. As in sec. 6.18, we identify 
T?(E) with @PE*, and S?(E) with V?E*. Then fi and y; satisfy 


BA) X, yorery Xen) - (55) ie EAL R(Xo(1) ’ X o(2))s “eas R(X 5 (29-1) ’ X,(2p))}s 


oeS 


X,€2(B), Ace(®? E*),, 
and 


yA) = (53) (A,Rv--vR), Ae(V7E*),. 
Thus 
| 
y(A(X, yreey Xe) re (aa) ps €EgA{R(X,(1) ’ X,(2))s eoey R(X o(en-1) ’ Xo(en))}- 


ae S22 
(8.1) 
Note that { is mot the restriction of 8 to S?(E), . 
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8.13. Characteristic homomorphism. Proposition V of sec. 8.11 
shows that the differential forms in Im yj are closed. Thus we can 
compose yz with the projection 2(B; I’) > H(B; I) (Z(B; I) = ker 8) 
to obtain a homomorphism 

he: (VE*); > H(B; I). 


It is called the characteristic homomorphism of the 2-bundle (€, 2). 
Its image is called the characteristic subalgebra. The restriction of h, to 
(V°E*), will be denoted by H?, 


h?: (VPE*), > H®9(B; I’). 
Clearly, A? = 0 if 2p > dim B. 


Theorem III: The homomorphism h, is independent of the choice 
of connection, and hence an invariant of the 2-bundle (&, 2;). 


Theorem IV: Let og: (€, 2,) > (yn, 2,) be a homomorphism of 
-bundles inducing gy; : B — B (B, the base of 7). Then the diagram, 


H(B; T) 
h,, 
(VE*), eB 
he 
H(B;T) , 


commutes. 


The proofs of both theorems depend on 


Lemma III: Let o: €->7 be a connection preserving 2-homo- 
morphism with respect to 2-connections V and V. Then the diagram, 


A(B; I) 
vn 
(VE*), BR 
Ye 
A(B;T) , 


commutes, where y/ and y} are defined as in sec. 8.1] via V and V. 
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Proof: In view of sec. 7.15, the curvatures of V and V satisfy 
R= gtR 


(where 9; : €g > ng is the map induced by p between the Lie algebra 
bundles). Thus we can apply Lemma I, sec. 7.5, and the commutative 
diagram at the end of sec. 8.10 to obtain 


pab(A) = pa Cts4, R@® ~ @ RY 
= ($44, p£R @ - @ p$R) 
= ($,4,R @- @ R) 
=B(A), Ae(®? £*). 
The lemma follows. O.E.D. 
Proof of Theorem III: Consider the 2-bundle, 
éxR=(MxRrxX4BxR,F), 
with Jpg = (615 -.-) Fm) given by 
G(x, t) = (o,(x), t), xeB, teR, 1 =—1],..., m. 
&-homomorphisms p: € x R— € andj,;: €— € x R are defined by 
o(z,t)=z and j(z)=(z,1), 26M, teR. 
The induced maps pp: B x R-» Bandi,: B—B x Rare given by 
px(x,t) = x and 1,(x) = (x, t), xe B, teR. 


Now let V, and V, be any two 2-connections in §. Let V, and V, be 
the pull-backs (via p) of these connections to € x R. Define a 2-connec- 
tion, V, in € x R by setting 


V=1V,+(1— dV. 


Because poj, =+ and poj, = 4, it follows that j, (respectively, j,) 
is connection preserving with respect to V, and V (respectively, with 
respect to V, and V). 

Now let At, 4;, and h,,, denote the characteristic homomorphisms 
defined via V,, V, , and V. Since 7¢ = 27, Lemma III gives 


0 =$ 4 1 
he = 19 OAgxg = 15 OAexg = Ne. 


Q.E.D. 
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Proof of Theorem IV: Choose any 2-connection, V, in 7 and give & 
the pull-back of V via g. According to Theorem III, h, and h, can be 
defined via these connections; hence Lemma III implies that 


he = 4 : h, ; 
Q.E.D. 


8.14. Smooth functions. In this section € denotes a real vector 
bundle (J’ = R). Exactly as in sec. 6.22 we extend h, to a homomorphism 


h¥*: (V**E*), > H(B). 
Precomposing this map with the Taylor homomorphism, 
So(E); > (V**E*)s, 
(cf. sec. 6.21) yields the homomorphism 
se: A(E), > H(B). 


Examples: 1. Let fe S(E), be given by 


fly) = ai Viy,.5¥) yee, 


where WE (V"E*),. Then sf) = AY). 


2. Let bea 2-bundle with 2 = @; thus E = L;. Define fe S(Lf), 
by 


f(¢) = tr exp 9, peLl,. 


Then s,(tr o exp) € H(B); it is (in general) a non-homomogeneous class. 


§5. Examples 
In this article we continue the notation conventions of article 3. 
8.15. Dual Z-bundles. Canonica] isomorphisms, 


«Fea > (F*)07, xe B, 


are defined by 
Kw Qs QOwx* Ov, @'' Our yu, @*: Ou Ou @®- Ow}, 


wr eF*, w,EF,. 


Thus they induce isomorphisms 
*: Sec &?-4 22 Sec(€*)%? and *: A(B; &-%) 5 A(B; (€*)%?). 


Now define a 2-bundle, (€*, 2+), as follows: €* = (M*, x, B, F*) 
is a dual bundle for &, and 2’ = (*a,,..., *6,). This 2-bundle is 
called the dual -bundle for (€, 2). 

Next, let G and G, be the structure groups of € and &*. The tso- 
morphism GL(F) = GL(F*) given by gt++(p*)-! restricts to an 
isomorphism G —> G, . Its derivative is the Lie algebra isomorphism 
pt» —* between the Lie algebras E and E, of Gand G, . In the same 
way, a canonical isomorphism, &; ~ (£*);,, of the Lie algebra bundles 
is defined. 

Now let V be a X-connection in €. Then the dual] connection V* is a 
2'-connection in &*, as follows from the equation 


V*(*o) = *(Vo), aoe Sec €?:9, 


On the other hand, Example 2, sec. 7.16, shows that the curvatures 
of V* and V are related by 


R,+(x; 2, k) = —(RAx; h, k))*. 


Thus the canonical isomorphism ¢; > (é*)¢, maps R, to Re. 
Finally, notice that the canonical isomorphisms, E > E,. , €g > (€*)e,, 
induce isomorphisms 


(VE*),; —>(V(E,)*); and ~— Sec VéX —> Sec W(EE)*. 
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Since R, is carried to R,, we obtain the commutative diagram 


(VE*), 


(V(Ex)*)) 


8.16. Whitney sums. Consider a second 2-bundle (7, 2,) 
(7 = (N, 7, B, H)) over the same base B, where 2, = {7,,...,7,}. Let 
K C GL(fZ) be the corresponding structure group, with Lie algebra L. 

The cross-sections a, of 2’, and the cross-sections r; may be regarded 
as homogeneous elements of Sec[&(& @ 7) & (E © n)*]. Moreover, 
the projection operators, 


pi? On>E and py EOn—>7, 
may be regarded as elements of Sec(€ @ y)!1. Set 
Lean = (0, yey Dm y Ty y o0ey Tr PE» Pr); 


then (€ © 7, 2:,) is a 2-bundle. It is called the Whitney sum of (€, 2;) 


and (7, &,). 
Its structure group is G x K CGL(F @ #) and the corresponding 


Lie algebra is E ®@L CLron. The canonical isomorphism 
VE* ®@ VL* = V(E@L)* 
restricts to an isomorphism 
(VE*); © (VL*), —> (V(E @L)*),. 


Proposition VI: The characteristic homomorphisms h,, h,, and 
hem, of the 2-bundles €, 7, and € @7 are related by the commutative 
diagram 


=< 


(VE*), © (VL*), (VE OL)*), 
h,@h, heon 
H(B; P’) @ H(B; ’)—______+ H(B, I’) 


(multiplication) 
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Proof: Observe first that the Lie algebra bundle associated with 
the 2-bundle & @ 7 is given by 


(E@D EOL ={rQOn,. 
This induces an isomorphism 
Sec(V£Z) @z See( Vn) —> Sec VE ® rE ox 


(where ©, denotes the tensor product over A(B; I’)). It follows directly 
from the definitions that the diagram, 


~~ 


VE @L); 


(VE*), © (VL*), 
X OX y x « 
Sec(VéE) @z Sec(Vnz) ——> Sec V(E@n)éox 
commutes. 


Fix 5-connections V, in € and V,, in 7. Then V, @ V, is a 2-connection 
in £ @ 7; its curvature is given by (cf. Example 3, sec. 7.16) 


Reon = Re @ R, - 


It is now easy to check that the diagram, 


Sec( VEZ) @g Sec( Vn7) —————> Sec V(é @ n)Eox 
VEOYn YEOn 
AR Opa Bh )= aaa 
commutes. (In fact, since all maps are homomorphisms, it is sufficient 
to check commutativity on functions, on Sec ££ @ | and on 1 @ Secn}. 
Now combine the two diagrams above and pass to cohomology, to 
complete the proof. 


Q.E.D. 


Corollary: Suppose € and » are real 2-bundles. If fe YZ), and 
ge S/(L),, then f x ge S(E @L),, and 


Seanlf X 8) = SCF) * Sa(8)- 


8.17. Z-substructures. Assume that two 2-structures, © and % are 
given in a vector bundle €. Then & is called a 2-substructure of = if 
SC Z.1f Sis a 5-substructure of 2, then the corresponding Lie groups 
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GC GL(F) and GC GL(F) satisfy GC G. It follows that EC E (where 
Eand F are the corresponding Lie algebras). The inclusion mapj: E— E 
induces a homomorphism 


jy: (VE*), — (VE*),. 


Moreover, there is an obvious inclusion map j;: € — &¢ between the 
associated Lie algebra bundles. 


Proposition VII: Let 5’ be a 5-substructure of X and let 
he: (VE*),; > H(B;T) and fh, (VE*), > H(B; T) 
denote the corresponding characteristic homomorphisms. Then the 
diagram, 


(VE —— 289 


hy he 


H(B; T) 


commutes. 


Proof: Choose a 4-connection, V, for (€, 2). Then V is also a 
5-connection for (£, 2). The corresponding curvatures R and R satisfy 


(Je)ak = Rk. 


This gives the commutative diagram, 


(VE*), ue, Sec(VéA) 


ji JE 


(VE*); ——+ See(VEE) 


and the proposition follows. 
Q.E.D. 
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Corollary I: Assume that € is a real bundle. The homomorphisms, 
s-: A(E), ~ H(B) and =s §,: A(E), > H(B), 
are related by S{f) =s,(j*f), fe A(E),. 


Corollary II: The characteristic subalgebra for (&, 2.) contains 
the characteristic subalgebra for (£, 5). In particular, the characteristic 
subalgebra for (£, @) (€considered as a GL(F)-bundle) is contained in the 
characteristic algebra for (€, 2), where 2, is an arbitrary -structure 
in €. 


Example: Let =(M,,7,;,B,F) and »=(M,,7,,8,H) be 
vector bundles and regard these bundles as 2-bundles with 2, = @ 
and 4, = @. Then the Whitney sum is a 2-bundle with 2,9, = (p¢, pn) 
(cf. Example 5, sec. 8.3). Denote its characteristic homomorphism by 


f@n ° 
On the other hand, €@v7 may be considered as a 2-bundle with 
a'qn = @. The corresponding characteristic homomorphism will be 
denoted by hy, : (V(Ligy)): ~ H(B; LP). Applying Proposition VII (with 
E =L,;,L =Ly) we obtain the commutative diagram, 


(V(Lp ® Ly)*); —— (VL20n)1 
he@n h 


H(B; I’) 


where j: Lp @ Ly — Leg@y denotes the inclusion map. 
Combining this with the commutative diagram of Proposition VI, 
sec. 8.16, we obtain the commutative diagram 


(VLF): © (VL): 


(V(Lp @ Ly) 2 (Viton): 


h,@h,, heon eon 


H(B; I’) ® H(B; T) H(B; T’) 


multiplication 


§6. £-bundles with compact carrier 


8.18. Bundles with compact carrier. A vector bundle with compact 
carrier (or compact support) is a pair (€, «), where 

(1) € =(%M, a, B, F) is a smooth vector bundle. 

(2) aOxFSé|oisa trivializing map, and 

(3) O is an open subset of B such that B — O is compact. 


Any open subset UC O such that B — U is compact will be called a 
complement for (&, «). 
Note that a vector bundle with compact carrier is a vector bundle which 
is trivial off some compact set, together with an explicit trivialization. 
Suppose (7, 8) is a second compactly supported bundle with base B 
and typical fibre H. A homomorphism : (€, «) ~ (y, B) of compactly 
supported bundles is a bundle map ¢: 7 with the following properties: 


(1) The induced map y: B — B is proper. 
(2) There is a commutative diagram, 


U x F—+ ly 


ml |e 


Vx HH 
B nly 


where U and V are complements for (€, «) and (n, 8), and y:F > H 
is a linear isomorphism. 

If m is a bundle isomorphism (respectively, a strong bundle iso- 
morphism), we say the pairs (£, «) and (n, §) are zsomorphic (respectively, 
strongly tsomorphic). 

More generally, a 2-bundle with compact carrier is a triple, 
(€, &',, «), where 

(1) (&, 2) isa 2-bundle and (€, «) 1s a bundle with compact support 
and 

(2) the cross-sections a*o, (o;¢ 2) are constant in some comple- 
ment, U, for (€, «). 

A homomorphism of compactly supported 2-bundles is a bundle map 
which is simultaneously a homomorphism of 2-bundles and a homo- 
morphism of compactly supported bundles. 
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Henceforth (€, 2, , «) is a fixed compactly supported 2-bundle, where 
(€, X,) is the 2-bundle described at the start of article 3. 

A compact &-connection in (£, 4, «) 1s a &-connection, V, such that, 
in some complement, U, for (£, 2; , «), 


a*oV = boa, 


where 64 is the standard connection in A(U; F). 
The following proposition is obvious. 


Proposition VIII: (1) The curvature, R, of a compact 2-connection 
has compact support, 


Re AB; €z). 
(2) IfVisacompact 2-connection in(n, ©, , B), and, if 
gp: (f, Xe, 0) > (9, 2,» B) 


is a homomorphism of compactly supported 2-bundles, then the pull- 
back of V to é via y is a compact 2-connection. 


8.19. Compact characteristic homomorphism. Recall from sec. 8.1] 
that each 2-connection in (€, 2’,) determines a homomorphism, 


ye: (VE*), > A(B; I), 


satisfying 5° yj = Q. It is immediate from Proposition VIII that, if V 
is a compact 2’-connection in (£, 2, , x), then 


ye V*E*), C Ad(B; P). 
Hence yz determines a homomorphism 
he: (V+E*), -» H_(B; TP). 


Moreover, the diagram, 
HB; I’) 


(V+E*), re (8.2) 
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commutes, where A, 1s induced by the inclusion A: 4,(B) — A(B). he is 
called the compact characteristic homomorphism for (€, 2'; , «). 
In analogy with Theorems III and IV of sec. 8.13, we have 


Theorem V: The homomorphism f/? is independent of the choice of 
compact 2-connection. Thus it 1s an invariant of the compactly sup- 


ported 2-bundle (€, 2, , «). 


Theorem VI: Let o: (£, 2, «) > (y, 2,8) be a homomorphism 
of compactly supported 2-bundles, inducing g,: B— B between the 
base manifolds. Then the diagram, 


H.(B; Lr) 
h,, 
(V+E*), Cy 
he 
H(B; Lr) 9 


commutes. 


Proof of Theorem V: A compactly supported 2-bundle, 
(E x S}, Lest, « X te), 18 given by 


Ex Si=(M x S\,n, x1, B x S',F), 
with Leys: = (%,-.-» F). Here 
G(x, 2) = (0,(x), 2), xé€B, zeS}, 


while, since €!5 X S' = (€ & S*)loxs1, 


axXt:Ox S'—>(E x S?) 


~~ 


l oxst ; 


Choose compact 2-connections V, and V, in (€, 2; , a). The projection 
p: € x S!—» € is a homomorphism of compactly supported 2-bundles; 
hence V, and V, pull back to compact Z-connections V, and V, in € x S?. 

Fix two points a,beS! and let fe A(S") satisfy f(a) = 1 and 
f(b) = 0. Then 


V=f-VYy+(—sf)- 
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is a compact 2-connection in (€ X S!, Xg.51, a X t). Moreover, the 
inclusions, 


Jar Joi EEX S, 
are homomorphisms of compactly supported 2-bundles, and satisfy 
jacV =Vocja and jp V = Voge. 


In particular if yf, yi, y/ are the homomorphisms corresponding to 
Vo, ¥,, and V, we have the commutative diagrams, 


A(B x §!;I) A,(B x S};1P) 
ta 5 
(V+E*), (ia)e and = (V+E*), (i,)2 
i y 
AB; TI) A(B;I) , 


as follows from Lemma III, sec. 8.13 (2, , 1, are the inclusions B—B x S} 
opposite a and 5). 

Finally, since 2, and 4 are properly homotopic, (1,)@ = (i,)% (cf. 
sec. 5.10, volume I). It follows that the compact characteristic homo- 
morphisms hg, Af, and hg, , defined via V, , V, , and V, satisfy 


hy = (Oi )ehexs = (lohexss = Ay 
Q.E.D. 
Proof of Theorem VI: This is an obvious consequence of Lemma III, 


sec. 8.13, and Proposition VIII, sec. 8.18. 
Q.E.D. 


§7. Associated principal bundles 


In this article [= R. The notation conventions of article 3 are 
continued; in particular (€, 2.) is a 2-bundle with structure group G 
whose Lie algebra 1s denoted by E. Moreover, € = (M,7,, B,F). 
X¢ = (01, .--)%m), and 2X; = (v,, ..., V_) iS a fixed set of tensors over F 
corresponding to the o,; under a 2-coordinate representation. 


8.20. The associated principal bundle. ‘The purpose of this and the 
next section is to construct a principal bundle & = (P, a, B, G) such that 
€ is the associated vector bundle (with respect to the natural representa- 
tion of G in F, cf. sec. 5.6). 


A linear isomorphism 9: F > F, will be called admissible if 


The set of admissible isomorphisms is denoted by G,. Define a right 
action of G on the set G, by 


Pr f = 92°, prEG,, ye G. 


Now consider the disjoint union P = (),-5 G, and let 7: P — B be the 
natural projection. The right actions of G on each G, define a right 
action, 7, of G on the set P. 


Finally, let {(U, , %,)} be a 2-coordinate representation for (, 2). 
Then G-equivariant bijections y, : U, x G = 7—(U,) are given by 


y(x,7) = 4,207, “EU, reEG. 
They satisfy 


(pro @_)\(x, 7) = (% dee etpect) «xEeU,NU,, 7EG. 


We show now that ¢7" o gg is a diffeomorphism. 


In fact, for ve F, xe U, A U; , we have 


(x, (fale? ¥p.2)¥) = (¥2" © g(x, 2). 
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It follows that the map x+> (7% 0° ¥,,,)(v) is a smooth map from 
U, oO U, to F. This imphies that the correspondence, 


Xr> pr ° be oy 


defines a smooth map of U, M Us, into GL(F). 

Since p73, ° ts. € Gand G is a submanifold of GL(F), this map may be 
regarded as a smooth map into G (cf. Proposition VI, sec. 3.10, volume I). 
It follows that gz’ o y, is a diffeomorphism. 

Now Proposition X, sec. 1.13, volume I, applies and shows that 
BZ, = (P, 7, B, G) is a smooth fibre bundle with coordinate representa- 
tion {(U,, .)}. Since the maps q, are equivariant, & is a smooth 
principal bundle with principal action, 7, and principal coordinate repre- 
sentation {(U, , p,)}. It is called the principal bundle associated with the 
2-bundle (€, 2). 

Next fix a basis e; (j = 1, ...,7) in F. Then the admissible maps are 
in I-] correspondence with the r-tuples, 


(p2(1); sony Pzler)), Px E G, , 


of vectors in fF, . These r-tuples are called frames in F, and so G, may be 
identified with a set of frames in F,. For this reason, Z& is sometimes 
called the frame bundle of the X-bundle (€, 2',). 


Examples: 1. If 2 = @, then G = GL(FP), G, 1s the set of all 
frames in Ff, and & is the frame bundle of & (cf. Example 3, sec. 5.1). 


2. If 2, =(g), g a Riemannian metric, then G = O(F) and G, 
may be identified with the set of orthonormal frames of F, via an ortho- 
normal basis of F. & is called the orthonormal frame bundle. 


3. 2, = (g, 4), where gis a Riemannian metric and 4 is an orienting 
determinant function in €. In this case G = SO(F) and G,, consists of the 
positive orthonormal frames in F, . 


8.21. The principal map. Let 42 = (P,7,B,G) be the asso- 
ciated principal bundle of the 2-bundle (€, 2%), and recall that 
€ = (M,7,, B,F). Consider the trivial 2-bundle (7, 2,) given by 
n =(P xX F,7,, P, F), 2, = (v%, .--) Um). Since the fibre, G,, of Z 
consists of linear maps F > F,, , a set map g: P x F > M is given by 


Q(t2,¥) =—7,(y), %EB, 7,€G,, yeF. 
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It makes the diagram, 


PxF—+.M 
“| |» 
P B , 


commute. 

Use the local coordinate representations of sec. 8.20 to show that g is 
smooth, and hence a bundle map. It restricts to isomorphisms in the fibres 
and the induced maps, g: P X &?:2 F —> &?+9, satisfy 


q(2, V;) = o,(72), Se P. t= Ihcagm 


Thus q: (yn, 2,) » (€, 2.) is a homomorphism of 2-bundles. It follows 
that the pull-back of (€, 2,) to P, via 7, is trivial. 

The bundle map q factors over the projection P x F>Px,F 
to yield a strong isomorphism from the associated bundle (P <,F, p, B, F) 
to €. These bundles will be identified via this isomorphism; in particular 
gq is then identified with the principal map (cf. sec. 5.3). 


Examples: 1. Tangent bundle: Assume the tangent bundle of B 
is made into a X-bundle (73, 2's) (possibly by setting 2, = @). Let 
(P, 7, B, G) be the associated principal bundle. We shall show that the 
manifold P 1s parallelizable; i.e., the tangent bundle 7, 1s trivial. 

In fact, rp = Hp ® Vp, where Hp is some horizontal subbundle. 
Since H> is the pull-back of 7, to P, and P is the principal bundle asso- 
ciated with ry, it follows that H> is trivial. On the other hand, Corollary I 
to Proposition I, sec. 6.1, shows that the vertical subbundle Vp 1s 
trivial. Hence so is rp. 


2. The associated Lie algebra bundle: Since the principal map 1s a 
homomorphism of 2-bundles it determines a bundle map, 


qe: P Xx E— €g, 


between the associated Lie algebra bundles. 
On the other hand, using the adjoint action of G in E we obtain a 
vector bundle P x, E over B (with fibre £) and a projection 


Gg: Px E—P XG F. 


q, factors over g to yield a strong isomorphism P x, E> €; of bundles; 
this isomorphism identifies g; with the principal map @. 
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8.22. Associated connections. Let 4 = (P, 7, B, G) be the prin- 
cipal bundle associated with (&, 2’,). Recall that the space of F-valued 
forms on P which are both horizontal and equivariant 1s called the space 
of basic forms, and is denoted by A,(P; F) (cf. sec. 6.6). 

On the other hand, the principal map q induces a linear map 


q*: A(B; &) + A(P; F) 
(cf. sec. 7.3). It follows from the relations, 
q*(P Ao) = 7*O vn Q*o, ®eEA(B), aeSec &, 


and 


q(z-7,¥) = Q(z, t(y)), zEP, reG, yeF, 


that Im q* C A,(P; F). 
Exactly the same argument as that given for Proposition III, sec. 6.3, 
establishes 


Proposition IX: With the hypotheses and notation above, g* is a 
linear isomorphism of A(B; €) onto A,(P; F), 


g*: A(B; £) —» A,(P; F). 


Using the isomorphism q*, we shall now construct a canonical bijection 
between 2’-connections in (€, 2) and principal connections in &. 

Recall from sec. 6.12 that a principal connection, V, in #, determines 
a covariant exterior derivative, 


Va = H¥ 8 


in A(P; F). Since Vy is equivariant and H* o Vg = Va, the covariant 
exterior derivative restricts to an operator in A,(P; F). 


Define an operator, V; : Sec € + AB; &), by 
Ve = (9%) * 2 Vee g®. 
Lemma IV: V, is a 2-connection in €. 
Proof: ‘The relation 
Valf- 6) = 3fnD+f-Veb, feA(P;F), Ge Ag(P;F) 


(cf. Proposition VII, sec. 6.12) implies that V, 1s a linear connection. 
To show that V, is a 2-connection, consider the induced map, 


g: P X FP:T—» E19, 
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of tensor bundles. The covariant exterior derivative, Vg, in A(P; F?:2) 
and the induced connection, V, , in &?-% satisfy 


q*°V; = Veo g*. 
Since q*(a,) 1s the constant cross-section, xt», , it follows that 
q*(V.a;) = H*(Sv;) = 0. 


Hence V, is a 2-connection. 


Q.E.D. 
Proposition X: The set map, 
A: {principal connections in PY} —> {X-connections in §}, 


defined by A: Vb V,, is a bijection. 


Proof: We construct the inverse map. Let V be the pull-back, 
via 7, of a Y-connection, V,, in € to the trivial 2-bundle 
((P x F, wp, P,F), YF). 
According to Example 5, sec. 8.6, we can write 
V=8+u, we AP; E) 


(recall that E CL, is the Lie algebra of G). 
We show now that w is a connection form for ¥. Let Z, be the 
fundamental field on P generated by he E. Then, for o€ Sec &, 


0 = i(Z,) g*(Vo) = i(Z,) O(a) = Z,(q*o) + (i(Zp)~)(g*e. 
Since g*o is equivariant. Proposition VII, sec. 3.15, yields 
Z(q*o) = —A(q*o). 


These relations show that i(h)w = h. Similarly, w is equivariant and 
thus it is a connection form. 

Finally, let V be the unique principal connection in F with connection 
form w (cf. Proposition VI, sec. 6.10). The correspondence V,+> V 
defines a set map 


uw: {2-connections in €} — {principal connections in F}, 


and it has to be shown that A and wp are inverse. 
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First, fix a 2-connection V, in € with pull-back V to P x F. Let H* 
and w be the horizontal projection and connection form associated with 


p(V,). Then H*w = 0, and so 
(41*8) 0 g* = H* 0 (5 + w) 0 g* 
= H* o Vogt = H*¥og*toV, = *oV,. 


It follows that Au(V,) = V;. 

On the other hand, fix a principal connection V in 7 with horizontal 
projection, H*, and connection form, w. Let V; = A(V), and let w, be 
the connection form of »(V,). Then 


(6 + w,)og* = qtoV, = H*h0q*. 
Applying H* to both sides, we find that 
H*w,og* = 0, 
whence H*w, = 0. This implies that w, = w and so pA(V) = V. 
Q.E.D. 


Definition: A principal connection, V, and a 2-connection, V,, are 
called associated if (iV) = V, (or, equivalently, if u(V,) = V). 


8.23. Curvature. Recall from Example 2, sec. 8.21, that the principal 
map for €; = P X, E is the bundle map gq, which 1s the restriction to 
Px Eof¢:P x Lr—-L, (cf. sec. 8.4). Thus (cf. Lemma III, sec. 7.7) 


(GEV )(q*®) = g*(P(®)), PeA(B; &), Pe A(B; &). 


Now let V be the principal connection in F associated with a 2-con- 
nection, V. Their curvatures, 


Q € A*(P; E) and R € A*(B; éz), 


are, respectively, E-valued and &,-valued 2-forms (cf. sec. 6.14 and 


sec. 8.7). 


Proposition XI: The curvatures of associated connections are 
related by 


$2 = qeR. 
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Proof: Let Va be the covariant exterior derivative with respect to 
the connection V. If 7e Y(P; E) is equivariant, then 


Or) = Vo(r) 
(cf. the corollary to Proposition XII, sec. 6.14). Hence, for o € Sec , 
Q(q*o) = Vo(q*o) = q*V*o 
= 9*(R(o)) = gE R(q*e), 


_ a 
and so 22 = q@R. Q.E.D. 


8.24. Weil and characteristic homomorphisms. Theorem VII: 
The characteristic homomorphism for & and the Weil homomorphism 
for & coincide. 


Proof: 9g, induces bundle maps, 
qe: P x V?E* — VEE, 


and, since g was a homomorphism of 2-bundles, the diagram, 


S(P; VE*) 
x 
(VE*); c | 97 
x, 
Sec VEF , 


commutes (cf. sec. 8.10). Moreover X, : (V?E*), > A(P; V?E*) simply 
identifies (V?E*), with the constant functions. 

Next, consider a principal connection V in ¥. It induces a homo- 
morphism, 

yo: VE* > A(P) 

(cf. sec. 6.17), defined via the curvature 22 of V. Extend y, toa homo- 
morphism, /(P; VE*) — A(P), in the obvious way, and then restrict 
this to a homomorphism 


Y¥y: F,(P; VE*) — A,(P) 


(basic means with respect to the representation of G in VE*). 
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On the other hand, in sec. 8.11 we defined (for a 2-connection V,) 
a homomorphism 


ye: Sec VEE > A(B). 


If V and V, are associated, then it follows at once from Proposition XI, 
sec. 8.23, that the diagram (note that %(P; VE*) = FP; VE*)), 


S(P; NE*) 2+ A,(P) 
Sec Vé ———-> A(B) , 
Ye 


commutes. 
Combining this with the previous diagram yields the commutative 


diagram, 


A;(P) 
Y 
(VE*), x | 2 
A(B) , 


where y, and y; are respectively the homomorphisms defined in sec. 6.17 


and sec. 8.11. The theorem follows. 
Q.E.D. 


§8. Characteristic homomorphism for associated vector bundles 


8.25. Representations. In this article [=R. PA =(P, 7, B, G) 
denotes a principal bundle, and E is the Lie algebra of the Lie group G. 
Further, ®: G + GL(W) denotes a representation of G and (v,, ..., Um) 
denotes a set of tensors over W such that v; e W?.%, and such that each 
v, 1s left fixed by G. 

We let K denote the subgroup of GL(W) consisting of those trans- 
formations which fix each v;. The Lie algebra of K is denoted by F. 
Thus © is a homomorphism from G to K and @’: E — Fis its derivative. 
@’ induces the homomorphisms (cf. sec. 6.25) 


(O')’: VE*<— VF* and = (®'): (VE*), — (VF*),. 


On the other hand, recall from sec. 5.6 that ® determines an associated 


vector bundle, 
E=(P xo W, p,, B, W), 


and a principal map g: P x W > P x, W. Denote P xg W simply by M. 
Since the wv; are G-invariant, there are unique cross-sections 
o, € Sec €?% such that g*o, = v,; (¢ = I, ..., m). It is evident from the 
construction that (€, 2’,) is a 2-bundle, with 2, = (o,, ..., o,). 
Now, in view of sec. 8.20, (€, 2) determines an associated principal 


bundle, 
PF, = (P., 7, B, K), 


whose fibre, K, , at x € B consists of the admissible isomorphisms from 
W to W,,. But by definition the linear maps, 


1: VW — es ze P, 
carry Uv, to o,(7(z)). Thus each g, is admissible. It follows that maps, 
gy: G, > K, , xe B, 


are defined by 9,(z) = 9,, z€G,. 
A simple calculation using appropriate coordinate representations 
shows that the maps ¢, together define a smooth fibre preserving map 
og: P— P,, 
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which satisfies 
gy(z - a) = (2) - &a), zeP, aeG, 


and which induces the identity map in B. Thus ¢ is a reduction of the 
structure group of Z from K to G (cf. Example 5, sec. 5.5). 

Moreover, if gs: P, x W-+M is the principal map, then the 
diagram, 


Px wWw—*4+ +P, x W 
M 


commutes. 

Now, exactly as in sec. 8.22, we show that a principal connection, 
V, , in F determines a -connection, V; , in(€, 2). In fact, the argument 
of Proposition III, sec. 6.3, shows that g* 1s an isomorphism from 
A(B; €) to A,(P; W). On the other hand (cf. Proposition VII, sec. 6.12), 
the covariant exterior derivative for Vp restricts to an operator, V, in 


A,(P; W). Thus we set 
Ve = (qty te Vogt 
and argue as in Lemma IV, sec. 8.22, that V_ is in fact a 2’-connection. 
Next, let Vp, be the principal connection in #, determined by V, 
(cf. sec. 8.22). Then it is a straightforward consequence of the definitions 


that 
dp 2 V p = Vp, ° dp. 


Thus Lemma VI, sec. 6.25, applies, and shows that the curvatures 
92, of Vp and Qp., of Vp. are related by 


(P'),(2p) = p*(2p,). 


Finally, use the commutative diagram above to obtain the commu- 
tative diagram, 


P x F —————~ P, x F 


Ve 


where &; is the associated Lie Pn bundle for (£, 2’). According 
to Proposition XI, sec. 8.23, the curvature, R, of V; satisfies 


(qz)r (R) = 2p,. 
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It follows that 2p and R are related by the equation 


("), (2p) = (qr)* (R). (8.3) 
Now a simple calculation (as in the proofs of Theorem ITI, sec. 6.25, 
and Theorem VII, sec. 8.24) gives the commutative diagram, 


(VE*), 1+ A;(P) 
(© 


= | 71* 


(VF*), —> A(B) 


where y, and ve are the homomorphisms determined respectively by 2 
and R as described in secs. 6.17 and 8.11. Passing to cohomology we 
obtain the formula 


he = hg 0o(®'y. (8.4) 
It, in turn, yields the relation 


5. = sp 0 (®')*. 

8.26. Examples: 1. Exterior algebra bundles: Let ¢ be any real 
vector bundle with associated principal bundle A = (P, z, B, GL(W)). 
Let @ denote the natural representation of GL(W) in AW. Then 


Dp) = Oy), pely, 
where 4(q¢) is the unique derivation in AW that extends 9. 


Since the bundle € = (P X¢r (yw) AW, p, B, AW) is simply the exterior 
algebra bundle AZ and since hg = h,, formula (8.4) gives the com- 
mutative diagram 


(VEnw)r 
fang 
67 H(B) 
A 


It follows that s jr = sz 0 6*. 
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2. Homogeneous spaces: Let H be a closed subgroup of a Lie group G 
and let ® be a representation of H in a vector space W. Consider the 
principal bundle FA = (G, 7, G/H, H) and let 


g = (G XH W, p, G/H, W) 


be the associated vector bundle (with respect to ®). 

Let E and F denote the Lie algebras of G and H. Assume that there is 
a stable decomposition E = FGF, under the action of H. This 
decomposition determines a G-invariant principal connection in F 
(cf. sec. 6.30) whose curvature, £2, satisfies 


(eh, k) = —p([A, k]), bh, keR, 


where p: E — F is the projection with kernel F, (cf. sec. 6.3)). 

In view of sec. 8.25 this principal connection determines a linear 
connection, V,, in €. Moreover, because the principal connection was 
G-invariant, it follows that the natural action of G on G x, W is by 
connection preserving bundle maps. 

Now consider the curvature, R, of V,. It takes values in the bundle 
G x, Ly, and is invariant under the action of G. Thus R is com- 
pletely determined by R(é), and R(e)e A?7T(G/H)* ® Ly . Moreover, 
formula (8.3) of sec. 8.25 shows that 


R(é; (dz)h, (dr)k) = —®'( p({h, &})), hk eF,. 


It follows from this that the homomorphism h, can be described 
as follows: Let 'e(\/ °L},), . Then h,I’)is represented by the (uniquely 
determined) differential form WY € A*?(G/H) that satisfies 


(7*¥ \(e; hy , ..., Noy) 


_])p 
a a Y ol (P'(plAca) s Mota), +s P'(Plhoten-») » ote), A EF). 
° ge S?? 


Now suppose that G and H are compact and connected. Then G/H is 
orientable. Assume that dim G/H = 2p. Then we can form the integral 


i. nS) ~ i a 


Let 4¢/y be the unique G-invariant 2p-form on G/H which satisfies 


Worn 40" = 
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(cf. sec. 2.14). Since ¥ is also G-invariant, it follows that 


v= [| _ h(D)) Aci 


Thus to compute the integral it is sufficient to have an explicit formula 
for (7*A¢/1)(e). 

In sec. 9.15 such an explicit formula will be established in the case 
rank H = rank G. By contrast, in volume HI it will be shown that if 
rank H < rank G, then ae h{I) = 0, for every '€(V?L¥),. 


Problems 


1. Tensor product. (i) Let F and W be finite dimensional vector 
spaces. Show that (9, 4) +> » © wis a representation of GL(F) x GL(W) 
in F @ W. Construct a finite set, 2, of tensors over F @ W such that 
the subgroup of GL(F ® W) leaving 2 fixed is GL(F) x GL(W). 

(ii) Represent the tensor product of two vector bundles € and 7 
as a -bundle. 


(ii1) Find an analogue of the results in sec. 8.16 and the example 
of sec. 8.17 for tensor products. In particular, if (€, 2',) and (n, 2,) are 
2-bundles, define a 2-bundle (€ © », 2¢g,)- 


2. Let € be a complex vector bundle of rank r. Show that A’€ is 
trivial if and only if the structure group of € can be reduced to SU(r). 
Interpret this in terms of 2-bundles. 


3. Extend the notion of 2-bundles to sets 2, with infinitely many 
elements. Show that the structure group for such a bundle is the same 
as the structure group for some finite substructure. 


4, Let (£, 2) be a Y-bundle with structure group G and let GDG 
denote the group which fixes the set 2 (but not necessarily pointwise). 
Show that G® = G®, 

Construct a 2-bundle (€, 4) such that G is the structure group of 


(g, 2). 


5. Compact carrier. Let (€, 2, «) be a 2-bundle with compact 
carrier and compact 2-connection. 

Show that (€, 2’,) determines an associated principal bundle, F, 
with compact carrier. Extend the results of article 7 to this case. In 
particular, show that hz = hj (cf. problem 15, Chap. VI). 


6. Let (M,7z, B,F) be a smooth bundle. Define the notion of a 
2-bundle over M with fibre-compact carrier. Show that such a bundle 
determines a canonical homomorphism fj: (V+E*), > H;(M). 


7. Manifold algebras. A real manifold algebra is an algebra, A, 
over R such that the derivations in A form a finitely generated projective 
A-module, Der A. 
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(1) Define substitution operator, Lie derivative and exterior 
derivative in A,(Der A)*. Set H(A,(Der A)*, 8) = H(A). 

(ii) Let M be a finitely generated projective A-module. Define a 
linear connection in M as a map, 


V: M — (Der A)* ©, M, 


which satisfies V(x + y) = Vx + Vy and Vif: x) = 8f ®x + f- Vx. 
Show that M always admits a linear connection. 

(iii) Define the curvature of a linear connection. Establish the 
Bianchi identity. 

(iv) Show that V induces linear connections in the modules 
(®?M*) © (@*M), AM, V?M and obtain their curvatures. 

(v) Let o,€(@®M*) © (@M) (t = 1,..., m) satisfy Vo; = 0. Set 
d' = (o,,..., 0,,). Let Ly, act by derivations in this algebra and let E be 
the submodule of endomorphisms such that y(o;) = 0 (7 = 1, ..., m). 
Show that 


V: Lau ar (Der A)* ®alny 


restricts to a map V: E —> (Der A)* @, E. 


(vi) Construct a characteristic homomorphism (V,F*)»_9 9-9 > H(A) 
and prove it is independent of the connection. 


(vi1) Ifthe homomorphism in (v1) is nonzero (with 2 = @), conclude 
that 1 is not free. 


8. (i) Define the odd characteristic homomorphism for 2-bundles 
of compact carrier over B xX R which are trivial as 2-bundles (cf. 
problem 16, Chap. VI). Show that it coincides with the map fg A of 
problem 16, Chap. VI. 


(1) Convert problem 17, Chap. VI, to a theorem on 2-bundles. 


9. The ring V;(B). The ctsomorphism class of a X-bundle (&, 2,) 
over B is the collection of all vector bundles over B which are strongly 
isomorphic to (€, 2’). Denote the set of isomorphism classes of 2-bundles 
by Vect;(B). Let 4¥;(B) be the free abelian group with the elements 
of Vect;(B) as basis. Consider the factor group generated by elements 
of the form [&, 2] + [n, 2,] — [€ ®n, X¢q,] and denote this factor 
group by V;(B). (Note that we get two separate groups, depending on 
whether the field J’ is R or C.) 


(1) Show that every element of V;(B) can be represented in the 
form [é, 3] — [n, Sy. 
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(ii) Show that the tensor product of problem 1, (iii) makes V;(B) 
into a commutative ring with identity. 

(iii) Show that a smooth map g: B, — B, induces a ring homo- 
morphism y*: V;(B,) «- V;(B,) which depends only on the homotopy 
class of ¢. 

(iv) Define the rings V$(B) corresponding to 2-bundles with 
compact support. Obtain an analogue of (11) for proper maps and 
proper homotopies. If B is compact, prove that V3(B) = V;(B). 

(v) Let (M, z, B,F) be a smooth bundle. Define the ring V5(M) 
corresponding to 2-bundles with fibre-compact carrier. 


10. The ring V(B). (i) Repeat the construction of problem 9 for 
ordinary vector bundles to obtain a ring V(B) in which € + 7 = E@®7 
and €-7 = € ®7, where ¢ and 7 are vector bundles representing é 
and 7. 

(i) Similarly obtain rings V°(B) and V*(M) as in problem 9, (iv) 
and problem 9, (v). If the field is C then VB) is denoted by K(B). 

(iii) Show that the map (&, 2) +> € defines surjective ring homo- 
morphisms V;(B) — V(B), V§(B) ~ V°(B) and Vi(M) — VF(M). 

(iv) Show that &++ rank € determines surjective ring homo- 
morphisms V(B)— Z, V°(B)—Z, and V*(M)— Z. Construct left 
inverses for these homomorphisms. Denote their kernels respectively by 


V(B), VB), and VF(M). 


11. Represent quaternionic vector bundles as real 2-bundles. 


12. Let (&, 2.) be a 2-bundle with total space M. 


(1) Find necessary and sufficient conditions on a horizontal sub- 
bundle, H,,, for M so that the corresponding general connection is a 
2'-connection. 


(11) Consider the principal map q: P; x F ~ M. Assume that V> 
is a principal connection for P, with haeizoneal bundle H P, . Show tha 
the spaces (dq), ,)(H,(P,)), z€ Pe, y €F, are the fibres of ‘a horizontal 
bundle for €. Show that the corresponding general connection is the 
2-connection in € associated with Vp.- 


13. Construct Y-bundles (é, 2.) and (é, 4) with the same underlying 
vector bundle, ¢, but such that (¢, 2, U 2) is not a 2-bundle. 
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14. Let ® be a tensor field on a connected manifold M whose 
covariant derivative (with respect to some linear connection) 1s zero (cf. 


problem 8, Chap. VII). Interpret (r,, , {@}) as a X-bundle. 


15. Let & be a vector bundle over B and suppose d € Sec L, satisfies 
d' = 0, xe B. Show that the following are equivalent: 


(i) (&, {d}) is a 2-bundle. 
(ii) The spaces H(F, , d,) all have the same dimension. 
(111) The spaces ker d, are the fibres of a subbundle, ¢, of &, and 
the projections, ker d, — H(F,), define a strong bundle map of ¢ onto 
a vector bundle x. 


16. Let & be a vector bundle and assume < , > is a skew-symmetric 
nondegenerate bilinear form in € (i.e., ¢ , > restricts to scalar products 


in each fibre). Prove that (€, {< , >}) is a 2-bundle. 


17. Extend the results of Example 2, sec. 8.26, to 2-bundles over 
G/H1. 


18. Let V, and V, be two 2-connections in a 2-bundle (€, 2’), 
with Lie algebra E. Let ['e(V’E*),, and write (as in sec. 6.20) 
((y2)! — (y2)*)() as an explicit coboundary, giving a “‘vector bundle” 
proof. 


19. Let (€, 2) be a 2-bundle which admits a 2-coordinate repre- 
sentation with p elements. Prove that the product of any p + 1 elements 
in h, V+E*), is zero. 


20. Let € be a vector bundle, and assume @ € Sec L, . Suppose f(t) 
is a polynomial with constant coefficients such that f(y,) = 0 for all x. 


(i) Prove that there are unique cross-sections gs , py € Sec L, such 
that (a) each (gs), 18 semisimple, (b) each (gy), is nilpotent, (c) 
p = gs + py, and (d) go py = Qn o pg . Prove that gs is 0-deformable. 


(ii) Establish a converse to (i). 


Chapter IX 


Pontrjagin, Pfaffian, and Chern Classes 


§1. The modified characteristic homomorphism for real £-bundles 


9.1. Definition. Let (&, 2,) be a real 2-bundle with 2-connection V 
and curvature R. The modified curvature of V is the element 
ReC @ AB; é,) given by 


In analogy with secs. 8.11, 8.12, and 8.13 we define the modified 
characteristic homomorphism, 


he: (VE*), > H(B; C), 


as follows: Regard Ye(V?E*), as a parallel cross-section in Vé*. 
Choose © € (@?E*), so that 7, = WY and define h,(Y) to be the co- 
homology class represented by 


—I —1 
(57 > Tae) 
The maps h, and h, are connected by the relation 


—j]\? 
hd?) = (Fa) Wee), Ve (VPE*),. 
This shows that 4, is indeed a homomorphism (of real algebras) and has 
the same properties as A, (naturality, independence of connection). 
Moreover, 4,(¥) is a real (respectively, purely imaginary) class if ¥ is 
homogeneous of even (respectively, odd) degree. 
Finally, we extend A, to the algebra (V**E*), and precompose with 
the Taylor homomorphism to obtain a homomorphism 


ig: AE), + H(B; C) 
(cf. sec. 8.14). 
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Remark: The reasons for introducing both h, and h, are as follows: 
On the one hand, h, has an essentially formal, algebraic definition. For 
this reason, we shall work almost exclusively with this homomorphism 
in volume III. 

On the other hand, the cohomology classes to be discussed in this 
chapter can be constructed as integral classes in a purely topological 
fashion. In the approach presented here, they arise out of classical 
invariants of linear transformations, and, in order to obtain the correct 
signs and dimension factors it is more convenient to use A, . 


§2. Real bundles: Pontrjagin and trace classes 


In this article € = (N, 7, B, F) denotes a real vector bundle of rank r, 
and 


h,: (VLE); > H(B; C) 


denotes the corresponding modified characteristic homomorphism. 
(( VLF), is the invariant subalgebra of VL* for the action of GL(F).) 


9.2. Proposition I: Every nonzero homogeneous characteristic class 


of € has degree = 0 (mod 4). 


Proof: Give € a Riemannian metric, < , >. From Proposition VII, 
sec. 8.17, we obtain the commutative diagram, 


(VL), 
h; 
iy H(B, C) 
ke 
(VSkF), 


where 7: Sk; > Ly is the inclusion, (VSk}), is the invariant sub- 
algebra for the orthogonal group O(F) and k, is the modified charac- 
teristic homomorphism for the 2-bundle (€, < , >). Thus it 1s sufficient to 
show that if ® e (V°L*), , p odd, then 


j(P) = 0. 
But, for every y €L,, there exists an a € GL(F) such that 
acopoat = oF, 


where »* denotes the adjoint of g with respect to the inner product. 
Hence, if p € Sk;, 


acgmoag l= —g@. 
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It follows that, for ® € (V?LF), , 
D(Q,.... P) = (—1)?O(,.... e), Pp E Ske; 


1.€., 
jiP = (—1)%779. 
In particular, 7;® = 0, if p is odd. 
Q.E.D. 


Corollary: Every class in the image of A, is real, and so A, may be 
regarded as a homomorphism into H(B). 


9.3. Examples: 1. Jnvolutive distributions: An involutive distribution 
on a manifold M is a subbundle y of the tangent bundle +, such that 
for all X, Y € Sec y, LX, Y] €Sec 7. 

Assume that 74 1s decomposed in the form 


™ =€@», 


where 7 is an involutive distribution. Let p,: 7, — & be the corresponding 
projection. Let V, be any linear connection in €. Then there is a unique 
linear connection, V, in & that satisfies (cf. sec. 7.11) 


Vy = (Ve)x, X €Sec &, 
and 
VyX = (peal ¥, X], XE Sec &, Ye Secn. 


We shall show that the curvature, R, of V satisfies 
R(Y,, Y.)=0,  Y;€ Sec. 
In fact, fix X € Sec € and define Y € Sec y, by 
Vy,X = [Y,, X] + Y. 
Since 7 is involutive, [Y, , Y] e@Sec 7. Hence (p,), [Y;, Y] = 0, and so 
Vv Vy,X) = (eda((¥1 > (¥e» XID. 
It follows from this and the Jacobi identity that 


R(Y,, Y2)(X) = Vy(Vy,X) — Vy,(Vy,4) — Vix. vi(X) 
= (p)e((¥i, [Y2, X]] — (Yo, 1%, ¥]] — (1M. ¥2], XD) 
= 0; 
i.e. R(Y,, Y2) = 0. 
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Thus, if ® e(V?L*F), (F, the typical fibre of €) and p > rank &€, the 
differential form, 


1 ,s-l —|] 
bd a pl @ pen i one ony RY, 
is zero. Since ¥ represents h,(®), it follows that 4,(®) = 0; i.e., 
h? = 0, p > rank €. 


2. Group actions: Let T: G x M-»M be an action of a compact 
connected Lie group on a manifold M. Recall that every point xe M 
determines the smooth map A,: G — M given by 


A,(a)=a-:x, aeéG, xEeM., 


Assume that the subspaces Im(d4,), C T,(M) all have the same dimen- 
sion (equivalently, all the orbits of G have the same dimension). Then 
these spaces are the fibres of a distribution, 7, on M. Moreover, the 
module Sec 7 is generated by the fundamental vector fields. It follows 
that 7 is involutive. 

Give ry a G-invariant Riemannian metric (cf. Example I, sec. 3.18), 
and let € be the orthogonal complement of 7. Then the fundamental 
vector fields Z, (h € E) satisfy 


Z(CX, Y») = [421 ’ X], Y> + CX, [Z,,; Y), Xx, ee 4(M). 
It follows that 
[Z,, XJeSec&é if XeSec &. 


Next, construct a G-invariant connection, V,, in € as follows: Let V, 
be any linear connection and set 


(VjX)\(x3 Z(x)) = f. a“) (Va X\Ya+ x; a+ Z(x))) da. 
Then 
(Viaz(a: X)=a-((V)zX), ZeE4(M), XeSecké, acG. 
It follows that (set @ = exp thand differentiate with respect to f) 
(Vi)tzy, 2X) + (Vi)2[Za XD) 
= (Z,, (Vi 2(X)], he k,ZE2(M), XeSecé 
(E£, the Lie algebra of G). 
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Finally, define a linear connection, V, in € by setting 


VyXxX = (Vi)yX, X, Y € Sec E 
and 
VyX = (p,)4[¥, X], XX eSecé, YeSec 7. 


Then the corresponding curvature satisfies 
(Y)R=0, YeSecn. (9.1) 


In fact, according to Example 1, R(Y,, Y,) =0, Y,, Y,.e¢Sec 7. 
Thus we have only to show that 


R(Y, X) = 0, YeSecn, Xe Sec &. 


Since the fundamental fields span the fibres of 7, it is sufficient to show 
that 


R(Z,,X)=0, XeSecé, he. 
But for X’ € Sec &, 
R(Zn, XX") = [4Zn5 (Vir) x(X)] — (Vix (Zn, £7) — (Vit z.x(X) 
= '(), 


as follows from the relation above. 
Next observe that 


V,2(a:X)=a-VzX, ZeA(M), XeSeck, acG. 


It follows that 
Ria: 2,,a+2Z,)(a: X) 
=a: R(Z,, Z,)(X), aeG, Z2,€2(M), XeSec& (9.2) 


Let ®e(VPL*), (F, the typical fibre of &). Relations (9.1) and (9.2) 
imply that the differential form, 


1 .s-1 _| 
yw 2° sas Ryu = R), 


is both horizontal and invariant with respect to the action of G. Thus 


i(Z,¥=0 and THP=¥, hek, aeG. 
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Hence 
(2,)¥ = 0, he E. 
It follows that 
(Y)¥ =0=AY)¥, YeSecy, 


and so ¥ = 0 if 2p > rank €. 

Let A,(M),;_, denote the subalgebra of horizontal invariant forms. 
The remarks above show that the homomorphism yj: (VL), > A(M) 
determined by R is in fact a homomorphism into 4,(M),_,. Thus it 
determines a modified homomorphism (VL*), ~ H(C & A,(M),.9), and 
the diagram, 


H(M, C) 


wv 


(VLE), 


H(C © A,(M),-0); 
commutes. In particular, if ® e (V?L*), and 2p > rank &, then 
hdd) = 0. 


9.4. Pontrjagin classes. In sec. A.2 of Appendix A the characteristic 
coefficients Ci, € (V*LF), are defined. They satisfy 
det(p + Av) = y Ci(¢) Ar-k gel;, r= dimF, 
k=0 
where 


I 
Che) =1, Che) =F Chl-.e) R= Ler. 


The cohomology classes p,(&) given by 
plé) = A(Cy), O< 2k <r, 


are called the Pontrjagin classes of £. According to the corollary of Propo- 
sition I, sec. 9.2, these classes are real; p,(&) € H**(B). In volume III it 
will be shown that the Pontrjagin classes generate the characteristic 
algebra of €. 
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The class p,(&) 1s represented by the differential form, P,, given by 


=) k F 1] k 
P, = SRR CF(R,..., R) = TEE tr(RO-OR) (9.3) 


(cf. sec. A.2) where R is the curvature of a linear connection in €. 

The nonhomogeneous class p(£) = Yy-0 p,(€) is called the total 
Pontrjagin class of &. Since po(€) = 1, p(€) is invertible in the algebra 
H(B). It can be written in the form, 


p(f) = s,(det(s + ¢)), 


where det(: + q) is the invariant function in L; given by p+ det(c + ¢). 
Note that p(e?) = | because e? (the trivial bundle of rank qg) admits a 
connection with curvature zero. (cf. Example |, sec. 7.16.) 


Remark: The definition of the Pontrjagin classes, p, , differs from the 
definition given in [10, p. 78] by the sign factor (—1)*. 
Proposition II: The Pontrjagin classes have the following properties: 


(1) Naturality. Let y: €—~€ be a bundle map restricting to iso- 
morphisms in the fibres and inducing a smooth map ¢% between the 
base manifolds. Then 


p(f) = #*(p(6)). 


(2) Whitney sums. Let 7 be a second vector bundle over B with 
typical fibre H. Then 


P(E © 0) = pl) * P(r). 
Proof: (1) This follows from Theorem IV, sec. 8.13. 


(2) This follows from the example of sec. 8.17 and the relation 


Che OH = ¥ Cie) CH), =p e Lr, ely 


t+j=k 


(cf. Proposition I, sec. A.2). 
Q.E.D. 


Corollary I: Assume € ®e? = 7» Me?. Then 
P(£) = p(n). 
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Corollary II: Assume €@::' @®& ®e? = e9t?, Then 
p(s) = 1. 


Proof: Clearly p(£)? = 1. Now an easy degree argument shows that 


P(g) = I. 
Q.E.D. 


Corollary III: Assume € @ 7 is trivial. Then 
P(E) = p(n). 


9.5. Pontrjagin numbers. Assume that B is compact, connected, 
oriented, and of dimension 4k. Let m be the largest integer such that 
2m <r. Consider the m-tuples (7, , ...,j,) of nonnegative integers that 
satisfy 

m 
> be er a k. 


u=l 


With each such m-tuple we associate the cohomology class, 


pr(é)* + + * P(E" © H(B), 


and the real numbers A, ...; (€) given by 
Neorig(E) =] PalEY* > Pal. 
B 


They are called the Pontrjagin numbers of €. If € = rz , these are called the 
Pontrjagin numbers of B and are written A, ...; (B). 

Evidently H**(B) CImA, if and only. if "some Pontrjagin number 
of € is nonzero. 

As an immediate consequence of Proposition II, (1), above we have 


Proposition III: Let £ = (M, 4, BF ) be a second vector bundle of 
rank r Over a compact, connected oriented 4k-dimensional base. Let 
gp: £ > & be a bundle map which restricts to linear isomorphisms in the 
fibres and let 4: B-+B be the induced map. Then the Pontrjagin 
numbers of € are given by 


Aj,---dm(€) = deg o - Njgen-ig( €): 


Corollary I: If some Pontrjagin number of € is different from zero, 


then deg » + 0. 


2. Real bundles: Pontrjagin and trace classes 429 


Corollary II: If € = €and at least one Pontrjagin number is different 
from zero, then deg J = 1. 


Corollary III: Suppose that at least one Pontrjagin number of B 
is nonzero. Then every local diffeomorphism of B is an orientation 
preserving diffeomorphism. In particular, B is an irreversible manifold. 


Proof: Apply Corollary II to the bundle map db: T, — T, to obtain 
deg 4 = |. Now the corollary to Theorem I, sec. 6.3, volume I, implies 


that % is a diffeomorphism. 
Q.E.D. 


9.6. Trace classes and the Pontrjagin character. ‘The trace coeffi- 
cients of an r-dimensional vector space, F, are the elements Tr} € ( V?L*), 
given by 


Tr3(%1 yeeey Pp) — >, tr(go(1) ee Po(p))s Pp = l, P: EeLr, 


o&S 
and 
Tr, = dimF. 
The cohomology classes, tr,(&), given by 


tr,(€) = A,(Trip), p = 0, 1,..., 


are called the trace classes of €. They are represented by the differential 
forms, 


wall i vs 
T, = -Gayep tr(Ro 0 R), (9.4) 


where R is the curvature of a linear connection in € (cf. sec. 7.15). 
Proposition III, sec. A.3, implies that the trace and Pontrjagin classes 


of é are related by 


pl) =SeY ate  k EL (9.5) 
j=0 


The Pontrjagin character of & is the nonhomogeneous class tr(é) given 
by 


WO) = Y apy tle 
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(Observe that this is a finite sum.) It can also be written in the form 


tr(é) = §,(tr o exp), 


where tro exp denotes the smooth invariant function in Lp given by 
pm t> tr exp ¢—:. 

The trace classes (Pontrjagin classes) of the tangent bundle of a mani- 
fold M are called the trace classes (Pontrjagin classes) of M and are 
denoted by tr() and (p,(M)). 


Proposition IV: Let € and 7 be vector bundles over the same base. 
Then 


(1) tr(é ©) = tr (g) + tr (7). 
(2) tr(€ @ ny) = tr (f) - tr (7). 
(3) tr(APé) = §,(tr A? exp). 

(4) tr(A€&) = §&, det(« + exp). 


(det(« + exp) denotes the function pt> det(: + exp ¢), pELs). 


Proof: Let R, and R, be the curvatures of linear connections in & 
and 7. 


(1) The induced connection in € @ 1 has curvature R, @ R, (cf. 
Example 3, sec. 7.16). Thus (1) follows from the relation 


(R; © R,) o" 9 (R, @ R,) = (R; ore Re) o) (R,, 2 2 R,). 


(2) The induced connection in  ® 7 has curvature R, ®1 +. @R,. 
Since the L,,-valued differential forms R, ®t and « ® R, commute, 
we have 

k 


(Ri @+ ++ @R,)k = y (“) Re @ Re 


i=0 


Thus (2) follows from the relation (cf. sec. 7.7) 
tr(> @ VY) =tr(G) atr(Y), Sc A(B;L), Pe A(B;L,). 


(3) The induced connection in A? has curvature 0,(R) (cf. Example 4, 
sec. 7.16), where 0: Lp—>L ) 5; is the map given by 


Pp 
Oplxy A AX) = DV xn AGHA AK, XCF, pele. 


i=1 
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Hence the diagram, 


( VL Pr) 


(VLF)s ; 
commutes. This in turn yields 
holt) = § (7), fe A(Lprp),- 
In particular, since 


(6* tr exp)(p) = tr exp O(p) = (tr A? exp)(¢), 


it follows that 
tr(A°£) = §,(tr A? exp). 


(4) follows from (3) and the formula 


r 


> tr(A? exp p) = det(e + exp 9), peLlr. 
p=0 


Q.E.D. 


9.7. Characters. Let PY = (P, 7, B, G) bea principal bundle and let 
® be a representation of G in the real vector space F. The character of 
® is the smooth function X, on G given by 


X;(a) = tr Pa), aeG. 


If E denotes the Lie algebra of G, then X, o exp, is a smooth invariant 
function in EF (cf. Proposition VII, sec. 1.7). 

As in sec. 9.1 modify the characteristic homomorphism of F to a 
homomorphism, 


hg: (VE*), > H(B; C), 
by replacing the curvature form, 92, by (—1/277)82. Let 
ig: S(E), > H(B; C) 
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be the resulting homomorphism. Then we can form the cohomology class 
Sg(Xg 0 expg) € A(B; C). 


Proposition V: Let € be the vector bundle over B associated with F 
via ®, (cf. sec. 5.6.) Then 


tr(£) = Sg(X@ ° expe). 
Proof: It follows from sec. 8.25 that 


tr(é) = Str o exp) = sp((’)*(tr © exp)). 
But 


((G')*(tr o exp))(h) = tr(exp’(h)) 
= tr(P(expg h)) = (Xe ° exp,)(A), he E, 
and so 
(D’)*(tr o exp) = Xg 0 expg. 


The proposition follows. 
Q.E.D. 


9.8. Decomposable curvature Let R be the curvature of a linear 
connection in €. Then, for each xe B, R(x) can be regarded as a linear map 


R(x): M°T,{B) > FE @ F,. 
Definition: R is called decomposable, if, for each xe B, there are 
linear maps, 
O(x): T(B)>F* and Wx): T,(B)—> Fy, 
such that 
R(x; h, k) = D(x; h) @ V(x; k) — B(x; 2) @ War h), hh, RE TB). 


Proposition VI: If € admits a linear connection with decomposable 
curvature, then 


Ro-oR =(—1)* tr RE AR. 


(k factors) 


In particular, tr,(€) = 0 = p,(€), k > 0. 


2. Real bundles: Pontrjagin and trace classes 433 


Proof: Fix x e€ Band let ®(x), Y(x) satisfy the condition above. Then 


(Ro R)(x; Ay, he, Ag, hg) 
= PY €,¢@(x; hogy), P(x; hoay> P(%3 hoisy) &%) P(%3 howe) 
o€ES 


— —((tr R) a R)(x; Ay, Ae, hg, hy)- 


It follows by induction that 
(Roo R) =(—1)* (tr R)E a R. 
(k factors) 

This formula implies that tr,(£) is represented by a scalar multiple of 
the differential form (tr R)*. On the other hand, tr R represents h,(tr), 
which, in view of Proposition I, sec. 9.2, is zero. Thus tr R 1s exact 
and hence (tr R)* is also exact. 

This shows that tr,(€) = 0, k > 1. Now formula (9.5), sec. 9.6, 
implies that p,(€) = 0, k > 1. 

Q.E.D. 


Corollary: If tr R =0, then Ro R = 0 and the differential forms 
representing tr,(€) and p,(£) are zero for k > 1. 


Examples: 1. Assume that € admits a Riemannian connection 
such that the Riemannian curvature, R’°, (cf. sec. 7.25) 1s of the form 


R =f-(Wav), feS(B), Ye AB; 8, 


where &* is identified with € via the Riemannian metric. Then the 
curvature R is decomposable. Moreover, since each linear map 
R(x; h, k): F,, — F, 1s skew, we have 


tr R =0. 


2. Constant curvature: Let M be a Riemannian manifold and 
consider the tangent bundle 7. The identity maps 7,(M)— T,(M) 
determine a 1-form 92 ¢ A'(M;7,,). The condition, 


R =A(Q_AL), AER, | 


is precisely equivalent to the condition that the curvature be constant 
(cf. sec. 7.25). Thus manifolds with constant curvature have decom- 
posable curvature. In particular, the spheres have decomposable curva- 
ture. 


§3. Pseudo-Riemannian bundles: 
Pontrjagin classes and Pfaffian class 


In this article, € = (N, 7, B, F) denotes a real vector bundle over a 
connected base B. <, > denotes a pseudo-Riemannian metric in €; 
thus, for each xe B, <,>, is a symmetric and nondegenerate (but not 
necessarily positive definite) inner product in F,. We use the inner 
product to identify € with &*. 


9.9. The decomposition of §. Let (,) be a Riemannian metric in 
€. Then a strong bundle isomorphism, A, of € is determined by 


<u, Vv) = (A,4, 2), u,veF,, xeEB. 


It is called the associated isomorphism for (, ). 


Proposition VII: £¢ admits a Riemannian metric (,) with the 
following property: There is a direct decomposition of £ into subbundles 
€*+ and &- such that 


(1) &* 1s orthogonal to €~- with respect to both <¢ , ) and (, ). 
(2) In &+ the metrics < , > and (, ) coincide. 
(3) In &- the metric ¢ , > is the negative of the metric (, ). 


Proof: Let (, ), be any Riemannian metric in €. Let S(F,,) denote 
the space of linear transformations of F’, that are self-adjoint with respect 
to (, ), and let S+(F,) be the open subset of S(F,) consisting of the 
transformations with strictly positive eigenvalues (cf. Example 11, 
sec. 1.5, volume I). 

If A denotes the associated isomorphism for (, ),, then A, € S(F,) 
and so AZ, € S+(F,). Thus, for each x € B, there is a unique transformation 
ys, € St(F,) such that 42 = A2. Moreover, #,0A, =A, op, - 

With the aid of a Riemannian coordinate representation for € and the 
fact that the correspondence +> y? defines a diffeomorphism of S*(F) 
(cf. Example 12, sec. 1.5, volume I), it is easy to see that the maps 4, 
depend smoothly on x. Hence, they define a strong bundle isomorphism 
of €. 


Next define a new Riemannian metric (, ) in € by setting 


(u,v) = (,u, v), , u,veF,. 
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The associated isomorphism, 9, for ( , ) is given by 
Pz =z oA, xXEB. 
Since w, and A, commute, it follows that p2 — 1, x e B. Hence 
F, =F; OF: , 


where Ft = ker(y, — 1) and FZ = ker(p, + 2). 

A straightforward argument, using the fact that B is connected, 
shows that Ft and Fy; are the fibres of subbundles &+ and &~ of €. That 
€+ and &- satisfy conditions (1), (2), and (3), is immediate from the 


definitions. 
Q.E.D. 


Corollary I: (€,<,),(, )) is a 2-bundle. 
Corollary II: (&, < , >)is a 2-bundle. 


9.10. The bundle Sk,. Since (,<¢, >) is a 2-bundle, it admits a 
coordinate representation {(U, , ¥,)} such that the maps ¥,,:F >F, 
are isometries (with respect to a fixed indefinite inner product < , >- 
in F). The structure group of this 2-bundle is the group of isometries 
of F (with respect to < , >-) and the corresponding Lie algebra is the 
Lie algebra of skew transformations (with respect to < , >,). 

The Lie subalgebras, Sk, of Lr , are the fibres of the associated Lie 
algebra bundle Sk, . Exactly as in the Riemannian case (cf. sec. 7.25), 
a strong bundle isomorphism f: A2é = Sk, is given by 


(B(u a v))(z) = Cu, av — Cv, Bu, u,v,zEF,, xeB. 


9.11. Pontrjagin classes. A 2-connection, V, in the 2-bundle 
(€, < , >) will be called a pseudo-Riemannian connection. It satisfies 


V(X >) = 9. 


The corresponding curvature R takes values in the bundle Sk,; hence it 
determines a 2-form, R°, with values in A?é. It is called the pseudo- 
Riemannian curvature of V (cf. sec. 7.25). 

The kth pseudo-Riemannian curvature of V is the 2k-form with values 


in A**é given by 
(R)F=R av aR. 


If < , > is a Riemannian metric, (R*)* will be called the kth Riemannian 
curvature. 
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Recall that each A*é is a pseudo-Riemannian bundle with inner 
product given by 


Ci, Att A Uy, Vy At A UY = det(Cu; , v;>), u,EF,, v;EF,, xeEB. 
Hence we can construct the 4k-forms 
®, = ((R)*, (R)*). 


Proposition VIII: With the hypotheses and notation above the 
differential form, 


aA 2(2r)2* q(R )*; (R )*), 


is closed and represents the Ath Pontrjagin class of €. 


Proof: This is an immediate consequence of Proposition V, sec. A.5, 
and formula (9.3), sec. 9.4. 


Q.E.D. 
Proposition VIII is due to A. Stehney. , 


9.12. Pfafhan class of an oriented pseudo-Riemannian bundle. 
In the rest of this article we shall assume that € is oriented. Then there is 
a unique cross-section, 4,, in A’E (r = rank &) such that 


(i) A, ts positive. 


(ii) A, is normed; i.e., <4,, 4,5 = +1. 


A, will be called the positive normed determinant function in &. 

Clearly, (€,<, >, 4,) is a 2-bundle. The corresponding group is 
SO(F) (the group of proper rotations of F) and the Lie algebra consists 
of the skew linear transformations of F (with respect to ¢ , >). 

The modified characteristic homomorphism for this 2-bundle will be 
denoted by &, rather than A,; thus k, is a homomorphism, 


k,: (VSk} ); > H(B; C), 


where (VSk*), is the subalgebra of VSk} invariant under the action of 
SO(F). 

Assume now that the rank of & is even, r = 2m. Then the Pfafhan, 
PfF, of the oriented inner product space, F, is defined (cf. Example 1, 
sec. A.7). It is anelement of (V”Sk¥), . The corresponding characteristic 
class k,(PfF) is real if m is even and purely imaginary if m is odd. 

Hence a real cohomology class pf(é, < , >, 4.) € H"(B) is given by 


pf(é, 4 ’ > 4,) = a” e(pf*). 
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It is called the Pfaffian class of the oriented pseudo-Riemannian bundle €. 
It is convenient to extend the definition of the Pfaffian to vector bundles 
with odd rank by setting it equal to zero in this case. 

The Pfaffian class of € is represented by the r-form, 


—I\" | ; ; 
P= (Fa) ini te Rites RD 06 
where R° is the pseudo-Riemannian curvature of a pseudo-Riemannian 
connection. 

Now recall that ¢ , >; denotes an inner product in F corresponding 
isometrically to the inner products in F, (cf. sec. 9.10). Let F = Ft @ F- 
be a fixed orthogonal decomposition of F such that the restriction of 
<,>r to Ft (respectively, to F-) is positive (respectively, negative) 
definite. Then the dimension of F~ is called the index of < , dy. 

Let ( , )- be the positive definite inner product in F defined by 


(X, +4, V4 FI) eH 4 Vee Rs 54 WER, aL, ye Fk. 


Lemma I: Let (,) be the Riemannian metric constructed in 
Proposition VII, sec. 9.9. If the index of ¢ , >; is odd, then 


pf(é, Cah A.) =0= pf(é, ( ) ), A,). 
If the index of ¢ , > is 2q, then 
pf(é, < , >, 4g) = (—1)* pf(& (, ), 4). 


Proof: Recall, from sec. 9.9, that (€,<¢ ,>,(, )) 1s a 2-bundle and 
that £ = €+ @ &-. The corresponding Lie algebra is the subalgebra of 
L; consisting of the transformations which are skew with respect to both 
<, >r and (, )r; this is exactly Sk,; @ Sk,;-. Thus the associated Lie 
algebra bundle is Sk,+ @ 5Sk,-. 

Since (€,< , >, (, )) is a 2-bundle, it admits a 2-connection V. V is 
both a Riemannian and a pseudo-Riemannian connection; thus its 
curvature, R, which takes values in Sk, @ Sk,- , can be used to obtain 
both pf(,< , >, 4,) and pf(€,(, ), 4,). Now the lemma follows from 
Proposition IX, sec. A.7. Q.E.D 


Proposition IX: The Pfafhan class has the following properties: 


(1) Suppose gy: €->7 is a bundle map between oriented pseudo- 
Riemannian bundles which restricts to orientation preserving (respective- 
ly, orientation reversing) isometries in the fibres. Then 


pi(é, < ’ >, A.) er exp* pf(n, < ’ »s 4,), 
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where yw denotes the induced map between the base manifolds and 
e = +] (respectively, e = —1). 


(2) pf(é< , >, 4.) depends only on &, the orientation of € and the 
index of < ‘. F , 


(3) (pf(E, <5 >, Ae)? = (—1)™ Pm(£) (2m = rank €). 

(4) Suppose € is the orthogonal direct sum of oriented pseudo- 
Riemannian subbundles 7 and ¢, and assume € has the orientation induced 
from the orientations of 7 and Z, and the decomposition € = 7 @ ¢. Then 


pf(g,<,>, 42) = p(n, ¢ , >, 4,) > pf(S, < , >, 4y)- 


Proof: (1) This follows from Theorem IV, sec. 8.13. 


(2) In view of Lemma I, it is sufficient to prove that any two 
Riemannian metrics (, ), and (, ), in € determine the same Pfaffian 
class. According to Proposition VI, sec. 2.17, volume I, there is a strong 
bundle isometry from (€,(, ),) to (&,(, ),). It is evident from the 
construction that this isometry preserves the orientation of the fibres. 
Thus (2) follows from (1). 


(3) Proposition VII, sec. 8.17, implies that the diagram, 


(VLF)r 


(VSkF), 


commutes. Moreover, according to Proposition VI, sec. A.6, 
CE) = PEF v PEF, 
Now (3) follows. 


(4) Choose pseudo-Riemannian connections in y and ¢ and give & 
the induced pseudo-Riemannian connection. Its curvature takes values in 
9k, © 5Sk,. Thus (4) follows from the corollary to Proposition VIII, 
sec. A.6. 


Q.E.D. 


3. Pseudo-Riemannian bundles: Pontrjagin classes and Pfaffian class 439 


9.13. The Pfaffian class of a Riemannian vector bundle. In view of 
Proposition IX, sec. 9.12, the Pfafhan class of an oriented Riemannian 
vector bundle, &, is independent of the choice of the Riemannian metric; 
this class will be called the Pfaffian of € and will be denoted simply by 
pf(é). In Chapter X it will be shown that the Pfaffian class coincides with 
the Euler class of the associated sphere bundle (Gauss—Bonnet-Chern 
theorem). 

The Pfaffian class of the tangent bundle of an oriented Riemannian 
manifold M will be written pf(/) and called the Pfaffian class of M. 

Let 4 y be the positive normed determinant function in 7 yj; it is called 
the volume form for M and [4 4, is called the volume of M. Moreover 
if R° is the Riemannian curvature of a Riemannian connection in M, 
then 


= a A Am (R')") 


represents pf(M/) (2m = dim ™). 
Now let K €¢ S(M) be the function determined by the equation 


(— 1)" vol S2™ 


(nyt 64m (RY) = 2K Ay 


This function is called the Gaussian curvature of the connection. 
Evidently pf(J/) is represented by (2/vol S?”) K4y,. 
Proposition IX specializes to 


Proposition X: The Pfaffian class of an oriented Riemannian vector 
bundle, &, has the following properties: 


(1) It changes sign if the orientation is reversed. 


(2) Ifo: +7 is a bundle map restricting to orientation preserving 
isomorphisms in the fibres and inducing % between the base manifolds, 
then 


~* pf(n) = pf(é). 


(3) Suppose & = 7 @ ¢, where y and ¢ are oriented subbundles and 
€ is given the induced orientation. Then 


pf(é) = pf(m) - pf(é). 


In particular, if £ admits an oriented subbundle of odd rank, then 


pf(é) = 0. 
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9.14. Decomposable curvature. Suppose is an oriented Riemannian 
vector bundle that admits 2 Riemannian connection whose Riemannian 
curvature is of the form 


R=f-(Wa¥), feS¥(B) Ye AB; &) 
(cf. Example I, sec. 9.8). Assume that € has even rank r = 2m. Then 
(4,,(R)") = f™ C4, ¥?™). 


It follows that pf(£) is represented by the differential form 
—1\" | 
P= (5) gil <4e P*). 


Next observe that Y determines the strong bundle map y: 7, — & 
given by 
Y(h) = ¥(x; h), xé€B, heT,(B). 


The bundle map Ags: At, > AE yields a homomorphism 
(Ays)*: A(B) — Sec AE*. 
Now the differential form P can be written 


p = Aa fm -($)* (4) 


In particular, assume that B is compact and that € =7,. Write 
4, = 4,. Then A; is the volume form of B. 


In this case we have 
((Ax)*45)(x) = det J, -Ax(x), xe B. 


Moreover, 
(2a7)\72""* 


Vol(S*™) = Ta mi 


(cf. sec. 0.13). 
Thus 


[- pf(B) = T= fi (—2f)™ + det yp: dy. 
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In particular, if B has constant curvature, then (x) =. and f is 
constant. Set f = — 4x. In this case the formula above yields 


[> pf(B) = 2" Vol(B)/Vol(S?”). 
B 


If B = S*, then « = 1 (cf. sec. 7.29) and this formula reduces to the 
formula 


i - pf(S2) = 2, 


Ss 


(cf. the corollary to Proposition XV, sec. 7.28.) 


9.15. Homogeneous spaces. Let G be a compact connected Lie 
group and let H bea closed subgroup. We shall determine the Pontrjagin 
classes of the homogeneous space G/H. 

Denote the Lie algebras of G and H by E and F and assign E a G-in- 
variant positive definite inner product. Then we have vector bundles, 


E€=G x<yF and n=G xf, 


over G/H. (cf. sec. 5.6). 
Recall from Proposition IIT, sec. 5.11, that 


€ = TG/H and EDOyn = e&", (n = dim G). 


It follows that p(G/H) = p(€) = p(n)7?. (cf. sec. 9.4.) 
Denote by ad and ad+ the induced representations of F in F and F+. 
Let p: E — F be the projection. Since 


plG/H) = h(Cx) = ar h( Cup), 


we may apply Example 2, sec. 8.26, to obtain an explicit representative 
®,. for p,(G/H). In fact, ®, is the unique closed invariant 4k-form on 
G/H satisfying 


(7*®D,)(e; h, geery hy) 


t=) 


= Gamer 2X SeCaelad™ Plow)» hovar)-s ad Plhotaxay » hover), 


esik 


h,éF*. 


442 IX. Pontrjagin, Pfaffian, and Chern Classes 


Similarly p,(n) is represented by the closed invariant 4k-form, Y, , 
which satisfies 


(7*¥,)(e; h, yorey hy;) 


==] k 
= SOD 2 €oCox(ad Plhow) ’ haa) |s-+s ad PlAo(ax—v) ’ hotax))), 


h,eF+. 
(Here 7: G > G/H denotes the projection.) Thus the differential forms, 
6=)®, and Y=) Y¥,, 
k k 
represent p(G/H) and p(G/H)"1. 
Next assume that G/H is oriented and that G/H has even dimension 


2m. Then the Pfaffian class for G/H is represented by the unique invariant 
2m-form & which satisfies 


~ ] 
1 * Ee; hy gerry hom) = (2n)" 2m! d e,Pf(ad*p[ho (1) ’ h(a) ]s+++5 ad“ p[he(om—1)s h,(am)]- 
In Chapter X (Theorem II) it will be shown that 


# 
[- p(G/H) = Xow. 
G/H 


Hence {¢/, 4 = Xg/, . If H has the same rank as G, then Proposition 
XIII, sec. 4.21, shows that X,;4 ~ 0. Thus, in this case, the unique 
invariant 2m-form, 4¢/,, on G/H, which satisfies {¢/74¢/H = | 1s given by 


l 


XGiH 


t 


Te 


Now we can apply the formula of Example 2, sec. 8.26, to find that for 
any vector bundle € =(G xy W, p, G/H, W) which is associated with 
a representation, ®, of H and, for any ['e(V™L%),, 


i A(l) 


= (aay Keg gg Patel (Plot show D nnn ®( Pltotam-s) + Foto) 
ON Sg€oPE(ad*( pga) s Aotay))s-++1 d*( PlAgtam—1) » Aotem)]))’ 


where h, , ..., A, 1S a basis of F+. 


§4. Complex vector bundles 


In this article € = (M, a, B, F) denotes a complex vector bundle of 
complex rank r. Thus F is a complex r-dimensional vector space. 


9.16. The modified characteristic homomorphisms I. and m.. The 
characteristic homomorphism for € will be denoted by /,. Thus J, is the 
complex linear homomorphism (cf. sec. 8.13), 


l,: (VLE); > H(B; ©), 


defined as follows: If ® e (V°L*), then 1{®) is represented by (1/p!) 
@(R, ..., R), where ® is identified with the corresponding constant 
invariant cross-section and R denotes the curvature of a complex linear 
connection. Note that all linear and multilinear operations are with 
respect to C and (VL*), is the subalgebra of VL* whose elements are 
invariant under GL(F). 

In particular, we can modify /, to a homomorphism, 


I: (VL); > H(B; C), 
by setting 


L(®) = (Fz) M®), Be (VLD). 


[, is called the modified characteristic homomorphism for &. 
Next, let < , ) be a Hermitian metric in € Then a Riemannian 
metric, < , >g, 18 defined in the underlying real vector bundle, 


Ep = (M, TT, B, FR); 
by 
Cu, U>p = Rectu, vd, u,veF,. 


Then (€g,i%,, <, >g) is a &-bundle, where 7, denotes the cross-section 
in ég° corresponding to multiplication by 7 (cf. Example 4, sec. 8.3). 

The structure group of this 2-bundle is the group U(F) of unitary 
transformations of F, and the corresponding Lie algebra is the (real) 
Lie algebra, Sk;, of skew Hermitian, complex linear transformations 
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of F. The modified characteristic homomorphism of this 2-bundle is a 
real linear homomorphism 


m,: (VSkp ),; > H(B; C). 
It determines the homomorphism (also written m,) 
m,: C @ (VSkF), > H(B; C) 
given by 
m(A ® ©) = A> m(P), AeC, Pe(VSk>*),. 


To establish the relation between J, and m, make C ® Sk, into 
a complex Lie algebra by setting 


A ee @ 4] =v © [g, ¥], AmEC, ov, pe Ske. 


Then the correspondence A @®qgt>A-¢ defines an isomorphism of 
complex Lie algebras 


C © Skp— Ly. 
This in turn induces isomorphisms, 
V(C @ Skp)* <— VIF, 
and 


[V(C @ Sk,)*],_, <—— (VL),_, - (9.7) 


(All multilinear operations are over C and @ denotes the obvious represen- 
tations of C @ Sk; and of L; .) 
On the other hand, consider the isomorphism of complex algebras, 


C @VSk* —>+ WC © Skr)*, 
given by 
A@(hkv ov RN 
(A@ h*)v (1 @ hE) Vv VL @AK, AEC, Ake Sk*, f= 1... p. 
Since the representation of C @ Sk, in C @® VSKk# 1s given by 


A.A © y) =A & WH), Ae C, p € Sk, , 
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this isomorphism restricts to an isomorphism 
C @ (VSk¥),_, —> [V(C © Sk*)],_, - (9.8) 
Combining (9.7) with the inverse of (9.8) we obtain an isomorphism 
C @ (VSk*),_, <—— (VL¥),_,- 
Since both U(F) and GL(F) are connected, this is an isomorphism 
«:C @ (VSk*), <— (VL¥), 
(cf. Proposition IX, sec. 1.8). 
Proposition XI: The diagram, 


(VLF)r 


C © (VSkF), 


commutes. 


Proof: A 2-connection in (€p, 22, < , >r) is, in particular, a complex 
linear connection in the complex vector bundle €. Thus its curvature 
can be used to define both 7, and m, . In view of this, the proposition is 
a straightforward consequence of the definitions. 


Q.E.D. 


Corollary: m, is independent of the Hermitian metric. 
Finally, in analogy with sec. 8.14 we extend m, to a homomorphism 
me*: C ® (V**Sk*), > H(B; C). 
Precomposing with the Taylor homomorphism, 


[A(Sk, ; C)], ~ C & (V**Sk*F), , 
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yields a homomorphism 
§,: A(Skr ; C), > A(B; C). 


Suppose fe S(Skr;C),. Define functions f,¢ A(Sk-; C), and 
foe S(Skz; C); by 


coe 1 —s 
file) = fe) +f(-¢e)) and fal) = 55 (Fe) — f(—9))- 
(Here f(—q) denotes the complex conjugate of f(—¢).) Then f = 
f, + tf, . Moreover, a simple calculation shows that, if g,,..., 9, € Skr, 


then - ; 
(rn, : even, _ 
re (0; seoey Pu) E iR, hk odd 1, 2. 


It follows that §,( f,) € H(B) and §, f.) € H(B). Thus 
f(f) = 1 ©S(fi) +t © Se fe) 


is the decomposition of §,(f) into its real and imaginary parts. In 
particular if f(~) = f(—¢), » € Skr, then §,( f) is a real class; 1.e., 
if) € H(B). 


9.17. Examples: 1. Complexification: Let yn =(W, p, B, H) be a 
(real) Riemannian vector bundle and let € = (M, za, B, C & H) be the 
complex bundle whose fibre at x is the complex space C @ H,; € is 
called the complexification of n and we write € = C ® yn. The Riemannian 
metric < , > in 7 determines the Hermitian metric ¢ , > in € given by 


Ay O91 5 Ae © Vo> = AA 15 Yes AEC, yEH,, xeEB. 
Thus we have four modified characteristic homomorphisms: 
h,: © @ (VLi), > H(B; C), k,: © @ (VSki), > H(B; C) 
and 
I: (VL%gu)1—> H(B;C), ig: © @ (VSkig.n) > H(B; ©), 
where 4, , &, , and m, are extended in the obvious way (cf. sec. 9.2 for 
h,, and k,). 


Now regard C @ Ly as a complex Lie algebra, and observe that an 
isomorphism, 


C @Ly—— Lean: 


of complex Lie algebras is given by 


A&® pr A(t © g), AEC, pely. 
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This isomorphism induces an isomorphism, 
VC @Ly)* — VLégu, 


of complex symmetric algebras; we identify V(C @®L,)* with C @ VL* 
and write 
COVE =F 


This isomorphism induces the commutative diagram, 


C @(VLA), —— (VLoqu); 


~| |= 


CC® ( VLA )e=0 — ( VE £@ H)e=0 ’ 


where the notation J (respectively, @ = 0) is with respect to GL(#) 
(respectively, L;,) on the left, and with respect to GL(C ® A) 
(respectively, Leo) on the right. In fact, the right-hand vertical arrow 
is an isomorphism because GL(C & #7) is connected (cf. Proposition LX, 
sec. 1.8) and the lower horizontal arrow is an isomorphism because of 
the isomorphism C @Ly = Lewy. Now simple diagram chasing shows 
that the other arrows are isomorphisms. 

It follows (by an argument analogous to that of Proposition XI, 
sec. 9.16) that the diagram, 


(VE oa ONL), 


NZ 


H(B; C) ' 


commutes. Combining this with the diagrams of sec. 9.16 and sec. 9.2 
yields the commutative diagram 


(VLig 4); —> C © (VL}), 


NA 


aw H(B; C) 


aN 


C ® (VSkéon): —C® (VSki)) . 


448 IX. Pontrjagin, Pfaffian, and Chern Classes 


2. Realtfication: Consider a Hermitian metric, ¢ , >, in the complex 
bundle € and let (Eg, 2, , < , >g) be the underlying real &-bundle defined 
in sec. 9.16. Then z, € Sec Sk, and the cross-section, 


te Att Ate € Sec A*EQ, 


is nowhere zero; i.e., it orients €g. This orientation is called the 
orientation induced from the complex structure. 
Observe that the orientation in &g is uniquely determined by the condi- 
tion 
Pf(i.(x)) >0, «eB. 


Denote i, a -*: A ig by 4; then J is the positive normed determinant 
function in €g . Thus (€g, « , >g, 4) isa 2-substructure of (Eg, 2,, < , Dr). 
In view of Proposition VII, sec. 8.17, this leads to the commutative 
diagram 


C ® (V SkFg), 


““S 


C @ (V Sk*), —& H(B; C) 


iA 


(VLE), 


Here (VSkF_), 1s the subalgebra invariant under SO(FQ), and j: Sky Sk; 
is the inclusion. 


3. Dual bundles: Let €* be the complex dual of €. Section 8.15 


yields a commutative diagram, 


(VLF); 


i 
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where A, 1s the isomorphism induced by the Lie algebra isomorphism 
pr> —o*. 

On the other hand, F and F* are only determined up to a complex 
isomorphism; if F is replaced by an isomorphic complex space F, , then 
the identification (VLF); = (VLF ), 1s the canonical isomorphism induced 
by an isomorphism F => F, (cf. sec. 8.15). In particular, we may identify 
F with F* and (VL%), with (VL%.), . Then A, becomes an automorphism of 
(VL¥),. 


~~ 


Lemma II: The automorphism 4;: (VL*), > (VLF), is given by 
1G =(—1)6, Ge(VL*),. 


Proof: Fix g €L; and choose a linear isomorphism o: F > F so that 
o* =acrqgoeog =k 


Then, for ®eE(VPL*),, 


(A;P)(9,..., p) = B(—a 0 gpoa),..., —a0gpoa) 


= (—1)?O(g,..., ¢). Q.E.D. 


The lemma shows that [, and [,« are related by the formula 
l(®) = (—1)?1,«(®), Pe (VLE), . 


Moreover if fe “A(Sk;), , define fe A(Sk;), by f(~) = f(—¢). Then the 
lemma implies that 


Sef) = Sef). 


4. Homomorphisms: Let £ =(M, #, B, F) be a second complex 
vector bundle. A smooth fibre preserving map gy: M— M is called a 
complex linear (respectively, conjugate complex linear) bundle map if it 
restricts to complex (respectively, conjugate complex) linear maps in the 


fibres. 


Proposition XII: Assume that »: €— é is a fibre preserving map 
inducing y: B — B and restricting to isomorphisms in the fibres. 


(1) If is a complex linear bundle map, then 


pel (®) = 1(9), Pe (VL}),. 
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(2) If ~ is a conjugate complex linear bundle map, then 
ptl(P) = (—1)1(®),  Pe(VPLF),. 


Proof: (1) is a direct consequence of Theorem IV, sec. 8.13. 
(2) A Hermitian metric in € determines a strong complex conjugate 
bundle isomorphism o: €* => €. Thus goo 1s complex linear, and so 


pt](®) = 1,,(P) = (—1)I(P), Be (VPL*), 


(cf. Example 3 above). 
Q.E.D. 


Corollary: If /,(®) #0, for some ® € (V?L*), with p odd, then the 
complex bundles € and &* are not strongly isomorphic. 


Remark: The situation in the corollary above (cf. Example 7, 
sec. 9.20) is in contrast with the situation for a real bundle, which is 
always strongly isomorphic to its dual. 


§5. Chern classes 


In this article € = (M, 7, B, F) denotes a complex vector bundle of 
complex rank 7. The notation established in sec. 9.16 remains in force. 


9.18. Chern classes. In sec. A.2 the characteristic coefficients 
Che (V*L*), are defined. The cohomology class, 


c(€) = 1(ct), k=0,1,...,7, 


is called the kth Chern class of £. In volume III it will be shown that the 
Chern classes generate the characteristic algebra of &. 
The Chern classes are real classes: 


ex(£) € H™*(B). 


In fact, introduce a Hermitian metric in € and observe that, for »; € Sk; , 


Thus the commutative diagram in Proposition XI, sec. 9.16, implies 
that /,(C{) is a real class. 
The nonhomogeneous class 


T 


c(g) = ¥ cy(€) 


k=0 
is called the total Chern class of &. It is given by 
c(f) = S_ det(s + 9) 


(cf. sec. 9.16 and sec. 9.4). In particular, c,(€) = §,(det). 
It follows from Example 3, sec. 9.17, that the Chern classes for the dual 


bundle are given by 


c,(€*) = (—1)*e,(6). 
Thus 
c(€*) = §, det(s — yp) = §, det(« — —*). 
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Moreover, the Chern class of the Whitney sum of two complex 
bundles is given by 


c(€ On) = e(€)e(n); 


this follows in exactly the same way as the analogous result for Pontrjagin 
classes (Proposition II, (2), sec. 9.4). 

In particular, if the Whitney sum of a number of copies of € and a 
trivial complex vector bundle 1s a trivial complex bundle, then c(é) = 1. 


9.19. Chern character. The cohomology classes corresponding to the 
trace coefficients Tr, € (V?LF), (cf. sec. A.3) are denoted by tr,(€), 


trp(é) = 1,(Tr,). 
These classes are real (by the same argument as in sec. 9.18). In 
particular, 
tr,(é) = 7 and tr,(£) = ¢,(&). 


Proposition IIT, sec. A.3, shows that the trace classes and the Chern 
classes are related by 


a8) = 5 Y (“DE e6) trl). 


The Chern character of € is the nonhomogeneous class, ch(&), defined by 


= | 
h(é) = ) —tr,(é). 
ch(é) = 57 tra) 
(Observe that this is a finite sum.) It is given by 
ch(é) = §,(tr exp). 


In exactly the same way as the analogous formulae for the Pontrjagin 
character are established in sec. 9.6, it follows that 


ch(f ® 7) = ch(£) + ch(n), 
ch(é ® 7) = ch(é) « ch(n), (9.9) 
ch(A°£) = §,(tr A?exp) 
and 


ch(A€) = §, det(e + exp), 


where 7 is a second complex bundle over B. 
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Next, let F? = (P, 7, B, G) bea principal bundle and let ©: G + U(F) 
be a representation of G in the Hermitian space F. Let X, be the smooth 
complex-valued function in G given by 


X,(a) =tr@®(a), aeG 


(Xq is called the character of ®). 
If € is the associated complex vector bundle P x, F, then 


ch(é) = Sg(X ° expg). 
(The proof coincides with the proof of Proposition V, sec. 9.7.) 


9.20. Examples: I. Todd class: Consider the smooth invariant 
complex valued function, f, in Sk; given by 


fe) = dee Be we Ske. 


It is the unique smooth function which satisfies 
det p - f(~) = det(s — exp(—¢)), pe Skr. 
Since f(0) = I, a smooth invariant function, Td, is defined near the 
origin of Sk; by 


Td(p) = ie 7 


It is uniquely determined by the formula 


det p = Td() « det(s — exp(—¢)), 


whence 
det(3q) - det(exp 4~) = Td(¢) - det(sinh $y), ge Ske. 


Evidently Td(0) = 1. 

The cohomology class td(é) = §(Td) is called the Todd class of &. 
It follows from the definition of f(~) that Td(—q@) = Td(¢), 9 € Ske. 
Hence (cf. sec. 9.16) td(&) is a real class; 1.e., td(é) ¢ H(B). Since 
Td(0) = 1, td(&) is an invertible element of H(B). 

The Todd class of the dual bundle is given by 


td(é*) = §(Td(—¢)), 
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(cf. Example 3, sec. 9.17). Since 


Td(¢) 


Td(—q) = det exp(—¢) Td(¢) = exp tr(p) ’ 


pe Sk, 


it follows that td(é*) = td(&)(exp c,(€))-!. Moreover, the relation, 
det p = Td(—¢) det(exp » — +) 


a Td(—@¢) y (=4)* tr A? EXP @, Pe Skr , 
p=0 
(cf. formula A.1, sec. A.2) implies that (cf. secs. 9.19 and 9.18) 


rT me | r - a r : 
& (pe eh are) = Te) = ITS exp a8. 


2. Complexification: If y is a real vector bundle, then 


p(n) =(C @y) and — tr(m) = ch(C & y) 
(cf. Example 1, sec. 9.17). 


3. Realification: Let £g be the real vector bundle underlying a 
complex vector bundle €. Then there is an isomorphism of complex 
bundles: 


C®ir=e iO &. 


In fact, fix a Hermitian metric in € and let ao: € = €* be the induced 
complex conjugate isomorphism. Define g: C @ fg > € © €* by 


9k @2) =z @olz)), AEC, ze (Fae. 


This isomorphism implies that 


PlEr) = e()-e(E*) and _—tr(&g) = ch(£) + ch(€*). 


4. Pfaffian: Fix a Hermitian metric in the complex vector bundle & 
and consider the underlying real vector bundle €g. Multiplication by z 
orients each fibre (cf. Example 2, sec. 9.17). Thus &g becomes an oriented 
Riemannian vector bundle. The Pfaffian class of & (cf. sec. 9.13) is given 
by 

pf(éa) = ¢,(é). (9.10) 
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Indeed, if p € Sky and j: Sky > Sk,, is the inclusion, then 


Cr (p) = 1° PEPR(q)) 


(cf. Example 3, sec. A.7). 
Thus formula (9.10) follows from the relations 


c(£) =1(C;), — pf(Ew) = iheg(PFF®) 
and the commutative diagram of Example 2, sec. 9.17. 


5. Complex line bundles: A complex vector bundle of rank 1 is 
called a complex line bundle. Each Hermitian line bundle determines an 
oriented Riemannian bundle of rank 2. Conversely, if 7 is an oriented 
Riemannian vector bundle of rank 2, then a complex structure is deter- 
mined in each fibre as follows: The linear transformation 2, is the unique 
skew transformation that satisfies 


ze +.~=—0 and Pf(z,) = 1. 


These constructions are inverse to each other. Hence &+> &p defines 
a bijection between Hermitian line bundles and oriented Riemannian 
bundles of rank 2. 

On the other hand, a Hermitian line bundle € determines an associated 
principal circle bundle & and & is the bundle associated with & via 
the standard representation of S1in C. Moreover, it is easy to see that Z 
is the associated circle bundle, (&g),, for the Riemannian bundle é,. 
Thus |-1 correspondences, 


Hermitian line bundles <-— oriented rank-2 Riemannian bundles 


principal circle bundles, 


are defined by 


ae. 


FP. = (Er)s- 
Proposition XIII: Let € be a Hermitian line bundle. Then 


e(f) = pf(fe) = Xeprs » 


where X,,_), is the Euler class of (£p)s (cf. sec. 0.16). 
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Remark: The second equality is a special case of the Gauss—Bonnet- 
Chern theorem of Chapter X. 


Proof: ‘The first equality is established in Example 4. To establish 
the second, observe that &, is the real vector bundle associated with & 
via the standard representation of S! in R’. Hence (cf. (8.4), sec. 8.25), 


pi(éa) = — shy (PA). 


Next observe that the standard representation of S! in R® identifies 
S! with SO(2). Thus in this case Pf becomes a linear function in the Lie 
algebra of S!. Let w € A}(S!) be the unique invariant 1-form such that 
w(e) = Pf. Then a simple computation shows that 


J. w = 2n. 


Hence, (—1/27) Pf determines the invariant |-form on S! whose 
integral is —1. Now the example of sec. 6.23 shows that 


Xeps = *a, = ha, (5- Pf), 


whence Xi), = pf(fa). a 
-E.D, 


6. The canonical complex line bundle: Consider the Hopf fibration 
(S2"+1 7, CP”, S") (cf. sec. 5.20). The standard action of S! in C 
determines an associated complex line bundle 


én — (S*+1 x, C, p, CP*, C). 


Recall from sec. 5.14 that a point x in CP” is a one-dimensional complex 
subspace of C”+!; this subspace, regarded as a complex space, is the fibre 
over x in &7 (cf. sec. 5.15). 

The orientation of (€7)g determines an orientation in the Hopf fibra- 
tion. Give CP” the orientation so that the corresponding local product 
orientation in S?”+1 is the standard orientation. Then it follows from 
Example 5, above, and sec. 6.24, that (c,(&{))” is the orientation class 
of CP. 

In particular consider the case n = | and write €; = £,. Then 
CP! = S* (cf. Example 4, sec. 5.14) and the Hopf fibration is a bundle 
(S?, 7, S?, S1). The corresponding line bundle &, 1s called the canonical 
complex line bundle, and c,(&,) is the orientation class for S?. 
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7. The tangent bundle for S?: Give 752 the standard metric and orien- 
tation; let € denote the resulting complex bundle. Then (cf. sec. 9.14 and 
Example 5, above) 


fal) =f prs) = 2. 


This shows that c,(£) + 0. 


Hence, by the corollary to Proposition XII, sec. 9.17, € is not complex 
isomorphic to €*. Moreover, if e% is the trivial complex bundle over S? 
of rank q, then € @ €? is not trivial. On the other hand, the real vector 
bundle (€ @ ec), 1s the Whitney sum of 7,2 with the trivial real bundle of 
rank 2; hence it is trivial. (Consider the embedding of S? in R°.) 


9.21. The axioms for Chern classes. Theorem I: The Chern classes 
of a complex vector bundle satisfy the following axioms: 


1. Dimension: If & has rank r, then c(é) € Yj529 H™(B). 


2. Naturality: If po: €-»7 is a homomorphism of complex vector 
bundles which restricts to linear isomorphisms on the fibres, then 


p*e(n) = e(f), 
where % denotes the induced map between the base manifolds. 


3. Whitney duality: If and 7 are vector bundles over the same base, 
then 


c(€ © n) = (€) - e(n). 


4. Normalization: Let €, be the canonical complex line bundle over 


S?, Then 
c(€,) =1+ GW 52 » 


where w is the orientation class of S? for the orientation defined in 
Example 6, sec. 9.20. 

Conversely, let +» d(&) be a rule that associates with each complex 
vector bundle a cohomology class in the base such that the above 
conditions hold. Then 


d(£) = e(é). 
Proof: Axiom (1) follows from the definition. Axiom (2) follows 


from Proposition XII, sec. 9.17. Axiom (3) is observed in sec. 9.18, 
and Axiom (4) is established in Example 6, sec. 9.20. 
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Conversely, assume that £1» d(€) satisfies axioms (1)-(4). Then 
certainly d(£,) = c(£,). 

Next, consider the complex line bundles €? (cf. Example 6, sec. 9.20). 
The inclusions 4,: CP!—» CP" extend to homomorphisms of complex 
vector bundles. Thus, by naturality, 


MAET) = 4,(8,) = (Ey) = AF (87). 
Since A*: H*(CP") — H*(CP!) is injective (cf. sec. 6.24), it follows that 
d(ft) = 1 + 4,(€t) = 1 4- ey (€7) = (£7). 


Now suppose £ = (M, a, B, C)is any complex vector bundle of rank |. 
Then there is a bundle map 9: & — €{ restricting to isomorphisms in 
the fibres and inducing a smooth map #: B —» CP”. (This follows from 
Proposition V, sec. 5.19, with k = 1.) Hence, 


d(f) = prd(et) = P¥e(ET) = e(£). 


Finally, let € =(M, 7,, B, F)be any complex vector bundle of rank r. 
Introduce a Hermitian metric and let A = (P, a, B, U(r)) be the asso- 
ciated principal bundle. Let T be the maximal torus in U(r) that consists 
of the diagonal isometries (with respect to a fixed orthonormal basis of F). 
Then F decomposes into one-dimensional 7-stable subspaces 


F=F,®- @F.,. 


Thus the complex vector bundle » = P X,F over P/T is the Whitney 
sum of the vector bundles 7; = P x, F, (cf. sec. 5.6). 
Now consider the commutative diagram of complex bundle maps: 


P x;-F ——> P Xy,,F —> M 
6 


P|T B. 


P/U(r) 


Using axioms (2) and (3) we obtain 


r 


pt d(e) = an) = [] dln) = [] tn) = pte). 


t=1 


Finally, consider the bundle (P/T, p, B, U(r)/T) and let V,;, be the 
corresponding vertical subbundle (over P/T) (cf. sec. 0.15). Let 
x € H(P/T) be its Euler class. Then the fibre integral, f;,,) irX IS a 
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scalar. Moreover, the restriction of V,,, to the fibre over z (z € P/T) 
is the tangent bundle of the fibre, and the restriction, y,, of y to that 
fibre is the corresponding Euler class. It follows from Theorem I, 
sec. 10.1, volume I, that 


(fx) (2) = ij Xx=Xuwir, zEP/T, 


where y,(,)/7 18 the Euler Poincaré characteristic of U(r)/T. 
Now Proposition XIII, sec. 4.21, together with the example of sec. 2.16, 


yield 
f x =r!. 
U(r) /T 
It follows that 
| + i] + 
= — + d . os eee + - — : 
HE =f era) x= sf wrlele)) “x = (8) 


r 


Q.E.D. 


Problems 


1. Trace series and characteristic polynomial. Let F be an 
n-dimensional vector space. Write 


Tr(t) = Tr*(t) = > ap rise and = C(t) = C*(t) = Y Chr”. 
p=0 f° p=0 


(i) Verify the differential equation ¢C’(t) = C(t)(n — Tr(—2)). 
(ii) Evaluate Tr(t) and C(t) for the linear transformation @ given by 
ge, = A,e,, A,ER, where e, ,..., e, is a basis for F. 


(i111) Use the differential equation in (1) to prove that 
CFOHt) = Ct) - CM). 
(iv) Prove that C(t) = exp f9(1/7)(n — Tr(—7)) dr. 


2. Elementary symmetric functions. Define polynomials o, , 5; in 1 
indeterminates Q, ,..., A,, by 


t 


» A ‘08 A, 


l<yy<es<yyn 


0 = l, 0; 


and 


n 
YAY, f= Ln 2. 


v=] 


So = n, S; 


(i) Find polynomials P,; and Q, in 7 indeterminates such that 
s; = P,(o,,..., 9;) and a, = OS, ,..., 5y)s t= yg 
(11) Show that P,; and Q, are independent of m and that 
ate = PiCy iC) and -C,=]0(Tr 455 Tr). 
(iii) Show that o, = —(1/p) Dyer (—1)* op _45,- 


3. Let A denote the subalgebra of (VL), generated by the trace 
coefficients (or equivalently, the subalgebra generated by the charac- 
teristic coefficients, cf. problem 2, (11)). 
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(i) Show that A is the symmetric algebra over the subspace spanned 
by the elements Tr3( p = l,...,”) where n = dim F. 


(ii) Show that A is the symmetric algebra over the subspace spanned 
by the elements Ci( p = 1.,..., 7). 


4. Suppose o and 7 are, respectively, a skew and a self-adjoint trans- 
formation of an oriented even-dimensional Euclidean space. Assume that 
oot = 706 and that det 7 > 0. Show that o o7 1s skew and that 


Pf(o or) = Pf(o) - (det 7)!/?. 


5. Double covers and Pfaffian class. Let € and 7 be Riemannian 
vector bundles of ranks 7 and s over a connected manifold B. Let 
p.. B, > Band p,: B, — B be the unit sphere bundles of Até and A*q. 


(i) Show that p, is a double cover. Let w, interchange the two 
points of p;1(x) (x € B). Show that A(B,) = A,(B,) © A_(B,), where 


A,(B,) ={@| wt = 6} and A_(B,) ={G| wt = —O}. 


Establish a similar result for cohomology. 

(ii) Show that A’**E@) = ATE @ AM. Fix ze pp (x) and 
w € p, (x). Use p, and p, to obtain isomorphisms of AT*(B,), AT*(B,), 
and AT, @y(Bz@n) onto AT#(B). Hence obtain a bilinear map 


ATZ(B,) X AT} (B,) > AT Soul Bean): 
(i) Construct a bilinear map, 
A_(B,) x A _(B,) es A_(Begn)s 


written (D, ¥)t> ®- Y such that (®- P)(z &® w) = O(z) - P(w). Show 
that 
5(@- P) = 8@-¥ 4+ (—1)?®-8¥ = (p = deg G). 


Thus obtain an induced bilinear map H_(B,) x H_(B,) > H_(B;zo,). 
(iv) Let & be the pull-back of ¢ to B,. Show that € has a canonical 


orientation. Show that w, extends to an orientation-reversing 1somor- 


phism of € and conclude that pf(£) ¢ H_(B,). 


(v) Prove that pf(€@7) = pf(€) - pf(7). 
(vi) Show that an orientation in € determines a linear isomorphism 


~ 
=— 


H(B) = H_(B,) which carries pf(£) to pf(é). 
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(vii) Show that if € 1s an oriented vector bundle containing a sub- 


bundle of odd rank, then pf(é) = 0. 


6. Conjugate bundle. (i) Let F be a complex vector space. Show 
that multiplication by —z defines a second complex structure in Fy; the 


resulting complex space, F, is called the conjugate of F. 


(ii) Let € be a complex vector bundle. Replace the fibres of & by 
their conjugates to obtain a new complex vector bundle & called the 
conjugate bundle. 


(iii) Show that € = &*. Conclude that 
I(?’) =(—1)?1(r), Te VL (F, the fibre of €). 
7. Todd class. Let €& and 7 be complex vector bundles of ranks 7 and s 


and let ¢ be a real vector bundle (all over the same manifold). 


(i) Show that td(€ © 7) = td(€) - td(y). 
(ii) Mimic the definitions in the text to define the Todd class for a 
real vector bundle. Show that td(f) = td(C © 4). 


(i) Prove the relations 


td(fp) = td() - td(g*) 


and 
td(é) §,(det(« — cosh)) = 2-'pf(ép). 


8. Let FY = (P,7, B,G) be a principal bundle and let R be a 
representation of G in a real vector space F. Let € = (P X,F, p, B, F) be 
the associated vector bundle. Show that 


fo 9) a | p ; F 
tee = d aor hg((R’)’ Tro,)- 


9. Let € = (E,7, B,F) be a complex vector bundle of rank ,r. 
Show that 


co 


ch(A7é) = y sale? and c(ATE) = 1 + €,(€). 


Conclude that if c,(&) + 0, then the structure group of & can not be 
reduced to SU(F). 


10. Projective bundles I. For every complex vector space F denote 
by P(F) the corresponding complex projective space (i.e., the points of 
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P(F) are the complex lines in F). Let € = (E, 7,, B,F) be a complex 


vector bundle of rank r. 


(1) Construct a fibre bundle, &, = (M, za, B, CP*-1), whose fibre 
at x € B is the complex projective space P(F,). 


(i1) Construct a complex line bundle, 7 = (Z,,7,, M,C) over M 
whose restriction to P(F,) (xe B) is the canonical line bundle over 
P(F,). Show that the pull-back of € to M contains n as a subbundle. 


(ii) Introduce a Hermitian metric in € and let (P, zp, B, U(r)) be 
the principal bundle associated with €. Show that 


M = P Xyq CP = P/(U(1) x U(r — 1). 


(iv) Show that E, ~ P Xyq) N, where 7 is the vector bundle of (ii) 
and N is the canonical line bundle over CP’-!. 


(v) Let (E,,7,, B, S*-1) be the associated sphere bundle of &,. 
Show that 


Es = P X yyy S*-1 & P/U(r — 1). 


Obtain a principal bundle (£, , p, M, S1) and establish the commutative 
diagram 


74 


(vi) Show that the principal bundle of (v) is the circle bundle asso- 
ciated with the line bundle 7. 


11. Projective bundles II. Retain the notation of problem 10. Let 
6 ¢ H*(CP'-!) be the first Chern class of the canonical line bundle and 


let w € A*(M) represent c,(7). 
(1) Define a linear map, mp: A(B)@ H(CP"-!) > A(M), by setting 


of ®, & ) =)n*d,rnw, 8,€ A(B). 


Show that ¢ induces a linear isomorphism 
px: H(B) @ H(CPt) —> H(M). 


Find an explicit expression for p, . (Hint: Use Mayer-Vietoris.) 
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(ii) Conclude that 7*: H(B) > H(M) is injective. Thus prove that 
the homomorphism, p*, of sec. 9.21 is injective. 

(iii) Show that there are unique classes «, € H*"(B) (1 = 0,..., 7) such 
that a, = | and 


r 


¥ m*(a,)(—ex(n))"-* = 0. 


7=0 


Let H(B)[#] denote the algebra of polynomials with coefficients in H(B), 
and let .% denote the ideal generated by the polynomial ¥;_, «,¢?-*. 
Construct an algebra isomorphism H(B)[t]/4% ~ H(M). 

(iv) Prove the relation 


r 


> m¥e(€)(—e,())"* = 0. 


7=0 


(use problem 10, (1i)). Conclude that a, = c,(&). Conclude that (iii) 
provides an alternative definition for the Chern classes. 


(v) Let hk be a nonzero Lie vector of S!. Interpret the results on 
H(M) as theorems on H(A(M),(,)<9,e(n)=0 » 9): 


12. Group actions. Suppose a Lie group G (with Lie algebra £) 
acts from the left on a real vector bundle, £ = (M, 7, B, F). Let Z, and 
Z, denote the fundamental vector fields on M and B generated by 
heE, and set X, = —Z,,X, = —Z,,. 


(i) Write (a+ ox) = a: (o(a“!- x)), ae G, xe B, o€ Sec &. Write 


(A(h)o)(x) = “(exp th) + 0)(2)|z-0- 
Show that 6(2) belongs to Sec L, and satisfies 
O((h, R]) = [0(H), 6(&)] 
and 
ah fo) = X,(f)-o+f- Oho, h,keE, fe ¥(B), ceSecé. 


(11) If : pi ip ee Ar?) show that A@(h)X = [X,, X] 
respectively, = n)S2). 
(111) Show that X thx] = LX), ’ X;,/. 
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(iv) If € is a Riemannian vector bundle and G acts by isometries 
show that 


<A(h)o, > + <a, A(h)r) = X,(<o, 7), 0, rE Sec €. 


Establish a converse if G is connected. 


(v) If V is a linear connection in € and G acts by connection 
preserving maps show that 


A(h) © Ve ~ Vx oh) =Vixn, heE, Xe2(B). 


Establish a converse if G is connected. 


(vi) Assume that G acts by connection preserving maps. Show that 
a linear map S: £ —» Sec L, is given by S(k) = Oh) — Vy . Show that 
V(S(A)) = 1(X,)R, where R is the curvature of V. 

(vii) Assume that the action of G on B is trivial. Show that the action 
of G on M restricts to representations, ®, , of G in the fibres F, . Prove 
that 

@' (h)(o(x)) = (A(A)o\(x), xEB, hek. 


If, in addition, G preserves a linear connection in & show that 6(A) is 
parallel. Thus, if B is connected, construct a representation of G in F and 
a G-equivariant coordinate representation for €. 


(vil) Suppose that 4 «€ E is a vector such that X, has no zeros and 
assume that G is compact. Construct a linear connection in € which is 
invariant under the toral subgroup generated by exp th and whose 
curvature satisfies 1(.X,,)R = 0. Conclude that the Pontrjagin numbers of 
€ are all zero. 

(ix) Assume a torus 7 acts on a compact oriented manifold B so that 
the isotropy subgroups are proper. Prove that the Pontrjagin numbers of 
B are all zero. 


13. Parallel cross-sections. Let 7 = (M,7, B,F) be a Riemannian 
vector bundle with a Riemannian connection V. Assume that B is con- 
nected, and that o is a parallel cross-section in Sk 7. 


(i) Obtain distinct, strictly positive numbers @, ,..., a, and a unique 
decomposition 7 = @gn, such that: (a) o = @og,, o,€ Sec(Sk 7,), 
(b) o, = 0, and (c) o? + 47a?. = 0, v = J,..., 7. 

(11) Show that the decomposition of 7 in (i) is orthogonal. Show that 
V = @3V,, where V, is a Riemannian connection in 7,. Show that 
each a, is parallel. 
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(iii) Construct unique complex vector bundles &,(v = ],...,7), 
such that (€,), = 7, and o, = (27ia,)t. Show that each V, 1s complex 
linear. 

(iv) Let I'e(V*Sk}),, where J denotes the invariance under 
SO(F) if 7 is orientable, and with respect to O(F) otherwise. Set 


] —] —] 


and 


—| —| 
i I ail (aR ‘ aE Rs oi ony 550). 
(7 factors) (k — 7 factors) 


Show that 2, is the component of degree 27 of 22. Show that the corres- 
pondence "+> 2 is a homomorphism. Prove that 92 is closed, and pass 
to cohomology to obtain a homomorphism A,: (V Sk*),—> H(B; C). 
Show that A, is independent of the choice of V. 


(v) Define «,,¢ H(B) (1, p = 1,..., 7) by 


m= CHE ed el al—ayres 


0<t<i<m, er 
O<8<cu-jcm, 


where m, denotes the rank of €, . Prove that 


h,(C2q) = »y Pa,(no) 1.90, ° °°" ° &r,2@, » 


Qgt***+,=4 
Conclude that 4,(C,,) is a polynomial in the Pontrjagin classes of ng , the 
Chern classes of €, , and the a, . 


(vi) Assume that 7 1s orientable and of rank 2m. Use the complex 
structure of €, to orient »,. Conclude that », is orientable and of rank 
2m,. Orient yn and give 7 the induced orientation. Let c(€,, t) be the 
polynomial 2,,c,(€,) t™—?. Show that 


i™h,(Pf) = Pf (7) , I] c(, ’ —a,). 


Conclude that 7A,(Pf) is a real class, invertible if and only if 7) = 0. 
(vii) Interpret (iv), (v) and (vi) in the special case that B is a point. 


14. Toral actions I. Let T be a torus with Lie algebra E and let 
= (M, 7, , B, F)(B connected) and = (N, 7,, M, H) be real vector 
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bundles. Assume that T acts from the left on 7 and € so that: (a) the action 
on B is trivial, (b) the two actions on M coincide, and (c) the action on M 
restricts to faithful representations of T in the fibres. 

Let € = (OQ, 7,, B, H) denote the restriction of to B via the zero 
cross-section. 


(i) Construct a T-invariant Riemannian metric and a T-invariant 
Riemannian connection V in €. Do the same for 7. For h € E construct 
a parallel cross-section 6(h), in Sk, (cf. problem 12, (vii)). 

(ii) Find a T-equivariant strong isomorphism {= 7*é. Hence 
obtain from & a 7J-invariant Riemannian metric and a T-invariant 
Riemannian connection V, in ¢. Show that the curvature R, of V, 
satisfies 1(Z) R, = Oif Z is a vertical vector field on M. 

(iii) Let Z, be the fundamental vector field on M generated by 
he E and set X, = —Z,,. Show that X, 1s vertical, and that X,(z) is 
tangent to the sphere in F,,,) through z. Conclude that i(X,) R, = 0. 


(iv) Apply problem 12, (1) to obtain operators 6,(h) (h € E), in Sec €. 
Set 


S(A) = Oh) — (Vix, 


and show that S(A) is a T-invariant, parallel cross-section in Sk,. Show 
that S(A) is the pull-back of 4(A). 

(v) Assume that exp th generates T. Let 7 = (M, a, B, F) be the 
deleted bundle. Construct a 7J-invariant |-form, w, on ™M so that 
i(X),)w = 1. Show that 6w is T-invariant and satisfies 1(.X,) dw = 0. 

(vi) Let fe A(R) satisfy f(t) = 1, t > $ and f(t) =—0, t<}. 
Define pe S(M) by p(z) = f(| z |). Show that f is T-invariant. Prove 
that V = V, + (p- w) @® S(h) is a T-invariant Riemannian connection in 
¢ whose curvature is given by R = R, + 8( p-w) @ S(h). Conclude 
that 1(X,)R = —8p @® S(h). 

(vii) Justify the notation [1 — 8( pw)]-? = Dyeo [8( pw)]*. Let Q, 
denote the jth component of a nonhomogeneous form 2. Establish 
the formula, 


Fon FE) ~ 8 p))" 
» ype AED. AAD a a, 


for De (V*Skx), . 
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15. Toral actions II. Consider the special case of problem 14 in 
which € = 7 and ¢ = nxn. Fix he E so that exp th generates T. Denote 
the resulting parallel cross-section in Sk, by L(h) (corresponding to the 
6(h) in problem 14). 


(i) Apply problem 13 to L(h) to obtain a decomposition 7 = 
7, ®-*: @7n,, positive numbers a, and complex vector bundles &, such 
that (€, Ja = = ny, and L(A) restricts to (271a,): in €,. Let m, = rank €, and 
m= >,., m,. Orient the 7, and 7 (compatibly). 

(ii) Give the associated sphere bundle, 7s = (Ms, zs, B, S?”-}), the 
induced orientation. If @e A(Ms) satisfies 1(X,)® =O prove that 
fs® = 0. 

(iii) Choose a T-invariant |-form, w, on M so that i(X,)w = 1. 
Prove that 

Fou 0 (Buo)™* = (— 1)" ay™ a, 


(Show first that the integral is independent of the choice of w). 

(iv) Let V, be a T-invariant Riemannian connection in y with 
curvature R,. Let V be the corresponding connection in 7*y (with 
curvature R), constructed as in problem 14, (vi)). Let j: Ms — M be the 
inclusion map. Then 


j*PE(R,..., R) = 86 


for some ® € A?”-1(M,,) which 1s T-invariant and satisfies 1(X,)® = 0 
(cf. problem 9, Chap. X). Use this fact (and problem 14, (vii)) to showt hat 
there exists a ¥ € A(B) such that 


fsw a (1 — dw)? = [p(t tO 4+ BY, 


(v) Let A(Ms);)~.0(n)=9 be the graded differential algebra of forms, 
®, which satisfy 7(X,)® = 0 and 6(X,)® = 0. Show that for any form 
Y on M, 6(X,)¥ = 0 if and only if ¥ is T-invariant. Obtain from 
m7~ a homomorphism p: A(B) + A(Ms),(,)<0.0(n) <0 - 

(vi) Define a map g: H(B) © Rit] > H(A(Ms):q<0,0m=0) bY 
g(a © t*) = (pya) 6*, where @ is the class represented by dw. Show that » 
restricts to a linear isomorphism 


H(B) @(1 ®t @ =: © t™-!) —> H(A(Ms) tn) <-0,0(0)-0)- 


(vil) Show that ¢ induces an algebra isomorphism 


(H(B) ® R{t])/ 4 —> H(A(Ms).«)=0,000) <0)» 
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where ¥ is the ideal generated by 


[el —at) (6.4) = LeglG) @A"*). 


(Hint: Use part (iv), and problem 13, (vi).) 
(viii) Show that parts (vi) and (vii) generalize problem 11. 


16. Toral actions III. Consider the situation of problem 14. Assume 
that dim B = 2n and let rank» = 2m. Assume B is compact and 
oriented. 


(i) Use problem 13 to obtain homomorphisms, 
hein: (VSky), > H(B; C) and hyn: (VSkF); > H(B; C). 


(ii) Let Ce(V"+"Sk#),. Show that I'(R/—2z1,..., R/—27i) has 
compact support, where R is the curvature of problem 14, (vi). Prove 
that 


1 R R +. 
amt d,s Saez) = J Fan Gem PD 


(Hint: Use problem 14, (v1) and problem 15, (iv)). 


17. Toral actions IV. Let a torus TJ act on a real vector bundle 
¢ = (N, p, M, H), where M is a compact connected 2q-manifold. Let 
F = |), F, be the fixed point set (cf. problem 14, Chap. III) and let », 
be the normal bundle of F, . Fix a Lie vector h so that exp th generates T. 


(1) Obtain homomorphisms, 
hen): (VSki); > A(F; C) and Ay: (VSkz,)) — H(F,; C), 


where H, is the typical fibre of y, (as in problem 16, (1)). 
(ii) Show that, for I’e(V%Sk%), , 
[" Ar) = Div [” Frag cgo(P, 
M ni Fy 


where rank yn, = 2m, . 


(Hint: Find a T-invariant Riemannian connection in { which agrees, 
in a tubular neighbourhood of the F, , with the connection V constructed 
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in problem 14, (vi) and whose curvature R satisfies i(X,,)R = 0 outside 
smaller neighbourhoods of the F, .) 


(iii) Show that, for De (VISk*),,7 << g —1, 
* a ~ 
Xf fogn(Mzgon(P)? = 0. 


18. Let € be a real vector bundle of rank 4 over a compact oriented 
4-manifold, B. Assume that € is trivial over B — {b} (be B). 


(i) Identify S? with a small sphere in B around b. Use & to obtain a 
smooth map 
gp: 53 > SO(3). 
(11) Show that any smooth map S? + SO(3) has even degree. 
(1) Show that for suitable orientations 


# 
bdege =| p,(2). 
B 
Conclude that fj p,(£) is an integer. 
(iv) Show that p,(€) = 0 if and only if € is trivial. 


(v) Given B and an integer k construct a real rank 4 vector bundle, 
n, over B such that {3 p(n) = R. 


19. Bundles over the Grassmannians. (1) Express the Pontrjagin 
character of the manifold Ga(m; k) in terms of the Pontrjagin character 
of the canonical vector bundle of rank k over Ga(n; R). 


(ii) Express the Pontrjagin character of the manifold G,(m; k) in 
terms of the Chern character of the canonical vector bundle of rank k 
over G,(n; R). 


(iii) Find the Pontrjagin and trace classes of CP”. 


20. K-theory. Let M be a compact manifold. 


(1) Use the Chern character to define a ring homomorphism 
(cf. problem 10, Chap. VIII) 


ch: K(M) @ C > H(M; C). 


(ii) If €is a complex vector bundle of rank r over M, show that 


ch (—1)" Ave) = pflén) - td), 


p=0 


Problems 47] 


21. Weyl tensor. Let g be a pseudo-Riemannian metric in a smooth 
n-manifold M. 


(1) Show that there is a unique pseudo-Riemannian connection V 
in ty, with torsion zero (Levi—Civita connection). Let R be its curvature. 


(11) Suppose R has components R,,*, with respect to a local coor- 
dinate system. Show that the expressions 


(Ric),, =) R,2,, (Ric)i = ¥ gt(Ric),,, 


oN 
define tensor fields Ric and Ric on M;; they are called the Ricet tensors. 
Show that Ric is symmetric, and find intrinsic expressions for Ric and 
Ric. Define Dc Y(M) by © = F,(Ric)*. @ is called the Ricci scalar 


curvature; express it intrinsically. 
(iii) Assume 7 > 3. Show that a 2-form C € A*(M; Sk, ) is defined 


es at — 8° (Ric) (Ric)? — g, (Ric)*} 
k air 1C) np miRIC), + Sem(Ric)t — g,,(Ric)i, 


@ 
= (a — 1) — dy mBet — 8B em)" 


C is called the Weyl conformal curvature tensor. Find an intrinsic expres- 
sion for C. 

(iv) Two metrics g, and g, are called conformally equivalent if g, = 
f +g, with fe S(M) and f(x) > 0, xe M. Show that the Weyl tensors 
of two conformally equivalent metrics coincide. 

(v) Show that tr(R**) = tr(C**), k = 1, 2,.... Conclude that the 
Pontrjagin forms for 74 (determined by a Levi—Civita connection) are 
conformal invariants. (Hint: Prove that R? = C? + ¥, where ¥? = 0, 
Ro WoR =O and tr(¥) = 0.) 


22. Bundles over symmetric spaces. Let w be an involution of a 
compact connected Lie group G. Let G, = {a¢€ G | w(a) = a}and let K 
be a subgroup such that G]C KC G,. Assume é =(G X, F, 7;, G/K, F) 
andy =(G x, H,7z,, G/K, H) are vector bundles. 


(i) Show that é admits a G-invariant linear connection. 

(ii) Show that the homomorphism y;: (VL), A(G/K) deter- 
mined by a G-invariant connection is independent of the choice of 
connection. 
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(iii) Establish a similar result for 2-bundles. 


(iv) Suppose that there is a G-equivariant isomorphism 
(G XxF)@O(G Xx, H)~G/K x R”. 


Let P, and P, be the representatives of the total Pontrjagin classes for € 
and 7 determined by G-invariant connections in € and y. Show that 


P,aP, = 1. 


(v) Apply these results to the canonical bundles over the Grassmann 
manifolds. 


23. Let » =(M,7,,B,F) be a Riemannian vector bundle of 
rank n and assume 2:7 — B x R” is a strong bundle map which restricts 
to isometries 1,: F,, > 1,(F,,) (with respect to a constant inner product in 
R”). Let p: B x R™ +7 be the bundle map determined by p, 01, = + 
and ker p, | Imz,. 


(i) Show that p, 06012, is a Riemannian connection in 7. 


(11) Consider the case that B = SO(m)/(SO(n) x SO(m — n)), 
n = €, where € is the canonical vector bundle of rank ”, and 7 is the 
inclusion induced by the isomorphism of Proposition V, sec. 5.19. Show 
that the resulting connection in € is SO(m)-equivariant. 


(ii) With B as in (11), use the symmetric space structure to obtain a 
principal connection in (SO(m), 7, B, SO(n) x SO(m — n)). Show that 
this induces a Riemannian connection in €, and that this connection 
coincides with the connection in (11). 


(iv) Show that the inclusion 1:7— B x R™ determines a bundle 
map g:7 — &, restricting to isometries in the fibres. Show that is 
connection preserving with respect to the connections defined in (i) 
and (ii). 

(v) Let P, be the representative of the total Pontrjagin class of 7 
determined by the connection in (i). Show that P, is invertible, and that 
the kth component of P;* is zero for k > 4(n — m). (Hint: cf. problem 
22.) 


(vi) Let M be a Riemannian z-manifold, and assume %: M — R™ is 
an immersion such that the induced metric in M is conformally equi- 
valent to the given one ( is called a conformal immersion). Show that the 
representative Py of the total Pontrjagin class of M (determined by the 
Levi—Civita connection) satisfies: the kth component of P3j is zero for 


k > 4(n — m). (Hint: cf. problem 21.) 
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24. Let & and 7 be real vector bundles of the same rank. Let 
gp: E, > E, be a smooth fibre preserving map inducing %: B, > B, and 
restricting to diffeomorphisms on the fibres. Show that p(€) = *p(n). 


25. Finitely generated projective modules. (i) Extend the defini- 
tion of characteristic elements to finitely generated projective modules 
over a commutative ring. 

(ii) Let R be the curvature of a linear connection in a vector bundle & 
over a manifold B. Show that @, A?”(B; €) is a finitely generated pro- 
jective module over the ring @,, A?°(B). Show that R is an endo- 
morphism of this module and that 1/p! C,(R,..., R) is the pth charac- 
teristic coefficient. 


26. Resultant. Let f(t) = Yo a,t"-‘ and g(t) = Yo 5,;t"-* be poly- 
nomials over a commutative ring A. Set 


M a, a, 
_ Ay ay Tt An ; 
Osi Diy yy Da) Re, es ee 
by Din n 
b, by a 


O is called the resultant of f and g. Define a polynomial, f * g, by 
(f* g\(t) = O( folt)s---» fn(t), by y.++) Bm), 


where 
f(t) = (=D? Y (45) ates 


i= 


(i) If f(t) = Ties (¢ + «) and g(t) = [ja (¢ + 8;), show that 
O(a y++) An3 Dg yes Om) = I (8B, —a,) and (fxg)(t)= I] (t + a, + B;). 
Conclude that (f * g)(0) = O(a), —@y 5 Gp se) (—1)" Ay 3 Dg yes Dm): 

(ii) Establish the relations 

feg=gerf, (f*g)xh=fu(grxh)  fx(gh) =(f* af), 

(feg)t=f?xgt and fel =f, 


for polynomials f, g, and A with leading coefficient 1. 
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(iii) For peL, set f,(t) = det(p + ts). If peL;,~eLy show that 
So@treu =f, * fy ° 


27. Pontrjagin and Chern polynomials. Let &€ be a real vector 
bundle of rank n. Its Pontrjagin polynomial is the polynomial p(&, t) = 
>; P(E) t"-*. Let » be a second real vector bundle. 


(i) Show that 


P(E On, t) = pl(E.t) p(y, t) and = p(E © m, t) = plE, t) * ply, #). 


(ii) If 4{Det?) = 0, h,(Det”) = 0, prove that h,¢,(Det?®#) = 0. 
(111) Establish the recurrence relation 


(21)9=t=* 


(AE, tym! mae iT | (ARE, a * [(m = k)" elé, — a : ye 


Solve this relation for m = 2, 3. 


(iv) Establish analogous results for Chern classes of complex 
bundles. 


28. Quaternionic bundles. Let € = (M,7z, B,F) be a quaternionic 
bundle. 


(i) By regarding C as a subalgebra of H make F,, x € B (respectively, 
F) into complex spaces (F,), (respectively, F'¢). Hence obtain an under- 
lying complex bundle €, = (M, a, B, Fe). 
(ii) Show that é, = €@. Conclude that c,(€¢) = 0 if p is odd. 
(in) Let €g = (M, 2, B, Fp) be the underlying real bundle (so that 
Ep = (Ec)r e Show that P(ER) = c(€¢)*. 


29. Hopf fibrations. Consider the Hopf fibrations 
P =(S*+1,7,CP",S1) and YF, = (S4+5, p, HP", S9), 


and let € and 7 be the corresponding canonical complex and quater- 
nionic line bundles. 


(1) Use the orientations of C™+! and C to orient S?"+! and S!. 
Obtain an induced orientation in CP”. Show that the orientation class 
is [—c,(¢)]". 

(ii) Obtain a bundle (CP?"*1, p, HP", S?) such that p = poz. Show 
that p*(nc) = & @ &. Conclude that p*(c(y,-)) = 1 — ¢,(£)?. 
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(111) Show that c,(7y¢) is the Euler class for the Hopf fibration above, 
where S° is given the orientation induced from the complex structure 
of H. Conclude that pf(yg) is the Euler class for A,. Show that 
1, co(¢),---» Coe)", 18 a basis for H(HP”), and that c(y¢)” is an 
orientation class for HP”. Conclude that p* (as in (ii)) is injective. Show 
that the bundle of (ii) does not admit a cross-section. 

(iv) Let E be the Lie algebra of S?® (1.e., the Lie algebra of pure 
quaternions). Define I’e(V?E*),; by I(q, , 42) = Re(q,9,). Show that 
Xa, = Ag (F/2n°). 

(v) Establish analogues of problems 10 and 11 for quaternionic 
vector bundles. 


30. Let A = (P, 7, B, S%) be a principal bundle. Consider the real 
vector bundle € = (M, p, B, R*) (where MW = P X43 H and S° acts in H 
by conjugation) and the quaternionic line bundle 7 = (P x, H, f, B, H), 
(where S* acts on H by right multiplication). 


(i) Show that € =e @{@, where rank € = 3. Conclude that 


p(s) = 9. 

(11) Show that p(€) = 1 — hg(2I/7*), where I is defined in 
problem 29, (iv). 

(iii) Show that c(n-) = 1 — hg(I/27°). 


31. Tangent bundle of HP”. Let » be the canonical quaternionic 
line bundle over HP” and let n¢ be the underlying complex bundle. 


(1) Show that 
PMPs) = [1 + extne)I*"4| 3. (deste) 


(11) Conclude that p,(HP") = (2n — 2) c.(n¢-). Hence show that HP” 
is irreversible for n > 2 (cf. problem 29). 


(1) Reverse HP?. 


32. Kodaira class. Let Y =(P,7,B,T) be a principal torus 
bundle, and let € be the complex vector bundle associated with a repre- 
sentation, ®, of T in a complex space F’. Let € have a linear connection V 
induced from a principal connection in F. 


(i) Interpret the curvature, R, of V as a 2-form with values in E: 
Re A*(B; E), where E is the Lie algebra of T. Show that 6R = 0. 
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(ii) Let Y = {U,} be a simple cover of B, and let {(U, , J,)} be a 
principal coordinate representation for F. Let gig(x) = Pr) o vez, 
x € U,,. Show that there are smooth functions fg: U,g — E such that 
EXP Ofag = Lap: 

(iii) Show that fig + fe, + fi. iS constant in U,,,. If hyg, is the 
constant value of this function, prove that the eigenvalues of ®’(h,,,) are 
integral multiples of 277. Interpret the correspondence U, 3, ++ hyg, as a 
simplicial 2-cocycle, 22, on the nerve V, of Y, with values in E. 


(iv) Assume f is a function which assigns to each non-void inter- 
section U, 1 -*- OU, an element of A?(U, O° 0 U,,; E)(p and q 
fixed). Then f is a g-cochain of E-valued p-forms. Make these functions 
into a space CP)? and introduce an operator, V = 6 + D, in the direct 
sum, C = @ C? 4, exactly as in article 7, Chap. V, volume I. Regard 
A(B; E) and C(./; E) as subspaces of C. 

(v) Show that R —~ 2 = V(¥) for some PEC. 


(vi) Consider the case that dimF# = 1. Show that an integral 
simplicial 2-cocycle, #6, on W is defined by ®'(h,,,) = —27i6(aBy). 
Prove that the class represented by 6 in H(W%)(the Kodaira class) corre- 
sponds to c,(&) under the isomorphism H(%) ~ H(B). 


(vii) For general F write fF =F, Q-::@F,, where the F, are 
I-dimensional T-stable subspaces. Let 6;€C%W) be the cocycle 
corresponding to F,; . Set 6 = []j_, (1 + 8,). Show that @ is an integral 
cocycle in C(.W) whose class corresponds to c(£) under the isomorphism 
H(N) ~ H(B). 


33. Vector bundles over S*. Let R* be the space of quaternions and 
let S* be the one-point compactification of R*. Give S4 the orientation 
induced by R*. Let M be the 8-manifold obtained from two copies of 
S4 x R‘ via the identification, %: R4 x R4 > R4 x R4, given by 


Day yd 5 
Wa) =(Te aay)  seRL vers, 
where pe Z and geZ. Construct a vector bundle, € = (M, 7z, S4, R°), 
and show that 


Pilf) = 2(p — g)w, 


where w denotes the orientation class of S*. Hint: Use problem 17, 
Chap. VI. 


Chapter X 


The Gauss-Bonnet-Chern Theorem 


10.1. In this section € = (M, z, B, F) denotes a fixed Riemannian 
vector bundle of rank r = 2m. Thus, if € is oriented, the Pfaffian class 
pf(€) is defined. On the other hand, the Euler class y, of the associated 
sphere bundle (via a Riemannian metric) is also defined. This chapter is 
centered around the following theorem: 


Theorem I (Gauss-Bonnet-Chern): Let € =(M,7, B,F) be an 
oriented Riemannian vector bundle of rank r = 2m. Then the Pfafhan 
class of € coincides with the Euler class of the associated sphere bundle: 


pf(é) = X,. 


As an immediate consequence of Theorem III, sec. 9.9, volume I, 
and Theorem IJ, sec. 10.1, volume I, and formula 9.6, sec. 9.12, we obtain 


Theorem II: Let & be an oriented Riemannian vector bundle 
of rank 2m over a compact connected 2m-manifold B. Let o be a 
cross-section with finitely many zeros and let V be a Riemannian 
connection in € with Riemannian curvature R°. Then the index sum of ¢ 
is given by 


j(o) = ae af koe RD) = fo Xe. 


Moreover, if € is the tangent bundle of B, then these numbers coincide 
with the Euler—Poincaré characteristic of B: 


ie) = ef Cer R m) = Y (=I)? dim H°(B) = [-%. 


Remarks: 1. In the theorem above, (R*)” denotes the mth power 
of R* in the algebra A(B; A€) and 4, 1s the positive normed determinant 
function in €. 
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2. In view of Lemma I, sec. 9.12, there are almost identical 
analogues of Theorems I and II for pseudo-Riemannian bundles. 


Corollary I: The Euler class of the Whitney sum of two oriented 
Riemannian vector bundles is given by 


Proof: Apply Proposition X, (3), sec. 9.13. (Recall from sec. 8.2, 
volume I, that y, = 0 if € has odd rank). 
Q.E.D. 


Corollary II: An oriented Riemannian vector bundle with nonzero 
Euler class contains no oriented subbundle of odd rank. 


Proof: Again apply Proposition X, (3), sec. 9.13. 
Q.E.D. 


Corollary III: ‘The tangent bundles of the even dimensional spheres 
contain no proper nonzero orientable subbundles. 


Corollary IV: Assume that B is a compact oriented n-manifold 
(n = 2m) whose tangent bundle admits a Riemannian connection with 
decomposable curvature R° =f-(PAW) (cf. sec. 9.14). Then the 
Euler—Poincaré characteristic of B is given by 


xp = (—1)" xf fm det ¥- Ap, 


where ,(h) = ¥(x;h), he T,(B). 


Proof: Apply the Gauss-Bonnet theorem and sec. 9.14. 
Q.E.D. 


10.2. Normed cross-sections. Let & = (M, 7, B, F) be an oriented 
Riemannian vector bundle of rank 7, equipped with a Riemannian con- 
nection V. Let R* denote the corresponding Riemannian curvature and 
let A, be the unique positive normed determinant function in €. 

Assume that € admits a normed cross-section g; 1.e., 


<o(x), o(x)> = I, xe B. 


(Observe that this is equivalent to assuming that € admits a cross-section 
without zeros.) 
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Define differential forms ®, € A’-1(B) by 
®, = (4,,0a (Vo*4 a(R), 0O<k<m—1, 
and set 


m—1 
P= — y a,P,, , 


k=0 
where a, is given by 


m(m — 1) ++ (m — k) 


PQ a ly” k =0,...,m — 1. 


a, = (—1) 


Proposition I: The differential form @ satisfies 
8© + {A,,(R')") = 0. 


The proof of the proposition depends on two lemmas. Recall that we 
identify € with €* via the canonical isomorphism induced by the 
Riemannian metric. Thus o determines an operator 7,(c) in A(B; A&) 


(cf. sec. 7.9). 


Lemma I: 
(1) caio)Q = Q, Qe A(B; A‘&). 


(2) io)(Vo)/# =0, k=1,2).... 
(3) (Vo) =0. 


Proof: (1) This is established in sec. 7.9. (2) This follows from the 
relation (cf. Lemma VII, sec. 7.24) 


io) Vo = (Vo, cs) = 0. 
(3) In view of (1) and (2) we have 
(Vo)?" =o ai,(a)(Vo)*" = 0 
Q.E.D. 


Lemma II: 
2k + 1 


——— (Vo) a (RY. 


V(o a (Vo)2*+} a (R')™-#-3) = (Vo)2*+2 a (RiyM-#AD + 


Proof: In view of Lemma I, (2), we can apply Lemma I, (1), with 


Q = (Vo)* a(R'y"-* 
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to obtain 
(Vo) a (R*y"-* = (m — k)o a (Vo)** aio) R° a(R)" 
= (m — k)o vi,(c) R" a (Vo) a (RF. 


Lemma IJ is an immediate consequence of this, together with the 
relations 


VG@a¥)=VOaYP + (—1)Oa V9, ®e AP(B; £), Ye A(B; &), 
Vo = R(o) = i,(c) R° 
and 


VR’ = 0. 
Q.E.D. 


10.3. Proof of Proposition I: It follows from Lemma II that (with 
aj = 1) 


V(a,o A (Vo)**t? a (R°)™-k-1) 
= a,(Vo)**+? a (R*)™-*-1 — a,_,(Vo)?* a(R°)"-*, k =0,....m— 1. 


Adding these relations, we obtain 
Am_(Vo)™ + (R*)" =V (= a,o a (Vo)?*+1 A Rye) 
k=0 
In view of Lemma I, (3), this reads 
(R')"™ =V Ee a,o A (Vo)*+1 A (Ry) 
k=0 


On the other hand, since V(4,) = 0 (cf. sec. 7.24), it follows that 
'(4,,2)=€4,, VQ), Re A(B; AE). 


Now set 2 = Yyy G0 A (Vo)?**+1 4 (R°)™—-! to obtain 


m-1 
(4,,(R°)") = ) » a,P,, = — 5, 
k=0 
Q.E.D. 


10.4. The bundle ». Consider the oriented Riemannian bundle 
€ = (M, 7, B, F) of sec. 10.1, and let €&; =(M,,7,, B, S) be the 
associated sphere bundle (cf Example 6, sec. 3.10, volume I). According 
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to sec. 3.10, Ms is a submanifold of M. Hence we can pull back 
the vertical subbundle (Vy, py, M, R’) of ry, to Mg (cf. sec. 0.15). 

This yields a vector bundle 7» = (Vs, ps, Ms, R’). The inclusion map, 
ty: Vs > Vy,, is a bundle map, 


Ve Vg 


M,——_—>~ M : 


tM 


which restricts to linear isomorphisms on the fibres. 

Next consider the injections 7,: F, > M. For zé€F,, (dj,), is a linear 
isomorphism from F,, to V,(M). Now recall from sec. 7.7, volume I, 
(cf. also sec. 7.20) that a bundle map, 


mu) | 


M——B , 


7 


is defined by 
62. = (djn(2))z > zeM. 


Combining the diagrams above we obtain the commutative diagram, 


Us Vi SM 


| nu |. 
M,; ——~ M —— B , 


iM vis 


which defines a bundle map, y = «o1,: 7 > &, inducing linear iso- 
morphisms in the fibres. 

In particular there is a unique Riemannian metric and a unique 
orientation in 7 such that y is isometric and orientation preserving. It 
follows that the positive normed determinant function 4, in the Rieman- 
nian bundle 7 is given by 


A, = (Ay)* ae, 


where Ay: An — A€ is the induced bundle map. 
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Now recall from sec. 7.7, volume I, that the vertical radial vector field 
Z is the cross-section in Vy given by 


Z(z) =a;'(z), ze. 


Since 7, restricts to linear isomorphisms on the fibres, Z determines a 
cross-section, 


o = 172, 


in ». For z € M,, we have y,(o(z)) = 2. Since y is an isometry, it follows 
that 


<o(2), o(z)> = 1, zeM,; 
thus o is a normed cross-section. 
Proposition II: Let V, be a Riemannian connection in &, and let 


V, denote its pull-back to » via y. Then the corresponding Riemannian 
curvatures are related by 


C4, (RY) = 7344, (RE). 
Proof: Observe that, since y is connection preserving, 
R* = (Ay)* R.. 
Since y induces 7,: M, — B between the base manifolds, we have 
€4,,,(R)") = C(Ay)* 4, (Ay)*(R2)") 
= 7e{A. . (R;)"). 
Q.E.D. 


10.5. Proof of the maintheorem. Theorem I: Let € = (M,z7z, B, F) 
be an oriented vector bundle of rank r = 2m. Then the Pfaffian class of € 
coincides with the Euler class of an associated sphere bundle. 


Proof: Fix a Riemannian metric in €. Let V, be a Riemannian con- 
nection in € with Riemannian curvature R?. According to formula 9.6 
of sec. 9.12 the differential form, 


CO" (4,08 
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is closed and represents the class pf(é). Thus we must construct a 
differential form, ® € A"™-(M,), such that 


8@ — —n*¢4,,(Ri)”) 
and 
$B = (—1)" min)”. 


Recall that in sec. 10.4 we used the vertical radial vector field to 
obtain a normed cross-section, o, in the oriented Riemannian vector 
bundle 7 = (V;, ps, Ms, R’). Let V, be the pull-back, via y, of V,, 
and let R* be the Riemannian curvature of V,,, as in that section. 

Define differential forms ®, € A’-(M5) (k = 0, 1, .... m — 1) by 


®, = (4, ,o A(V co)! a (Rey kly 


and set 
m-1 
@ — 3 a,P,. ; 
k—0 
where 
a, = (-1 Mn k =0,...,m — 1. 


(2k + 1)’ 
Then Proposition I of sec. 10.2, applied to 7, implies that 
6m = —€4,, (R’)"). 
Combining this with Proposition II of sec. 10.4 yields 
8b = —1*(A. ,(Ri)"). 
It remains to be proved that 


- ® = (—1)" m\(27)”. 


Fix a point ae€ B and let z,: S, —-> Ms be the inclusion map, where S, 
denotes the fibre of &, at a. Regard S, x F,, as a trivial oriented Rieman- 
nian vector bundle over S, . Then a bundle map 


x Vs 
| [> 
Ms 


oY saan rae 


Sa 


| i 
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is defined by 
g{2,vy)=72(¥) 2€5S,, yeF,. 


Clearly, g, induces orientation preserving isometries in the fibres. 
Moreover, the diagram, 


Sa Oe ee a ae 
Sg — > Ms—— B , 
tq TS 


commutes. 

Now the map of base manifolds induced by y ° g, is the constant map: 
S, > a. It follows (cf. Example 2, sec. 7.13) that the pull-back of any 
linear connection in & to the trivial bundle S, x F, via yo g, 1s simply 
the standard connection 8. In particular, 


(Ag) RL = Avo 9)" R; = 0. 


On the other hand, g, is an orientation preserving isometry of vector 
bundles, and so 
(Aga)* 4, = 4, 


where 4, denotes the positive normed determinant function in F, . Thus, 
with o, = g%o, we have 


i*D, = (A, ,0,4 (80,)%*#1 a (Ag, )*(Ri)"*1Y= 0, kk = 04... m — 2, 


and 
uy 2 4 = (4, ,0 ? % A (do, )?). 


It follows that 


: ; —1)™ m! 
irP = a ee a se = wa oy {4,,¢ > “a A (do, yet): 


Finally, observe that the cross-section, o, , is given by o,(z) = (z, 2), 
zeS,. Hence, the corollary to Proposition XIII, sec. 7.27, yields 


) (A, +04 4 (804)") = (2m — 1)! vol S2”-1, 
AY 
It follows that 
(fF ®)(a) = { i*® = (—1)" mi(2n)", a EB, 
S S 


(cf. sec. 0.13 for vol S?”-1), Q.E.D. 


Problems 


1. Angle function. Let M be an oriented Riemannian 2-manifold 
with metric tensor g and normed determinant function J. 

Let a: [0, 1] > M be a path on M. A vector field along « is a cross- 
section, X, in the pull-back, «*7,,, of 74, under a (equivalently, X is a 
smooth map from the unit interval to Ty such that X(t) € T,»)(M), 
te [0, 1]). Let V be the Levi—Civita connection in M and let V; be the 
induced connection in «*7 y in the direction of the vector field T = d/dt. 
The covariant derivative of a vector field along «a, denoted by V,, is 
defined by V,X = VX. 


(i) Let X € 2(M)and set X(t) = X(a(t)). Establish the chain rule 
(VX )(t) = V(X(a(t); &(t)). 


(11) Let X and Y be vector fields along a such that | X(t)| = | and 
| Y(¢)| = 1. An angle function is a smooth function @ of t (0 <t <1) 
satisfying 

cos O(t) = g(a(t); X(t), Y(£)), 

sin O(t) = A(a(t); X(t), Y(t)). 
Construct an angle function for X and Y. Show that if 6, and 6, are angle 
functions then, for some keZ, 6, — 6, = 2km. Conclude that the 


difference 6(1) — 6(0) does not depend on the choice of the angle 
function. 


(ii) Show that 
a(1) — (0) = f “[-A(a(t); X(t), VeX(t)) + (a(t); (2), Va¥(t))] at. 
Hint: Use the identity 


&(x; h, h,) + A(x; he , hg) + 2(x; 4, he) - A(x; hg , h,) 
+ g(x; h, hg) - A(x; hy, hy) = 0. 


(iv) Show that 6 changes sign if the orientation of M is reversed. 
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(v) Let X, (¢ = 1, 2,3) be vector fields along a and denote the 
corresponding angle functions by 6,, . Show that, for some k € Z, 


A, 3(t) ae 6,.(t) aE B43(2) + 2nk. 
Conclude that 


Oyo(t) + Fai(t) = 2k. 


(vi) Assume that a is a closed path homotopic to the constant path 
Xp: t+» a(0). Let p: Q + M bea homotopy from a to ag, where Q is the 
unit square 0 <t < 1,0 <7 <1. Construct a cross-section Y in the 
bundle 9*r x such that | Y(t,7)}) = 1 (O<t<1,0<7< 1). If X 
is a vector field along a show that 6(1) — (0) is independent of the 
choice of Y. Write 


X(X(0), X(1)) = (1) — 4(0). 


(vii) Let X bea vector field along dc (o a smooth 2-simplex) obtained 
by parallel translation of a vector X(0). Show that 


(X(0), X(1)) = — f PER), 
where R is the curvature of the Levi—Civita connection. 


2. Geodesic curvature. We retain the notation and hypothesis of 
problem |. The geodesic curvature of a path a on M is the function given 


by 
y(t) = THF A(a(t); a(t), V ai(t)). 


(1) If ois a smooth 2-simplex on M, show that 
if y— | PECR) = 0, + 6, + 0, — 7 


where 9, , 9, , 63 are the interior angles of o (local Gauss—Bonnet formula 


for 2-manifolds). 


(11) Conclude that the area of a geodesic triangle on the unit sphere S* 
is given by 
A = 6, +0, +6, —7. 


3. The Gauss-Bonnet formula for 2-manifolds. Let M be an 
oriented Riemannian 2-manifold with positive normed determinant 
function 4. Assume that X is a unit vector field on M. Denote by X-+ the 
unique unit vector field which satisfies 4(X, X+) = 1. 
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(1) Show that the 1-form @ given by ® = (VX, X+) satisfies 
8 = (R(X), X+Y. 
(11) If M is compact and X is a unit vector field on M with finitely 
many singularities, use (i) to prove the formula, 
[_ PER) = —2nj(X), 
M 
where j(X) denotes the index sum of X. 


4. Torusin R®. Let y: T? > R® be the immersion of the 2-torus in 
R? given by 


g(t, 7) = (b + acos t)cost:e, +(b + acost)sinr:e, + asint:eé, 


(0 <a <5). Give T? the Riemannian metric induced from R? via the 
immersion. Verify the formula 


{ _PA(R) = 0. 


5. Poincaré polygons. Define a Riemannian metric in the open unit 
disk of C by setting 


_ 4 
2(2; ‘Fi ’ Co) =. (1 ror | x |?)2 Re(€,4,). 


(i) Show that the corresponding Gaussian curvature is given by 


= —|, 


(ii) Consider the compact manifold M constructed in problem 24, 
(v), Chap. III, from a 4p-Poincare polygon. Use the Gauss—Bonnet 
formula to show that 


xm = 2(1 — p), p 22. 
Conclude that the first Betti number of M 1s p. 
6. The Hodge x-operator. Let M be an oriented Riemannian 


n-manifold with volume form 4y. Identify 74 with 7%, under the 
Riemannian metric. The Hodge +-operator is the bundle map, 


Sec A Pru —- Sec A®-Pray ; 
defined by 
(Xa AX) = i(X,)- (X)4u,  X;,6 FM). 
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Let R* be the Riemannian curvature of M and regard (R°)? as a cross- 
section in the vector bundle L j2»,,. 
(i) Show that (R°*)? is self-adjoint. 
(ii) Assume that n = 2m. Show that the Gaussian curvature of M 
is given by each of the formulae 
—2)" 


K = or tr(R°? x R°™-P *), 0 <p < m. 


7. Sectional curvature. Let M be a Riemannian n-manifold and 
assume h, k € T,(M) are linearly independent. The sectional curvature 
of M at x corresponding to / and k is the number given by 


R(x; h, k)(R), hd 
ch, hd<k, ky — ¢h, ky? 
M is said to have constant sectional curvature at x, if S(x;h,k) is 


independent of h and k; M 1s said to have positive sectional curvature 
at x, if S(x;h, k) > 0 for every independent pair A, k. 


S(x;h,k) = 


(i) Show that S(x; h, k) depends only on the plane spanned by h 
and R. 


(ii) If M has constant sectional curvature S(x) at all points and 
n > 3, show that the function S is constant (Schur’s Lemma). 


(iii) Assume that n = 4 and that M has positive sectional curvature 
at x. Show that K(x) > 0. (Hint: Use problem 6.) 


(iv) Let o: M — R**! be an immersion of an m-manifold (7 = 2m). 
Give M the Riemannian metric induced by gy. Express the sectional 
curvature in terms of the two fundamental forms. Show that if m is even 
and M has positive sectional curvature at a point x, then K(x) > 0. 


8. Homogeneous spaces. Let G be a compact connected Lie group 
and let K be a closed connected subgroup. Denote the Lie algebras by E 
and F. 


(i) Equip £ with a G-invariant inner product. Use the corre- 
sponding inner product in F+ to obtain a G-invariant Riemannian 
metric in G/K. Show that the curvature of the corresponding Levi-— 
Civita connection is G-invariant. Express the sectional curvature in 
terms of the Lie product. 


Problems 489 


(ii) Use the orthogonal projection E-»F to obtain a principal 
connection in the bundle (G,7,G/K,K). Use the isomorphism 
TG/K & G <x F+ to obtain a G-invariant Riemannian connection V 
in tg/x- Compare its curvature with the curvature obtained in (i). 
Compute the torsion of V. 

(iii) Let 4¢;x be the unique G-invariant (n — r)-form (n = dim G, 
r = dim K) on G/K such that f¢;x 4¢;x = 1. Assume that n — r = 2m. 
Show that if R* is the Riemannian curvature of any G-invariant Rieman- 
nian connection in 7¢;x, then 


(osx , R'™» = (— 1)™ m\(27)™ Xo/K4G/K . 


(iv) Let 4 be the volume form on G/K associated with the G-in- 
variant Riemannian metric. Show that 


A = vol(G/K) 4g)x.- 


Hence obtain an explicit formula for vol(G/K) in terms of the roots of G, 
the roots of K, and the inner product in E. In particular, evaluate vol(G) 
and so obtain an explicit expression for the n-form 4g, which satisfies 
Jc 4g = 1. (Hint: Consider a maximal torus in K, cf. problem 28, 
Chap. IT.) 


9. Establish the unproved statement in problem 15, (iv), Chap. IX. 


10. Manifolds-with-boundary. (1) Let (MM, 0M) be an_ oriented 
Riemannian 2m-manifold-with-boundary and let R* denote the Rieman- 
nian curvature. Let Y denote the normed outward-pointing normal 
vector field on 0M. Set 


m-—-1 
Q= ¥ afk4y,YaAVYaAR™*)y, 
k=0 


where the a, are the numbers defined in sec. 10.2. Prove that 


(=) = = 
ayn mt (),,k4m "> — J, 2) = x0. 
Hint: Use problem 15, (vii), Chap. VIII, and problem 9, (iv), Chap. X, 


volume I. 
(ii) If M is an oriented Riemannian 2-manifold with boundary oM, 
conclude that 


[ Kay +] y = 2nym, 
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where K is the Gaussian curvature of M and y is the geodesic curvature 
of 0M. 


11. (i) Let € and 7 be oriented vector bundles of rank 2m over a 
compact 2m-manifold B. Assume that € @ « is strongly isomorphic to 
7 @® «. Show that { (pf(€) — pf(n)) is an even integer. 

Hint: Prove that the restrictions of € and 7 to B — {a} are iso- 
morphic (where a is any point of B). 

(ii) Conclude that if (M, 02M) is a compact oriented (2m +4 1)- 


manifold-with-boundary, then yay is even. 


12. Let € bean oriented Riemannian vector bundle of rank 2m which 
admits a normed cross-section a. Let « be the rank | bundle spanned by o 
and let 7 be the bundle spanned by the orthogonal complement of e. 


(1) Show that a Riemannian connection V, in € determines a Rieman- 
nian connection in 7. Hence obtain a second Riemannian connection V 


in € such that Vo = 0. 


(11) Let R? and R* denote the Riemannian curvatures of V, and V. 
Show that 


P£(R’,..., R’) = 0. 


Use a technique analogous to that of sec. 6.20 to construct a differential 
form such that 


PE(R;,,..., Rt) — P£(R’,..., R’) = 89. 
Show that this provides an alternative proof of Proposition I, sec. 10.2. 


13, Let € = (M, 7, B,F) be an oriented Riemannian vector bundle 
of rank 2m + 1 with associated sphere bundle 5 = (Ms, 7s, B, S?™). 
Let (Vs, p, Ms , R?”) be the vertical subbundle of the tangent bundle 
of Ms ‘ 


(i) Show that the Euler class yy. of Vs is the unique class in H?™( Ms) 
which satisfies 


fsXv, as and (xy) E a> H(B). 


(ii) Let ((Vs)s, ps, Ms, S?™-1) be the associated sphere bundle of 
Vs. Regard (Vs)s as a bundle over B with fibre the Stiefel manifold 
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V(2m + 1,2), and consider the corresponding exact cohomology 
triangle (cf. sec. 5.23). Prove that 


D(1) = (—1)” Pal€), 
where D is the connecting homomorphism. 
14. Prove or disprove the following Chern conjecture. An even- 


dimensional Riemannian manifold with positive sectional curvature has 
positive Gaussian curvature. 


Appendix A 


Characteristic Coefficients and the Pfaffian 


In this chapter all vector spaces are defined over a field I° of charac- 
teristic zero. The notation conventions of sec. 0.5 are extended to vector 
spaces over I". 


A.0. The algebra of homogeneous functions. Given a vector space F 
a function f: F + I is called homogeneous of degree p if 


f (Ax) = APf (x), xéEF, AeTl. 


The functions homogeneous of degree p form a vector space, #?(F). 
Multiplication of functions makes the direct sum, 


H(F) = y HF), 


into a graded commutative algebra. 
Consider the inclusion map a: F* > #(F). Since #(F) is a commuta- 
tive algebra, a extends to a homomorphism, 


a: VF* > #(F), 


of graded algebras. For simplicity, we usually denote a(¥)(x) by ¥(x). 
On the other hand, a homomorphism of graded algebrasB: (F*>H(F) 
is given by 
B(D)(x) = B(x,..., x), BE @Ft, xeF. 
Let 5: ® F* — VF* be the projection (cf. sec. 6.17); then 
(a 0 15)(x*) = x*¥ = B(x*) x* € F*. 


It follows that (cf. sec. 6.18) 


This shows that 


Wx) = a W(x,.,4), WevFt, xeF. 


In particular, « 1s injective. 
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A.l. The characteristic algebra of a vector space. Let F be an n- 
dimensional vector space. Define bilinear maps, 


a : er x Lg Liars 
by setting 


(DLJ P(x A vs A Xyyq) 


I 
~ pil Dd, fo P(X) Ao A Xo(p)) A P(Xo(n41 7 A Xo(p+0))s 
"1° gES nore 


Pel PELs ef. 


AF? 


These bilinear maps make the space Y}p-9 Lavy into a graded algebra, C(F). 
It is called the characteristic algebra for F. 

On the other hand, make the direct sum 4(F) = p-o(A®F* @ APF) 
into a commutative and associative algebra by setting 


(u* &) u)- (v* & v) = (u* a v*) &®(u a 2), u*,v*e AF*, u,ve AF. 


Then the canonical linear isomorphisms A?F* @ A?F > Lys, define 
an algebra isomorphism 


A(F) —> C(F). 


In particular, it follows that C(F) is commutative and associative. Hence- 
forth we shall identify the algebras 4(F) and C(F) under the isomorphism 


above. 
The pth power of an element ® € C(F) will be denoted by $%, 


4 —-6Q:-Oo. 
(» factors) 
In particular, 


pf = plA%o, pele. 


More particularly, if « denotes the identity map of F and 1, denotes 
the identity map of A?F, this formula becomes 


2 = plh.. 
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It follows that 
_ (p+)! 


tp LJ tg = lpta: 


plq! 


Next, recall the substitution operators i(x): AF* + AF* and 
1(x*): AF —» AF determined by vectors xe F and x* e F*. They are the 
unique antiderivations that satisfy 


ix)y* =<y", xp and = (x*)y = <x", y), FEF, yeF. 
An algebra homomorphism 1: 4(F) — L(y is defined by 
i(x* At A x¥P &) Xp AoA Xp) — 1(Xp) Oo 880 1(x,) &) 1(x*?) 0°80 i(x*?), 


With the aid of the identification above we may regard 7 as a homo- 
morphism 


t: C(F) —> Lew) ‘ 


Finally, note that the spaces Ly», are self-dual with respect to the inner 
product given by 


PY) =tr(P-o VP) = ,,9oP) = i(G)¥. 
It satisfies 
<u* &®) u, v*¥ ® vw) = «u*, vd<v*, w), u*, vt¥eE APF*, u,ve APF. 


Moreover 7(®) is dual to multiplication by , DEL , op. 


A.2. Characteristic coefficients. The pth characteristic coefficient for 
an n-dimensional vector space F is the element Cf e€ V?L% given by 
Ci = 1 and 


Cho Me) = tp, OO Oe) =<. 00 Op, pel, oeLr. 


Note that C} = 0 if p > n. Ci will be denoted by Det’. 
The homogeneous functions, Cf, corresponding to Cf are given by 


Cry) = trA%, pele 


(cf. sec. A.0). We shall show that 


det(p +) = ¥ Chm) av”, 3 =AeET, veL,. (A.1) 
p=0 
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In particular, 


det mp = 5 Det*(g,..., ¢). 


To prove formula (A.1) we argue as follows. Let e, ,..., e,, be a basis 
of F. Then 


det(p + Ae, A Ae, =(PFA)eL A A(p + Ade, 


n 

_— rn— eae eee eee 

= DAMP Vey nN pe, A A DE; A AE n 
p=0 BC dt, 


The elements e, A +++ Ae; (4) < +** <12,) are a basis for A?F. Moreover, 
writing 


Sais = Fyreed y 
ANPG(e;, Av Ae) = 2: Ay teli AA 3, 
IySee Sip 
we see that e, A ** A pe; Aw A pe; At A On = AN A A ey 
It follows that 
n 


det(p +A)epAs Al, = Y AvP YS | APP A A en 


p=0 8,609 dty 


| 


n 
(x tr Aq: ars) CLAN en. 


p=0 


Relation (A.1) is now established. 
Relation (A.1) implies that Cf €(v?L7), ; i-e., 


C3(o og, ° Os) F 0 Pp ° a”) — C391 perry Pp)» 
or, equivalently 
Cho 0 Qy yey 9° Gy) = CEP OO, Pp), 9 ELF, 0 € GLIF). 


Setting o = + A (peEL,, —A not an eigenvalue of ys) and comparing 
the coefficients of A?! we obtain 


Y C8 ee [Ws Ps Ps) =O ge WELe. 


t=] 


496 Appendix A. Characteristic Coefficients and the Pfaffian 


The nonhomogeneous element CF € (VL}),, given by 
CS) Cox 
p=0 


is called the characteristic element for F. 
Next, let H be a second finite-dimensional vector space. The inclusion 


map j:Lr ®Ly—Lrox, given by jp OY) =~ @y, induces a 


homomorphism 
js VLE @ VL4 — Viton - 
(Recall that multiplication induces a canonical isomorphism 
VL? ® VL —> V(Lt ®L4) ») 


Proposition I: The characteristic elements of F, H, and F@H 
are connected by the relation 


j(CFOH) = CF @ CH, 
Proof: The equation 


det(p © b + Atron) = det(p + Ar) + det(y + At), peLr, pely, 


shows that 


CFO* (9 @ Y) = y Co(p) Cr o(#). 


Let «a: V(L¥ ® LF) > # (Lp @Ly) be the homomorphism of sec. A.0. 
The relation above yields 


a(j*(CPO)) = aC @& C%). 


Since a is injective, the proposition follows. 
Q.E.D. 


A.3. Trace coefficients. Let F be a finite-dimensional vector space. 
The trace coefficients of F are the elements Tr} € V?L¥, given by 


Tr*é = dimF 
and 


Tr3(71 ry Py) = 2 tr(Go(1) © *** © Poly)» eELF, pZl. 
D 


oe S 
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Evidently, 
Tri(o og, 0 07},..., 0°9,0077) = Tri(g, ,.. Pp)s a € GL(F), 


and 


y Tr3( perey [¥, Pilyerrs Pp) = 0, ub eLry. 


j=l 


Let H be a second finite-dimensional vector space. Consider the 
inclusion maps, 


j:Ly OLy > Lron and iLy OLy—>Lren, 
given by 
Ip Ov =7 Oe and (POd)=—7 Or: +e Oy. 


A straightforward computation establishes (cf. sec. A.2) 


Proposition II: The trace coefficients of F, H, F @ H, F@® HA are 
connected by the relations 


ji(TrhO*) = Tre @ 1 +1 @& TF 


and 


Treen) = y (F) Tr @ Trt. 


itj=p \! 


Next, consider the commutative algebra, 


V¥*L* = T] (V?L4), 


p=0 
whose elements are the infinite sequences 

b= (b,,%,,..,%,,..), 0,6 VPL*. 
Addition is defined componentwise, while the product is given by 


(@-¥)= Y Ov ¥; 


t+j=D 


(cf. sec. 6.21). Clearly V**L contains VEX as a subalgebra. 
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The trace series of F is the element Tr* € V**L¥, given by 


Trf = (TrF ahi ie 7 Trt ye) 


Proposition IT implies that 
j(TrFOX#) = Tr @1 +1 @Trk 


and 
iM(TrF@H) — TrF @ Tri, 


Proposition III: The trace and characteristic coefficients of a 
finite-dimensional vector space F are related by 


p—1 
¥ (—1)PoCF v Tr 


_! 
p a p-j ? 


= pei. 


Lemma I: ‘The operator, d, in VL*% given by 


(4®)(Po 1-1 Pp) 


oe » P(9; e Pj +. ; e P; ’ Po geeey Pi; peers D; gerry Pp), @ = VPLT 9 A oF E Lr ) 


t<j 

is a derivation, homogeneous of degree 1. It satisfies 
dTrF = pTrf,, 
and 
dCF=—(p+ CF, +CRv Tr, p>0. 
Proof: A simple calculation yields the formula 

dP v PYg,.... p) = (d@v P+ Ov dP \(o...., y), mele. 

This implies that d is a derivation. Clearly d is homogeneous of degree 1. 


The first formula follows at once from the definition of d. To establish 
the second formula note that (cf. sec. A.1) 


(P +1) Chuo %) =¢ Oo, 9% O° Og, 
= Xtp , 1(t)(Po pale tex) Py)> 
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and 


(eo O -* 0 ep) 


=) «Gem O 6 - Oe, 
—Voecorntencrp)lOanOG OF Og. 
j<k 


Combining these relations yields the second formula. 
Q.E.D. 


Proof of the proposition: The proposition is trivial for p = 1. In 
the general case, it follows by induction via the formulae in the Jemma 
and the derivation property of d. 


Q.E.D. 
Corollary I: 


p—1 


y (—leschv Tre; =0, pon. 
3=0 


Proof: Apply the proposition and observe that Ch = 0, p > n. 
Q.E.D. 


Corollary II: The subalgebras of VL} generated respectively, 
by Cf,...,C% and by Trg, ..., Tr7,, coincide and contain all the trace 


coefficients and characteristic coefficients. 
Q.E.D. 


§2. Inner product spaces 


In this article F denotes an n-dimensional vector space and ¢ , > denotes 
an inner product in F. It induces a linear isomorphism F > F* which 
we use to identify F with F*. Further, ¢ , > extends to an inner product 
in each space A?F. 

Sky denotes the Lie subalgebra of Ly consisting of the linear trans- 
formations which are skew with respect to <, >. 


A.4. Multiplications in AF @ AF. Inthe vector space AF ® AF we 
introduce two algebra structures: the first is the canonical tensor product 
of the algebras AF and AF; the second is the anticommutative tensor 
product of AF and AF. 

The first algebra contains 4(F) as a subalgebra (cf. sec. A.1) and so its 
multiplication is denoted by [): 


(u © v) 0 (4 @ uy) = (uA wm) @ (v a a). 


The second algebra is canonically isomorphic to A(F @F), and so 
multiplication is denoted by a: 


(u & v) a (u & vy) = (—1)*(u nu) Ovay, ve AF, u, € A'F. 
The two products are connected by the relation 
OOM =(-l)yrOnY, PBEAF@QAF, YPeEAFO AF. 
This implies that 
GO Oe = (HIP MIG, A NG, = EF OF. (A.2) 
In particular, 
te=—t Oh Oe= a (yet on en 

where «,, is regarded as an element of A?F & APF. 


Now define an inner product in F @ F by 


~ OY 1 OID =I + (WMD. 
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(This is not the usual inner product!) Extend it to an inner product in 
A(F © F). The induced inner product in AF @ AF (via the standard 
algebra isomorphism (AF & AF, a) ~ A(F @ F) is given by 


(APF ® A@tF, ATF © ASF) = 0, unless p=s and q=—=r, 
and 
<a © bu ® v> = (—1)?a, vb, ud, a,veE AF, bue AQF. 


Remark: Up to sign, this inner product agrees with the inner product 
in C(F) defined in sec. A.1. 


Next, identify F @ F with (F @ F)* under the above inner product. 
Let r:F O©F -+F QF be the linear isomorphism given by 


(x,y) =(x +49, *% — y), x,y EF. 
Its dual, +*, is given by 
T¥*(x,y) =(y— x,y + x), x, yeF, 


7 and r* extend to algebra automorphisms 7, and 7* of (AF @ AF, a) 
which are dual with respect to the inner product defined above. 
Observe that 


TAX AVOl)=(xany) Wl +x @Oy—yOx4+1 G(x y), 
TAX Oy) = (xray) OW1—x@®y—-yVOx—1 Q(x ry) 


and 
TAL @x ay) =(x Avy) @l—x@yt+y@ux4+16(K vy). 


Lemma II: 7 has the following properties: 


(1) x(x @y —y Ox) = A(x ay) @1—1@Q(x a »y)). 
(2) T"(ty) == 2P ty , 


Proof: (1) is immediate from the formula above as is (2) in the case 
p = 1. To obtain (2) in general observe that 


rt.) = (1p an A KO) 


= (—]) 2 -I (rT Aveo AT) = 2%. 


Q.E.D. 
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A.5. Characteristic coefficients for F. Let 8: A2F = Sk, be the 
canonical isomorphism given by 


B(x A y)(z) = (x, Dy — Cy, Bex. 


Proposition IV: Let gé€Sk;. Then the characteristic coefficients 
Ci(¢) are given by 


Ci(y) =0, _—p odd, 
and 


(Bp) A Bp), Bp) A + A Be). 


Cox) = a (Fr tactora) (factors) 
Proof: Let ye 5Sk,;. Then 
det(p + rx) = det(p* + Ac) = det(—@ + AL). 
It follows that Ct,.4(~) = —Ch,4,(~), whence Ch,4,(~) = 0. 


To establish the second formula, regard the inclusion 7: Sk; > Ly as 
a linear map from Sk; into F @ F. Then 


g(x 0 ¥) =x OY —Y @x. 
Thus Lemma II, (1) shows that 


tH(e) = AB“) @©1—1@OB¢)), pe dSke. 


Now let ¢ , > be the inner product in AF @ AF defined in sec. A.4. 
Then, for y € Sk; (cf. Lemma II and formula (A.2), sec. A.4), 


Cole) = Ba tox I(p) OO Die) 
= Gina able) 9 nile) 
= gaye ion BUG) A 0 BG) @ BAH) 6 0 BAO) 
= Tye PMP) 9 6 BMG), BAG) A 9 BA). 


Q.E.D. 
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Next, define elements B, € V**Sk# by 
By(P1 5-5 Pox) 


— aE d, CB-(Pou)) A‘. A B- (pox) ’ B(Pote+1)) A‘. A Boo (2x)>- 


Then, as an immediate consequence of Proposition IV, we have 


Proposition V: Let 7: Sk; >Z, be the inclusion. Then 
I(Coe1) = 0 and = j*(Cz,) = By. 

A.6. Pfafhan. Suppose F has even dimension 2 = 2m and let 
ae A*F. Then the Pfaffian of the pair (F, a) isthe element, Pff e V"SkF, 
given by 

Pfr +19 Pm) = CA, B-(¢,) As AB Mom)>, Pu E Sky. 
It determines the homogeneous function Pf@ given by 


I 
P£7() os ml P£G(9,.-+5 P)s Pe Sk; ; 


The scalar Pf&(¢~) is called the Pfaffian of » with respect to a. 

We extend the definition to odd-dimensional spaces by setting the 
Pfafhan equal to zero in this case. 

Proposition VI: Let ae A"F and be AF. Then 

Pf v Pf; = <a, b> j*(Det), 
where j: Sky — L, denotes the inclusion. In particular, 
(Pfi())? = <a, a» det 9, pe Ske. 
Proof: In fact, 


(Pf; v PE \(o, pores Pom) 


I = 
= (m!)? » <a, By.) A‘ A B95 (my ><5 5B Potm41) Ac AN B 1D (om)> 


] > 
= Gal <a, b><B poy At A Bp on) 1 BPotmr) A 7° A BOP ola) 
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(since a€ A"F and be A"F). This shows that 
Pf v Pfr = <a, bY By - 


Now apply Proposition V, with k = m. 
Q.E.D. 


Next, let 7: F + F be an isometry; 1.e., 
(Tx, TY? = (HY) x,y EF. 
Then det r = +1. If det r = 1, 7 is called proper. 
Proposition VII: (1) If 7 is an isometry of F, then 
PE (r 0g, 07 1... 7° @_, ort) = det 7 Pf, ssi Wy) gy; €Sk;. 


(2) If peSk;, then 


y PLY, peeey (yf, Pils» Pm) = 9, gi € Ske. 
t=1 


Proof: In fact, since 
B(rx A ty) = 70 B(x A y)o 7, x, y EF, 
it follows that 
PFT og, oT TO Pm oT) = det  PE(q, ,..., Om); 


which establishes (1). 
Similarly, for % € Sk; 


B(x Ay + x A py) = [yf Bix a y)], 
whence 


Y PEE (Pr v9 [Ps Gi]seees Pm) = teh * PEE (qy 5.) Pm) = O. 


inl 
Q.E.D. 


Let H be a second inner product space and give F @ H the induced 
inner product; 1.e., 


<x ® y, xy ®O yp a x, xy> at <ys Y»- 
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The inclusion map 7: Skp ® Sky — Sk; @x induces a homomorphism 
jv: VSkE @ V Ski — V Skt oy. 
Moreover, multiplication defines a canonical algebra isomorphism, 
AF @ AH —> A(F @ BH), 


which preserves the inner products. We shall identify the algebras 
AF & AH and A(F @ #2) under this isomorphism. 


Proposition VIII: Let ae A"F and b€ AH, where n = dimF and 
r = dim H. Then, with the identification above, 


j (PF O#) = PE @ PEP. 


Proof: If 2+ 7 is odd both sides are zero. Now assume that 
n+ r= 2k. Then we have, for p € Sk; and % € Sk, , 


(i Pease ep @ bp © $) = (a @4, (p Ot ++ @ H) 
k } } 
= © (; ka 9b, o>. 
If m and r are odd, it follows that 


j’ PFFOF — 0 = Pf @ PEF. 


If n = 2m and r = 2s, we obtain 
k 
(j" PEE p @ Y ¢ © ¥) = (— ) PH) PHY) 


= (Pfr @ Php @ d--5 p © 4). 
Q.E.D. 


Corollary: PAS(@ © b) = PE(e) PW), 9 eSkr, pe Sky. 


A.7. Examples: 1. Oriented inner product spaces: Let F be a real 
inner product space of dimension n = 2m (note that we do not require 
the inner product to be positive definite). Let ee A"F be the unique 
element which represents the orientation and satisfies |e, e>| = I. 

Then Pf* is called the Pfaffian of the oriented inner product space F, 
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and is denoted by Pf¥ . Reversing the orientation changes the sign of the 
Pfafhan. Proposition VI implies that 

det p = <e, e>(Pf¥—)’, gp € Sk. 


Next let F = F+ @ F- be an orthogonal decomposition of F such that 
the restriction of the inner product to F+ (respectively, F—) is positive 
(respectively, negative) definite. Define a positive definite inner product 
(, ) in F by setting 


(tte y t+y)Heyyo-—ayy>, we, yter, x,y eF. 
Let g be a skew linear transformation of F that stabilizes F+ and F-, 
g=o7t OG, ot: F+ + Ft, gi F->F-, 


Then is skew with respect to both of the inner products ¢ , > and(, ) 
and so that Pfaffians Pf  ,(p) and Pff )(¢) are defined. 


Proposition IX: Suppose 9 satisfies the conditions above. Then: 
(1) If dim F~ is odd, 

PEE (py) =0, PFC, (yp) = 0. 
(2) If dim F- = 2q¢. Then 

PEC, (yp) = (—1)* PF" \(¢). 


Proof: The corollary to Proposition VIII, sec. A.6, shows that, for 
suitable orientations of F+ and F-, 


: ; 
PEE y(p) = PEC. (p*) - PEC, »(9-) 


PE, y(p) = PEC, \(@*) + PA, (¢>)- 


Since ¢ , > and (, ) coincide in F*, it follows that 


and 


+ 
PEt” (pt) = Pf )(¢*) 


We are thus reduced to the case that < , > is negative definite; 1.e., 
F=F-andg = oq. 
In this case, <, >) = —(,) and so the linear isomorphisms 8, , 
and B,_) are related by 
Be. > = —B,)- 


If dim F is odd, then, by definition 
PEE) = Pf) = 0. 
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On the other hand, if dim F = 29, then 


PEE y(p) = <e, BZ (pe) A A BC y(e)> 


= (—1)¥e, BO y() A + A BC (H)> = (— 1)? PEC (9). 
Q.E.D. 


2. Oriented Euclidean spaces: Let F be an oriented 2m-dimensional 
Euclidean space. Fix y € Sky and choose a positive orthonormal basis 
X14 0+) Xo, Of F so that 


P(*o:-1) = A;Xoi 5 
and 
P(X2;) = —AjXoj-4 ) 1 —— Lpese5 m. 


Then PfF(p) = A, °° An - 
On the other hand, the characteristic coefficients of p are given by 


C39) =F . >, Xi, _ Nie: 


4 <eee <ty 


3. Complex spaces: Let F be an m-dimensional complex space with 
a Hermitian inner product. Orient the underlying real vector space Fp 
as described in Example 2, sec. 9.17, and define a positive definite inner 
product in Fp by 
¢ ’ >R = Re ¢ ’ >. 


Then a skew Hermitian linear transformation y of F may be considered 
as a skew linear transformation gp of Fg. We shall show that 


i™ PfFR (pp) = det g, gy € Sk-. 


In fact, let 2, , ..., 2,, be an orthonormal basis of F and let A, ER be 
scalars, such that 


pz, = 10,2, peo = Tyee mM. 


Then det p =7™ A, °° A,,. 
On the other hand, the vectors 2, , 12), ...) 2 »%%m form a positive 
orthonormal basis of Fg . Moreover, 


Pa(Z,) = A,,(22,,) and Pr(?z,) =< —A,(2,); b= I,..., m. 
It follows that (cf. Example 2) 


i™ PEFR(p_) = iA, ++ Ag = det g. 
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P® 40 H,(G), t1 154 
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t,, Ada 42 P, 168 
ad 43 Ag 170 
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G,(n; R), G(n; k) 
Ge(n; k), Gy(n; k) 
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Hp 
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Tay, Tay, , (V** E*); 
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A*(B; €), A(B; &) 
® 

A(B; C), ¢* 
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A 


Abelian Lie group, 44ff. 
Action of compact Lie group, 149ff, 424 
Action of Lie algebra, 98, 140 
Action of Lie group, see also Left/Right 
action, 81, 1O9ff. 
almost free, 114, 124 
discontinuous, 142 
effective, 139 
free, 114, 229 
joint, 198 
on bundle, 130 
on homogeneous space, 81, 112, 189 
On principal bundle, 231, 280 
on vector bundle, 131, 140, 465 
orbits of, 114 ff. 
orbit space, of 135 
principal, 193 
proper, 135, 138 
toral, 188, 466 
Adjoint representation 
in AE*, 158 
of Lie algebra, 43 
of Lie group, 42 
Admissible linear isomorphism, 403 
Affine 
group, 99 
spray, 137, 363, (135, 418) 
Algebra 
anticommutative graded, 4 
bundles, 377, 381 
connected, 4 
exterior, 4 
graded, 3, 4 
graded differential, 11 
Lie, 4, see also Lie algebra 
manifold, 416 
of complex differential forms, 307 
of hamogeneous functions, 492 


of quaternions, 2 
symmetric, 4 
Algebraic connection, 298 
Almost free action, 114, 124 
Ambrose—Singer theorem, 292 
Angle function, 485 
Antiderivation, 4 
Arc length, 358 
Associated 
algebraic connection, 298 
bundle, 198ff., 403 
circle bundle, 455 
connection, 406 
horizontal subbundle, 293 
isomorphism, 434 
Lie algebra bundle, 378, 381, 405 
left action, 112 
principal bundle, 403 
sphere bundle, 22, 350, (105, 293) 
vector bundle, 203, 411 
Automorphism 
of Lie algebra, 97 
of Lie group, 98 
inner, 42, 187 
Autoparallel, 358, 359 
Axioms for Chern classes, 457 


B 


Base space, 15, (38) 

Basic differential forms, 241, 245, 255 
Basic subalgebra, 241 

Basis for topology, 14 

Betti numbers, 19, (178, 205) 

Bianchi identity, 258, 327, 353, 417 
Bigradation, 17 

Bigraded module, 8 

Bi-invariant differential form, 161 
Bi-invariant Riemann metric, 369 
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Bilinear maps and algebras, 3{2 
Bonnet immersion theorem, 371 
Bundle 
algebra, 377, 381 
associated, 198ff., 403 
complex vector, 307, 375, 379, 381, 443 
conjugate, 46] 
exterior algebra, 315, 322, 328, 413 (57) 
fibre, 21, (38, 104) 
frame, 194, 404 
L(g, n), 15, (56) 
Lz, 15, 312, 321, 329, 363, 376, 379, 381, 
385, (56, 73) 
Lie algebra, 377 
over Grassmannian, 215, 470 
over homogeneous space, 136, 137 
over symmetric space, 47] 
principal, 193ff., 235, 403 
product, see Trivial bundle 
projective, 462, 463 
projective vector, 230 
pseudo-Riemann, 434, (66, 85) 
real vector, 304ff. 
Riemann, 341, 363, 375, 380, (66) 
2, 373 
Sk, , 341, 435, 448, (72) 
sphere, 22, 350, (105, 291, 293) 
symmetric algebra, 317, 322, (58) 
tangent, 16, 405, (94, 280, 385) 
trivial, 15, 194, 290, (46, 76) 
vector, 15, 208, (44ff., 291ff.) 
with base a homogeneous space, 208 
with compact carrier, 294, 399, 416 
with fibre a homogeneous space, 205 
with fibre a Stiefel manifold, 226 
with structure group, 193ff. 
ce, 378, 381, 383, 385 
Bundle map, see also Homomorphism of 
vector bundles, 15, 307, 309, (45, 47, 
84, 291) 
complex linear, 449 
connection preserving, 323, 338 
strong, 15 
Bundle-valued differential forms, 304 


C 
Canonical 
complex line bundle, 456 
maps, 203 
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tensor multiplication, 500 
tensor product of graded algebras, 4 
vector bundles over G(n; k), 215 
Carrier, 15, (30, 59, 147) 
Cartesian product of vector bundles, 15, 
(46, 84, 378) 
Cayley map, 57, (25) 
Cech cohomology, 192, (238) 
Center of Lie group/algebra, 69, 96 
Central function, 93 
Centralizer, 68 
Character 
of representation, 59, 431 
Pontrjagin, 429 
Chern, 452 
Characteristic 
algebra of vector space, 493 
classes, 265 
coefficients, 494, 502 
element, 496 
homomorphism, 372ff., 391, 395, 397, 
400, 409, 411, 417 
homomorphism, modified, 420, 443 
homorphism, odd, 295, 417 
polynomial, 376, 460 
subalgebra 265, 391, 426 
Chern 
character, 452 
class, 451, 457 
conjecture, 49] 
polynomial, 474 
Classifying map 
for a principal bundle, 222 
for a vector bundle, (86) 
Clifford algebra, 102 
Clifford group, 103 
Closed norma! subgroup 68, 111 
Closed subgroup, 63, 7] 
Coboundary 9, (176) 
Cocycle, 9, (176) 
Codazzi—Mainardi formula, 370, 371 
Cohomology, 19, (1 78ff.) 
algebra, 11, 19, (176) 
algebra of Lie algebra, 155 
Cech, 192, (238) 
equivariant, 192 
invariant, 146ff., 161, 180 
of compact connected Lie groups, | 66ff. 
of complex projective spaces, 273 
of homogeneous spaces, 180, 283 
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of Stiefel manifolds and classical groups, 
224 
of torus, 167 
Commutator, 96 
Compact 
carrier/support, (147, 189, 295, 380) 
characteristic homomorphism, 400 
connected Lie group, 92, 105, 
166ff., 186, 187 
Lie group, 48ff., 59, 67, 149ff., 424 
principal connection, 294 
structure group, 303 
©-connection, 400 
type symmetric space, 287 
Compactly supported bundles, 294, 399, 


163, 


416 
Complement for compactly supported 
bundle, 399 


Complete affine spray, 138 
Complete metric, 359 
Complex 
differential form, 307 
line bundles, 455, 456 
linear bundle map, 449 
linear connection, 318 
projective line, 215 
projective space, 214, 273, (42, 415) 
Stiefel manifolds, 224 
symplectic group, 73 
vector bundle, 307, 375, 379, 381, (73, 86) 
Complexification 
of real vector space, 2 
of Riemann bundle, 446, 454 
Component group, 30 
Composition map, 203, 312, (57) 
Conformal] 
curvature tensor, 471 
immersion, 472 
Conjugacy class of 
element of Lie algebra, 187 
element of Lie group, 115, 186 
subgroups, 105 
Conjugate 
bundle, 461 
complex linear bundle map, 449 
connection, 319, 367, 369 
elements, 115, 186 
of quaternion, 3 
Connected 
graded algebra, 4 


subgroup, 97 
Connecting 
homomorphism, 10 
homotopy, 19 
Connection 
algebraic, 298 
associated, 406 
change of, 266 
compact 2, 400 
conjugate, 319, 367 
flat, 361 
form, 250 
general, 337, 362 
induced, 259, 320, 329, 381, 385 
invariant, 280 
in homogeneous space, 285 
Levi-Civita, 344 
linear, 318ff., 353, 363, 364, 365, 367 
of parallelism, 361 
parameters, 353 
preserving bundle maps, 323, 338 
principal, 247ff., 290, 294, 407 
pseudo-Riemann, 435 
Riemann, in manifold, 344, 354, 356 
Riemann, in vector bundle, 341, 363, 380 
2, 380, 385, 394, 407 
symmetric part, 355 
symmetric space, 288 
standard, 318, 371 
Constant curvature, 344, 433 
Constant sectional curvature, 488 
Contractible base of a vector bundle, 333 
Contractible loop, 292 
Contragredient representation, 40, 383 
Convex polygons in hyperbolic plane, 142 
Coordinate representation 
for vector bundle, 15, 21, 361, (44, 45, 
70) 
of associated bundle, 232 
principal, 193 
2, 373 
Covariant 
derivative, 355, 357, 370, 485 
exterior derivative, 253, 326, 407 
Lie derivative, 352, 356 
tensor field, 355 
Covering group, 62 
Covering manifold, 61 
Cross section, (60, 38, 78, 106) 
along path, 357 
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in L, , 376 

in sphere bundle with finitely many 
singularities, 23, (334) 

in vector bundles, 15, (59ff.) 

integration of, 132 

invariant, 131, 384 

normed, 478 

Q-deformable, 373 

parallel, 318 

tensor product of, 314, (80) 

Curvature 

and Lie groups, 369 

and Weil homomorphism, 260 

conformal, 471 

constant 344, 433, 488 

decomposable, 432, 440 

for manifold algebras, 417 

form, 257 

Gauss, 371, 439, 488, 490 

geodesic, 486, 490 

geometric interpretation of, 358 

identities, 356, 368 

modified, 420 

of compact 2-connection, 400 

of connection, 257 

of homogeneous space, 414 

of linear connection, 326, 361 

of J-connection, 381, 394, 396, 397 

of associated connection, 408 

operator, 360 

(pseudo) Riemann, 343, 354, 433, 435 

sectional, 488 


D 


De Rham cohomology algebra, 19, (176) 
Decomposable curvature, 432, 440 
Degree 

of smooth map, 20, (240) 

of sphere map, 347, 350 
Derivation in an algebra 3, 416 
Derivative, see also specific types 

of representation, 39 

of smooth map, 12, 16, (88, 95) 

of adjoint representation, 43 
Derived algebra/group, 96 
Determinant, 5, 13, 495 
Determinant function, 1, 15, 436, (64, 70, 

124) 


Diffeomorphism, !2, 15, (24, 35) 
Differentiable map, 12 
Differential 
algebra, [0, 155 
equation, 13, 359, (112) 
operator, 9, (133, 134) 
space, 9, 4} 
Differential form, 16, 18, 240, (115, 119, 
283) 
basic, 241, 245, 255 
bundle valued, 304 
complex, 307 
equivariant, 127ff., 244 
horizontal, 126, 240, 244, (283) 
invariant, 48, 125, 154, 161, 240, (144, 
158) 
on fibre bundle, 233 
vector valued, 244, (149, 163) 
with fibre compact carrier, 22, (295, 298) 
Dimensions of the linear groups, 7Off. 
Direct product/sum of algebras, 4 
Direct product of Lie groups, 29 
Direct sum of linear connections, 321 
Discontinuous action, 142 
Distribution, 360, 369, 423, (134) 
Divergence, 184, (171, 234) 
Division algebras, 232 
Double cover, 461, (71, 123, 399) 
Dual bundle, 311, 320, 328, 448, (52, 67, 
80) 
Dual connection, 320 


Dual of 2-bundle, 394 


E 


Effective action, 139 

Elementary symmetric functions, 460 

Elliptic plane, 101 

Embedded manifold, 16, (102) 

Embedding of orbits, 117 

Equivariant cohomology, 192 

Equivariant differential form, 127ff., 244 

Equivariant map, 110, 127, 200 

Euclidean space, 2, 13 

Euler class, 23, 274, 350, 455, 477, 478, 
(316ff., 328, 334, 391) 

Euler—Poincaré characteristic, 19, 
(178, 186, 205, 391, 408, 414) 


invariant, 180 


182, 
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of homogeneous space, 182 
of Lie group, 172 
Euler-Poincaré formula, | | 
Evaluation map, 203, 312, (56) 
Exact sequence, 8, (84) 
Exponential map 
for linear connection, 364, 367 
generated by affine spray, 364, (421) 
of Lie group, 33ff., 43, 45, 56, 93, 369 
of linear transformations, 13, 430, 452, 
(26, 136, 395) 
Exterior algebra bundle, 315, 322, 328, 
413, (57) 
Exterior algebra over vector space, 4 
Exterior derivative, 17, 318, (145) 


covariant, 253 


Factor group, 81 
Faithful representation, 39 
Fibre at x, 15, 21, (38) 
Fibre bundle, 21, (38, 104) 
associated, 199 
vector fields on, 233 
differential forms on, 233 
Fibre integral, 22, 83, 242, (300, 310) 
Fibre preserving map, 21, (39) 
Finite groups, 60 
Finitely generated projective modules, 7, 
416, 473, (78, 86, 118) 
First fundamental tensor, 369 
Five-lemma, 8 
Fixed point sets, 139 
Flag manifold, 230 
Flat connection, 361 
Formal] power series, 269, 393, 420 
Frame, 195, 219, 404, (170) 
Frame bundles, 194, 220, 404 
Framing, 352, 354 
Free action, 114, 229 
Free module, 7 
Fubini Theorem, 22, (162, 307) 
Fuchsian groups, 143 
Fundamental 
domain, 142, 144 
tensor, 369, 370 
subbundle, 124, 236 
theorem of algebra, (247) 
vector field, 121 


G 


Gauss curvature, 371, 439, 488, 490 
Gauss formula, 370, 371 
Gauss-—Bonnet formula, 486 
Gauss~Bonnet-—Chern theorem, 350, 456, 
477ff. 
General connection, 337, 362 
General linear group, !, 28, 39ff., 7Off., 
164, 194, 373 
General Lorentz group, 99 
General topology, 13 
Generators of an abelian Lie group, 46 
Generators of an algebra, 3 
Geodesic, see Autoparallel 
Geodesic curvature, 486, 490 
Geometric interpretation of curvature/ 
torsion, 358 
Graded 
algebra, 3 
differential algebra, 10 
differential space, 10 
module, 8 
Grassmann manifold, 212, 215, 230, 288, 
470, (42, 86) 
tangent bundle of, 217 
Group, see specific types 
Group action, see Action 
Group projection, 148 


H 


Hermitian line bundle, 455 
Hermitian space, 2, 13, 450, 453, 507, (27) 
metric, 443 
Hodge’s *-operator, 487 
Holonomy group, 291, 292 
Homogeneous element/map, 8 
Homogeneous function, 492 
Homogeneous space, 77ff., 194, 205, 414, 
441, 488 
action on, 81, 112, 189 
bundle structure of, 83ff. 
bundle over, 136 
cohomology of, 283 
invariant cohomology of, 180 
of right cosets, 81 
parallelizable, 211, 231 
Pontrjagin class of, 44] 
tangent bundle of, 209 
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vector bundle over, 137 
vector fields on, 231 
Homological algebra, 7ff. 
Homomorphism, characteristic, 295, 372, 
391, 395, 400, 409, 420, 443 
Homomorphism, Weil, 260ff., 286, 295, 
409 
Homomorphism of 
algebras, 3 
cohomology algebras, 157 
compactly supported vector bundles, 399 
differential spaces, 9 
graded differential algebras/spaces, 11 
graded modules, 8 
Lie algebras, 4, 28, 122 
Lie groups, 24, 35ff., 45, 97 
local, 62 
principal bundles, 193, 241 
principal bundles with compact support, 
294 
£-bundles, 373, 386 
2-bundles with compact support, 399 
vector bundles, see also Bundle map, 15, 
(45, 47) 
Homotopic 
loops/paths, 291 ff. 
maps, 19, (33, 41, 86) 
Homotopy operator, 9, 20, (178) 
Hopf fibration, 222, 273, 474, (42, 140, 345, 
348) 
Horizontal 
differential form, 126, 240, 244 
lift, 290 
lifting isomorphism, 249 
map for a connection, 335, 362 
projection, 253, 299 
subbundle, 21, 248, (282) 
subbundle associated with linear con- 
nection, 337, 362 
subspace at a point, 21, 248, (282) 
vector field, 249, (282) 
Hyperbolic plane, 101, 141, 142 


I 


Immersion, 369, (99) 
conformal, 472 
in R"+!, 370 
theorem of Bonnet, 371 
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Inclusion map, opposite a point, 17, (97) 
Indefinite inner product, 2 
Index-sum, 23, 477, (334, 369, 371, 391, 
415) 
Induced connection, 259, 320, 329, 381, 
385 
Inner automorphism, 42 
Inner product, |, 2 
invariant with respect to representation, 
54 
Integer lattice, 57 
Integral roots, 106 
Integration 
of cross sections, 132 
of differential n-forms, 19, (159ff., 
174) 
on homogeneous spaces, 83 
on Lie groups, 49, 50 
over fibre, 22, 83, (298ff., 310) 
Invariance of the second fundamental 
form, 371 
Invariant, see also 
cohomology, 146ff. 
cohomology of homogeneous spaces, 180 
cohomology of Lie groups, 161ff. 
connection, 280 
cross section, 131, 384 
differential form, 48, 125, 154, 161, 240, 
(144, 158) 
Euler—Poincaré characteristic, 180 
group projection, 149 
inner product, 54 
subalgebra, 261 
subbundles, 383 
subspace of a representation, 39, 51 
symmetric bundle, 384 
vector field on Lie groups, 25 
vector field on manifolds, 123 
Inverse function theorem, 12 
Inversion map, 24 
Involutive distribution, 423, (134) 
Isometry, 363, 371, (67, 348) 
Isomorphic vector bundles, 399 
Isomorphism 
of Lie groups, 24, 36 
of principal bundles 194 
Isomorphism classes of vector bundles, 
417, (86) 
Isotropy representation, 138 
Isotropy subgroup, 114 


164, 


Left/Right invariant 
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Jacobi identity, 4 
Joint action, 198 


K 


k-plane bundle, 216 

K-theory, 470 

Kernel of Lie group homomorphism, 68, 
97 

Killing form of Lie algebra, 97, 186 

Kodaira class, 475 

Koszul formula, 184 

Kiinneth homomorphism, 20, 185, (208, 
210, 211, 215) 

Kiinneth isomorphism, J] 


L 


L,, bundle, 15, 312, 321, 329, 363, 376, 
379, 381, 385, (56, 73) 
Lefschetz 
class, 170ff., (393, 397) 
formula, 11 
number, 21, 172, (401) 
Left 
action, | 10ff., 131 
cosets, 77 
invariant forms, 154 
invariant vector fields, 25ff., 122, 184 
regular representation, 60 
translation, 24, 110 
Levi—Civita connection, 344, 356, 359, 370, 
485 
Lie algebra(s), 4, 24ff., 33, (107, 152, 173) 
bundle, 377 
bundle associated with J-bundle, 378, 
381, 405 
cohomology algebra of, 155 
derived algebra of, 96 
homomorphism of, 4, 28, 122 
Killing form of, 97, 186 
of derivations, 97, (107) 
of Spin (n), 104 
RP" and Sk(n), 58, 70 
reductive, 164 
unimodular, 48 
Lie derivative, 17, 352, 356, (142) 
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Lie group(s), 24ff. 
abelian, 44ff. 
action of, 81 
compact, 48ff., 59, 67, 149ff. 
connected subgroup of, 97 
derived group of, 96 
factor groups of 81 
homomorphism of, 24, 35ff., 45, 97 
linear connection on, 369 
local, 368 
normal subgroups of, 68 
of rank one, 105 
parallelism on, 369 
representation of, 39, 51, 54 
Riemann metric on, 369 
semidirect product of, 98, 111 
unimodular, 48 
Lie product, 16, 368, (108) 
Lie subgroup, 63 
normal, 68 
of subalgebra, 97 
Linear groups, see also specific types, 7Off. 
Linear connections, see also Connection, 
318ff., 353, 363 
exponential map for, 364 
for manifold algebras, 417 
in manifolds, 319, 367 
in vector spaces, 365 
local coordinates for, 353 
on Lie groups, 369 
Local coordinate representation, (131) 
of autoparallels, 358 
of covariant derivative, 357 
of curvature, 353 
of linear connection, 353 
of Riemann metric, 354 
Local diffeomorphisms into RR”, 371 
Local framing of tangent bundle, 354 
Local Gauss-Bonnet formula, 486 
Local homomorphism, 62 
Local Lie group, 368 
Local product orientation, 22, (289) 
Locally finite open cover, 14 
Loop, 292 
Lorentz group, 100 


M 


Mainardi—Codazzi formula, 370 
Manifold, 15, (22, 29, 41) 
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algebras, 416 
parallelism on, 361, (174) 
with boundary, 489, (139, 231, 350, 413) 
with linear connection, 319, 367 
with Riemann connection, 344 
Maurer-Cartan structure equations, 258, 
354 
Maximal torus, 87ff., 104, 105, 107, 187 
Mobius group, 100, 145 
Minimal polynomial, 376 
Modified characteristic homomorphism, 
420, 443 
Modified curvature, 420 
Module, 7, 417, (60, 78, 106) 
Moscow parallelism, 362 
Multilinear algebra, 4ff. 
Multilinear bundle map, 309, (47, 82) 
Multilinear functions, 260 
Multiplication map, 24, 110, (209) 
Multiplication operator, 6 


N 


Nerve of open cover, 475, (217) 
Nilpotent, 419 

Nine-lemma, 9 

Noncompact groups, 164 
Non-Euclidean geometry, 141 
Normal subgroup, 68 
Normalizer, 68 

Normed cross section, 478, (66) 


O 


0-deformable cross section, 373, 419 
Odd characteristic homomorphism, 295, 
417 
One-component of a Lie group, 30 
One parameter subgroup, 31, 32, 56, 58 
Open complement, 294 
Open cover, 14, (217) 
Orbit 
embedding of, 117 
of a vector field, 16 
of an action, 114ff. 
space, 135 
type, 139 
Ordinary differential equations, 359 
Orientation, 1, 16, 18, 20, 21, 22, (64, 124, 
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201, 285, 292, 310) 
induced from complex structure, 448 
on homogeneous space, 83 
preserving/reversing maps, [8 
Oriented 
Euclidean space, 507 
inner product space, 505 
k-plane, 212 
Riemann bundle, 375, (70) 
Orthogonal group, 70, 100, 102, 103, 117, 
404, 422 
special, 71, 74, 75, 99, 100, 102, 116, 
164, 186, 232, 234, 404 
Orthonormal frame, 219, 404 


Paracompact, 14 
Parallel} 
cross section, 318, 465 
torsion, 367 
translation along a path, 332 
Parallelism, 361, 362, (174, 175, 235, 278) 
on Lie groups, 369 
Parallelizable, 231, 405, (174) 
Partial differential equations, 359 
Path parametrized by arc length, 359 
Permanent, 5, 263, 342 
Pfathian, 503 
Pfafhan class, 436, 439, 454, 461, 477 
Pin group, 103 
Poincaré 
duality, 20, (194, 201, 249) 
isomorphism, 20, 185, (171, 197) 
polygon, 143, 144, 487 
polynomial, 19, 163, 176, 186, 224, 227, 
(178, 186, 215, 345) 
Polar trivialization, 364 
Pontryagin 
character, 429 
class, 426, 430, 436 
number, 428 
polynomial, 474 
Positive normed determinant 
436, (70) 
Positive sectional curvature, 488 
Power map, 57, 104, 168, (28) 
Primitive element in cohomology, 166 
Principal action, 193 


function, 


Index 539 


Principal bundle, 193ff. 

associated, 403 

classifying map for, 222 

over spheres, 303 

with abelian structure group, 272, 293 

with compact support, 294 
Principal circle bundle, 455 
Principal connections, 247ff., 290, 294, 407 
Principal coordinate representation, 193 
Principal map, 199, 404, 418 
Principal] orbit type, 139 
Product bundle, see trivial bundle 
Projection, 15 

covering, 61 

group, 148, 149 

horizontal, 253, 299 

map, 203 

vertical, 337 
Projective bundle, 462, 463 
Projective line, complex/quaternionic, 215 
Projective module, 7, 416, 473, (78, 86, 118) 
Projecture space 

complex, 214, (42, 415) 

quaternionic, 214, (42) 

real, 214, (23, 85, 125, 138, 187, 376, 415) 

RP, 58, 75, 186 
Projective vector bundle, 230 
Proper action, 135, 138 
Pseudo-Riemann bundle, 434, (66, 85) 
Pseudo-Riemann connection, 435 
Pseudo-Riemann metric, 16, 434, (66, 85) 
Pull-back 

of connection, 325, 408 

of cross section, (325) 

of principal bundle, 196 

of vector bundle, 203, 325, (48, 82) 


Pure quaternion, 2 


Q 
Quaternions, 2, (42, 275) 


Quaternionic 
group, 73, 116, 224 
linear isometry/map, 73, 74 
projective line, 215 
projective space, 214 
Stiefel manifolds, 219, 224 
vector bundle, 215, 418, 474 
vector space, 2 

Quotient map, of Lie group, 170 


R 


Radial vector field, 365 
Rank of a compact, connected Lie group, 
167 
Rank of a vector bundle, 15, (44, 55) 
Real 
division algebras, 232 
projective spaces, 58, 75, 186, 214, (23, 
85, 125, 138, 376, 415) 
Stiefel manifolds, 219, 227 
symplectic group, 72 
vector bundles, 304 
Realification, 448, 454 
Reduction of structure group, 202, 276, 
373 
Reductive Lie algebra, 164 
Refinement of open cover, 14 
Regular point of Lie group, 107 
Regular representation of finite group, 60 
Representation of Lie algebra, 39 
Representation of Lie group, 39, 51, 54, 
59, 111 
adjoint, 42 
contragredient, 40, 383 
equivalent, 59 
irreducible, 59 
multilinear, 41 
semisimple, 55 
Representation of closed subgroups, 69 
Representation of finite groups, 60 
Restriction map, 308 
Resultant, 473 
Retrenchment, 22, (300) 
Ricci 
lemma, 344 
scalar curvature, 471 
tensor, 471 
Riemann 
bundle, 375, (66, 70) 
connection in vector bundle, 341, 363, 
375, 380 
connection on manifold, 344, 354, 356 
curvature, 343, 370, 433 
metric, 16, 341, 404, 439, (66) 
metric on a Lie group, 369 
sphere S”, 100, (26, 247) 
Right 
action, 109, 131 
cosets, 81 
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invariant vector field, 26ff. 
regular representation, 60 
translation, 24, 109 

Roots, 106 

Rotations of Euclidean space, 57 


S 


Second countable space, 14 
Second fundamental tensor, 370 
Semidirect product of Lie algebras, 98 
Semidirect product of Lie groups, 98, 111 
Semisimple, 55, 419, (85) 
2£-bundle, 373, 394, 420 
2£-bundle with compact carrier, 399 
2-connection, 380, 385, 407, 420 
2£-connection with compact carrier, 400 
2-coordinate representation, 373 
2-homomorphism, 373, 386, 399 
2-substructures, 396 
Signature of inner product, 2 
Simply connected, 292 
Singular point of Lie group, 107 
Skew linear transformations, 70, 343, 422, 
445, S03, (72) 
Smooth fibre bundle, 21, (38) 
Smooth function, (30) 
Smooth manifold, (22ff.) 
Smooth map, 12, (34ff., 88, 99) 
Special 
linear group, 7Off. 
orthogonal group, 71, 74, 75, 99, 100, 
102, 116, 164, 186 232, 234, 404 
unitary group, 72, 82, 99, 101 
Sphere, (22, 24, 26, 34, 93, 166, 175, 184, 
262, 270, 408) 
as Lie group, 186 
map, 347 
S*, 100, 104, (26, 246) 
tangent bundle of, 351 
Sphere bundle, 22, 350, (105, 291, 293) 
Spin group, 103, 104 
Spray, 363 
Spray, affine, 137, (135, 418) 
Stable 
subset, 111 
subspace for representation, 39, 55 
tubular neighborhood, 138 
Stably trivial bundle, 348 


Index 


Stiefel manifold, 219ff., (348) 

cohomology of, 224ff. 

complex and quaternionic, 224 
Strong bundle map, 15, (45, 50) 
Strongly isomorphic vector bundles with 

compact support, 399 

Structure equations, 258, 354 
Structure group 

compact, 303 

of 2-bundles, 378 

reduction of, 202, 276 
Subgroup of a Lie group, 63, 105 
Submanifold, 16, (103) 
Submersion, 16, (99, 313) 
Substitution operator, 6, 17, 306, 417, (411) 
Substructures, 396 
Symmetric algebra, 4, 260, 461 

bundle, 317, 322, 384, (58) 
Symmetric connection, 288 
Symmetric functions elementary, 460 
Symmetric part of a connection, 355 


Symmetric space, 189, 190, 287, 471 


T 


Tangent bundle, 16, 405, (94, 280, 385) 
and linear connections, 319 
components in, 354 
for S?, 457 
local framing in, 354 
of Grassmann bundle, 217 
of homogeneous space, 269 
of Lie group, 26 
of sphere, 351 

Tangent group, 29, 99 

Tangent space, 16, (87) 

Taylor homomorphism, 270, 393, 420, 445 

Tensor algebra, 4 

Tensor product of 
cross sections, 314, (80) 
graded algebras, 4 
linear connections, 321 
modules, 7 
2-bundles, 416 
vector bundles, 15, 328, 430, 452 

Theorema egregium, 371 

Todd class, 453, 462 

Topology, 13 

Toral action, 188, 466, 468, 469 
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Torsion of a linear connection, 319, 329, 
(175) 
and Lie groups, 369 
geometric interpretation of, 358 
parallel, 367, (235) 
Torus, 45, 57, 211, (23, 41, 215, 228, 230, 
248) 
cohomology of, 167 
in R°, 487 
maximal, 87ff. 
Total Chern class, 451 
Total Pontrjagin class, 427 
Total space, 15, 21, (38) 
Trace, 1, 203, 313, 393, 427, 430, 452, 
471, 494, (394, 401, 408) 
Trace classes, see Pontrjagin classes 
Trace coefficients, 496 
Trace series, 460, 498 
Transformation groups, 109ff. 
Transitive action, !09 
Translation 
left/right, 24 
parallel, along path, 332 
Trivial action, 111 
Trivial bundle, 15, 194, 290, (46, 76) 
Trivial 2-bundle, 381 
Tubular neighborhood, 138, (138) 
Typical fibre, 15, 21, (38) 


U 


Unimodular Lie algebra, 48, 185 

Unimodular Lie group, 48 

Unit quaternion, 3 

Unit tensor, 8, (81, 119) 

Unitary group, 71, 82, 88, 101, 116, 224 
special, 72, 82, 99, 101 

Universal covering group, 62, 98 

Universal covering manifold, 61 

Universal frame bundle, 220 


V 


Vector bundle, see also Bundle, 15, 208, 
304ff., (44ff., 291) 
associated, 203 
Cartesian product of, 15, (46, 84, 378) 


complex, 307, 375, 379, 381, 443 
Le 1), 15, (56) 
L,, 15, 312, 321, 329, 363, 376, 379, 381, 
385, (56, 73) 
over a Grassmann manifold, 215, 470 
over a homogeneous space, 136, 137 
over a symmetric space, 47] 
projective, 230 
Riemann, 341, 363, 375, 380, (66) 
2, 373 
Sk, , 341, 435, 448, (72) 
with compact carrier, 399 
Vector field, 16, 236, (106, 112, 131) 
along a path, 357, 485 
fundamental, 121 
horizontal, 249 
invariant, 25, 237 
invariant of a right action, 123 
on fibre bundles, 233 
on homogeneous spaces, 231 
g-related, 16, (109) 
the radial, 365 
vertical, 235 
Vector valued differential forms, 244, 245 
Vertical 
projection, 337 
subbundle, 21, 235, (281) 
subspace at a point, 21, (281) 
vector field, 235 
Volume form, 439, 440 
Volume of unit sphere, 19, 347, (166) 
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Weil homomorphism, 260ff., 286, 295, 409 
Weingarten formula, 370 
Weyl 
group, 88, 107, 186, 190 
integration formula, 93 
tensor, 471 
Whitney duality, 457 
Whitney sum, 15, 306, 321, 328, 337, 375, 
395, 427, 452, 478, (54, 68, 76, 84) 


Z 
Zero curvature, 292, 361 
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